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The method develop in Guan and Waliser (2015) for AR 
detection consists of:

•Calculate 0.85 quantile for 5 month windows

•Consider areas of 0.85 quantile over a threshold

•Measure the length and width of the resulting regions
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Dark green triangles are ARs in the SC cell. 
Light green circles are ARs in nearby cells.
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where  is the quantile of interest, and  indicates the set . 


ρp(u) = u [p − I(u < 0)]
p I(A) A

To obtain a probabilistic model based approach to estimate the 
time-varying IVT quantiles we generalize quantile regression 
methods.

A likelihood-based approach is obtained by using the asymmetric 
Laplace density


               ALp(y) =
p(1 − p)

σ
exp {−

ρp(y − μ)
σ }
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  We notice that


    


where  and .

Thus, using exponential latent variables  we can ``break’’ 
the location-scale mixture, facilitating MCMC.

ALp(y) = ∫ℝ+

N(y |μ + A(p)v, σB(p)v)Exp(v |σ)dv

A(p) = (1 − 2p)/(p(1 − p)) B(p) = 2/(p(1 − p))
v
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For a regression with time-evolving coefficients we let , 
for a vector of  covariates .

We then obtain the model


                           ,     ,


where .

μt = F′ tθp
t

k Ft

yt = F′ tθp
t + εt

θp
t = Gtθp

t−1 + ωt
t = 1,…, T

εt ∼ ALp(0,σ)
To fit this model we introduce latent variables , obtaining 

 


                       


And use MCMC to obtain samples of  and , .

vt

yt ∼ N(F′ tθp
t + A(p)vt, σB(p)vt)

vt ∼ Exp(σ)
θp

t ∼ N(Gtθp
t−1, Wt)

vt θp
t t = 1,…, T
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•As an alternative we use variational Bayes.



Variational Bayes

11

Variational Bayes (Ostwald et al., 2014, tutorial for time series) is a 
fast optimization method to approximate the posterior distribution.



Variational Bayes

11

Variational Bayes (Ostwald et al., 2014, tutorial for time series) is a 
fast optimization method to approximate the posterior distribution.

Let . We seek a distribution  in  s.t.

                 

ξ = (θp
1:T, σ, γ, v, s) r(ξ) ℛ

r(ξ) = argminr*∈ℛKL(r*(ξ), p(ξ |y1:T))



Variational Bayes

11

Variational Bayes (Ostwald et al., 2014, tutorial for time series) is a 
fast optimization method to approximate the posterior distribution.

Let . We seek a distribution  in  s.t.

                 

ξ = (θp
1:T, σ, γ, v, s) r(ξ) ℛ

r(ξ) = argminr*∈ℛKL(r*(ξ), p(ξ |y1:T))

Unfortunately  is difficult to compute. So we 
define the Evidence Lower Bound

    

KL(r*(ξ), p(ξ |y1:T))

ELBO(r*(ξ), p(ξ |y1:T)) = 𝔼r*(log p(ξ, y1:T)) − 𝔼r*(log r*(ξ))



Variational Bayes

11

Variational Bayes (Ostwald et al., 2014, tutorial for time series) is a 
fast optimization method to approximate the posterior distribution.

Let . We seek a distribution  in  s.t.

                 

ξ = (θp
1:T, σ, γ, v, s) r(ξ) ℛ

r(ξ) = argminr*∈ℛKL(r*(ξ), p(ξ |y1:T))

Maximizing ELBO is equivalent to minimizing KL (Blei et al. 2017).

Unfortunately  is difficult to compute. So we 
define the Evidence Lower Bound

    

KL(r*(ξ), p(ξ |y1:T))

ELBO(r*(ξ), p(ξ |y1:T)) = 𝔼r*(log p(ξ, y1:T)) − 𝔼r*(log r*(ξ))
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A popular family of approximate distribution is the mean 
field variational family. In our case

          r*(ξ) = r*(θp

1:T)r*(σ, γ)r*(v)r*(s)

The optimization proceeds by coordinate ascent variational 
inference, consisting of iteratively maximizing


     


for each block of variables.


r*(ξc) ∝ exp {∫ log p(y1:T, ξ−c)r*(ξ−c)dξ−c}
Convergence is measured by evaluating the ELBO
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• A static quantile regression model is obtained with δ = 1
• Estimating  is challenging, as the variational scheme tends 

to get stuck in local modes.
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• There is strong dependence between  and .γ σ
• We fix  and obtain , then fix  to estimate .γ = 0 ̂σ σ = ̂σ γ
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This is done by minimizing a model checking score.

Wt 0 < δ ≤ 1
var(θt |Dt−1) = Gtvar(θt−1 |Dt−1)G′ t /δ



Oceanic Indexes Effects

14

The effect of oceanic indexes in the high quantiles of 
IVT magnitudes can be introduced with .

This describes the instantaneous effect of the index on 
the variable of interest.

Ft



Oceanic Indexes Effects

14

The effect of oceanic indexes in the high quantiles of 
IVT magnitudes can be introduced with .

This describes the instantaneous effect of the index on 
the variable of interest.

Ft

We explored the effect of several common indexes (AO, 
PE, MJO, ENSO), and none of them explained a 
significant part of the variability of the IVT quantile.



Oceanic Indexes Effects
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The effect of oceanic indexes in the high quantiles of 
IVT magnitudes can be introduced with .

This describes the instantaneous effect of the index on 
the variable of interest.

Ft

We explored the effect of several common indexes (AO, 
PE, MJO, ENSO), and none of them explained a 
significant part of the variability of the IVT quantile.

We focus on the accumulated effect of an index. For 
this we extend our model to incorporate a transfer 
function.



Transfer Functions

15

We augment the exDQLM to 


 


where  is the value of the index at time 

yt |θp
t , ζt, γ, σ ∼ exALp(F′ tθp

t +ζt, σ, γ)
θp

t |θt−1 ∼ N(Gtθp
t−1, Wt)

ζt |ζt−1, ψt−1, ωt ∼ N(λζt−1 + Xtψt−1, ωt)
ψt |ψt−1, νt ∼ N(ψt−1, νt)

Xt t .



Transfer Functions

15

We augment the exDQLM to 


 


where  is the value of the index at time 

yt |θp
t , ζt, γ, σ ∼ exALp(F′ tθp

t +ζt, σ, γ)
θp

t |θt−1 ∼ N(Gtθp
t−1, Wt)

ζt |ζt−1, ψt−1, ωt ∼ N(λζt−1 + Xtψt−1, ωt)
ψt |ψt−1, νt ∼ N(ψt−1, νt)

Xt t .

: immediate effect of  on .

: regression effect up to .


ψt Xt yt

0 < λ < 1 t

ζt+k = λkζt +
k

∑
r=0

λk−rψt+r−1Xt+r + ∂ζt+k



Transfer Functions

15

We augment the exDQLM to 


 


where  is the value of the index at time 

yt |θp
t , ζt, γ, σ ∼ exALp(F′ tθp

t +ζt, σ, γ)
θp

t |θt−1 ∼ N(Gtθp
t−1, Wt)

ζt |ζt−1, ψt−1, ωt ∼ N(λζt−1 + Xtψt−1, ωt)
ψt |ψt−1, νt ∼ N(ψt−1, νt)

Xt t .

: immediate effect of  on .

: regression effect up to .


ψt Xt yt

0 < λ < 1 t

ζt+k = λkζt +
k

∑
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# of times points until the 
effect of  is less than 

kt ≥
log ϵ − log |ψt−1Xt |

log λ

Xt ϵ
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•There is a significant, but small, increasing trend with a 
slope of [11.58 (9.68,13.57)] .× 10−4

•There are significant seasonal annual, semi-annual and 
quarterly cycles.  

•The component that transfers ELI information is significant.
•The skewness parameters is significant: -2.39 (-2.41,-2.38)
•  was optimized together with the discount factors and was 
estimated as 0.38. 
λ
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quantiles of each component we use the representation
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Where  represents component wise product.

 is a correlation matrix, and  is a vector of quantiles.

y = μ + C(p, γ) ⊙ σ ⊙ |γ | ⊙ s + A(p) ⊙ v
+ B(p) ⊙ v ⊙ σ ⊙ z
z ∼ N(0, R), vi ∼ Exp(σ), si ∼ N+(0, 1), i = 1, …, k

⊙
R p

By choosing  and  appropriately we have 
that  is the -quantile of .

Letting  evolve in time, we obtain a multivariate version 
the  exQDLM.


C(p, γ), A(p) B(p)
μi pi yi

μ
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Monthly data for: San Lorenzo River flow (Top); Santa 
Cruz County precipitation; Santa Cruz Temperature.
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Estimate 15% quantiles for flow and precipitation and 
85% quantile for temperature
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Baselines (left) and seasonal components (right). Zero 
correlation model (green); significant correlation (purple)

Model 
assessment 
support the 
assumption 
of non-zero 
correlations.

Run-time is 
less than 3 
min.
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To apply the 
multivariate analysis to 
the spatial setting of 
ERA-INTERIM we 
consider , 
for two locations , 
and  a valid spatial 
correlation dependent 
on .


Rij = ρϕ(li, lj)
li, lj

ρ

ϕ

SoCal locations in red; NorCal locations 
in blue; Selected stations in green



Spatial Extension

26



Spatial Extension

26

We fitted an 
MVexDQLM with three 
harmonics, a linear 
trend, an exponential 
correlation, and 
transfer function for 
ELI.



Spatial Extension

26

We fitted an 
MVexDQLM with three 
harmonics, a linear 
trend, an exponential 
correlation, and 
transfer function for 
ELI.

Estimated 85% quantiles 
for three selected 
stations. Total daily data 
correspond to 1979 - 
2015 at 64 grid cells.
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Total increase due to trend Amplitude of annual harmonic
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Clustering

30

PCA of the one-step-ahead covariance matrix: Green are 
NorCal locations with two or more locations in the area with 
an AR; Grey are SoCal locations with likewise AR activity.
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•We have developed a model for inference on time-varying 
quantiles.

•The extension of the AL likelihood provides a more flexible 
model.  

•It is possible to include accumulated effects of input 
variables using a transfer function approach.

•Variational Bayes allows to speed up computations 
dramatically, preserving good accuracy.

•The model can be generalized to a multivariate setting.
•The R package exdqlm is available. It can be used for 
regular quantiles regression by setting .δ = 1
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