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Some applications with many strategic agents:

[Perrin et al., 2021]
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Motivations for this Talk

I Macro-economic models in the MFG paradigm

I Aggregate shocks / common noise

I Nash equilibria cannot be characterized by deterministic PDE system

I Master equation for a "value function" V

I V takes the distribution as an input, which is infinite-dimensional

I Solution cannot be computed using traditional methods

I Deep learning methods
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Related Literature

Macro-economic models and MFGs:
I See e.g. [Achdou et al., 2017, Carmona, 2020, Achdou et al., 2022]

Traditional methods for Master equations:
I Fit a statistical approximation to the law of motion for the key aggregate state

variables (e.g. [Krusell and Smith, 1998], [Den Haan, 1997],
[Fernández-Villaverde et al., 2018])

I Linear perturbation in the aggregate state and then solve the resulting linear
problem with matrix algebra (e.g. [Reiter, 2002], [Reiter, 2008], [Reiter, 2010],
[Winberry, 2018], [Ahn et al., 2018])

I Low dimensional projection of the distribution (e.g. [Prohl, 2017],
[Schaab, 2020])

Machine learning for macro-economic models and MFGs:
I Discrete time (e.g. [Han et al., 2021], [Maliar et al., 2021], [Kahou et al., 2021])
I Continuous time (e.g. [Duarte, 2018], [Gopalakrishna, 2021],

[Fernandez-Villaverde et al., 2020])
I Population-dependent controls or value functions in MFGs (e.g.

[Perrin et al., 2022, Germain et al., 2022, Laurière, 2021])
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General Model

Setting:
I Continuous time, infinite horizon.
I Exogenous aggregate state variable, zt ∈ Z ⊂ R:

dzt = µz(zt)dt+ σz(zt)dB0
t , (1)

where B0
t is a common Brownian motion process; it generates filtration F0

t .

Agent Dynamics:
I Population I of agents; e.g. I = [0, 1]
I Agent i ∈ I has an idiosyncratic state xit:

dxit = µx(cit, xit, zt, qt)dt+ σx(xit, zt, qt)dBit + γx(xit, zt, qt)dJ it , (2)

where:
I cit ∈ C ⊆ R is control variable
I qt ∈ Q is a collection of aggregate prices in the economy
I idiosyncratic shocks:

I Bit is an NBi-dimensional idiosyncratic Brownian motion process
I J i is an idiosyncratic Poisson jump process with rate λ(x)
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General Model – continued

Agent Control Problem:
I Each agent, i, has a belief about the stochastic price process q = {qt : t ≥ 0}
I u(cit) is the flow utility from choosing cit
I Given their belief, agent i chooses ci = {cit : t ≥ 0}, to solve:

V (xi0, z0) = max
ci

E0

[∫ ∞
0

e−ρtu(cit)dt
]

(3)

s.t. (1), (2), Φ(xit) ≥ 0,

where Φ(xit) ≥ 0 is an exogenous constraint (e.g. Φ(xit) = xit − x: lower bound)

Equilibrium:
I Let Gt = L(xit|F0

t ) be the population distribution of (xit)i∈I , given history F0
t .

I Let gt denote the density of Gt and let ḡt be the mean of gt.
I An equilibrium for this economy satisfies the following conditions:

1. Agents solve problem (3) given their belief q about the price process,
2. The equilibrium prices satisfy a market clearing condition:

qt = Q(zt, ḡt) (4)

3. Agent beliefs about the price process are consistent with the optimal
behaviour of other agents.

I Suppose there exists a recursive equilibrium control c∗(x, z, g) for problem (3).
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General model: Master equation
I The KFE under c∗(x, z, g) is:

dgt(x) = µg(c∗(x, z, g), zt, gt)dt. (5)

I Master equation introduced by P.-L. Lions:

(LV )(x, z, g) = 0

subj. to a problem-specific boundary condition linked to the constraint Φ(xit) ≥ 0,

where the operator (LV )(x, z, g) := (LhV + LgV )(x, z, g) is defined by:

(LhV )(x, z, g) := − ρV (x, z, g) + u(c∗(x, z, g))
+DxV (x, z, g)µx(c∗(x, z, g), x, z,Q(z, ḡ)) + ∂zV (x, z, g)µz(z)

+ 1
2 tr
{

Σx(x, z,Q(z, ḡ))D2
xV (x, z, g)

}
+ 1

2 (σz(z))2 ∂zzV (x, z, g)

+ λ(x) (V (x+ γx(x, z, q), z, g)− V (x, z, g))

(LgV )(x, z, g) :=
∫
X
µg(c∗(x, z, g), z, g)∂V

∂g
(x, z, g)(y)dy.

I Lh: the optimization problem of the household; Σx(·) := σx(·) (σx(·))T

I Lg: how the evolution of the distribution affects the household value
I ∂V/∂g is the Frechet derivative of V w.r.t. the distribution
I c∗ is characterised by:

0 = u′(c∗(x, z, g)) +DxV (x, z, g)∂cµx(c∗(x, z, g), x, z,Q(z, ḡ)).
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Outline

I Goal: "solve numerically this Master equation"

I In general we cannot solve for "all" distributions (g is infinite dim.)

I "Easy" case:
I and focus on stationary distribution gss → LgV = 0
I no aggregate shocks → ∂zV = ∂zzV = 0

I But we want more than that:
I What if the population is not at the stationary state?
I What if there are aggregate shocks?

I Compute (approx.) V that works for "many" distributions (at least around gss)

I We use three main ingredients:

1. Approximate the distribution→ finite population or histogram

2. Parameterize V → neural network

3. Train the parameters → minimize the (approx.) PDE residual
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Approach 1: Finite Population – Setting

I Consider I <∞ agents, denoted by i ∈ {1, 2, . . . , I}.

I gt ≈ ĝt := {xit : i ≤ I} with average ¯̂gt = 1
I

∑I

i=1 x
i
t.

I Agent i behaves as if their individual actions do not influence prices.

I Their belief about the pricing function will be given by:

qt = Q(zt, ¯̂g−it )

with ĝ−it = {xjt ∈ I−i} and ¯̂g−it = 1
I−1

∑
j∈I−i x

j
t , where I−i = {j ≤ I : j 6= i}

denotes the agents excluding agent i.
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Approach 1: Finite Population – Equation

I Let V (xi, z, ĝ) denote the value function for the master equation in the economy
with I price taking agents.

I Then V (xi, z, ĝ) solves (L̂V )(xi, z, ĝ) = 0 subject to the boundary conditions,
where the master equation operator is:

(L̂V ) = (L̂hV ) + (L̂gV ), where

(L̂hV )(xi, z, ĝ) := (LhV )(xi, z, ĝ)

(L̂gV )(xi, z, ĝ) :=
∑
j≤I

∂V

∂gj
(xi, z, ĝ)µx(c∗(xj , z, ĝ), xj , z, Q(z, ĝ−j))

+
∑
j≤I

1
2 tr
{

Σx(xj , z,Q(z, ĝ−j))D2
gjV (xi, z, ĝ)

}
+
∑
j≤I

λ(xj)
(
V (xi, z, {xj + γx(xj , z, Q(z, ĝ−j)), ĝ−j})− V (xi, z, ĝ−i)

)
subject the constraint Φ(xi) ≥ 0.

I L̂h stays the same with g replaced by ĝ in the pricing functions.
I L̂g changes to capture impact of changes in other agent positions.
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Approach 2: Discrete State Space

I We approximate the distribution by a histogram.
I We consider Nx points: x1, . . . , xNx , in X .
I We approximate g by a vector ĝ ∈ RN

x

of values at x1, . . . , xNx .
I The KFE is replaced by an ODE in dimension Nx:

˙̂gt = µ̂ĝ(zt, ĝt).

I The RHS can for instance be obtained by approximating the partial derivatives in
space by finite differences.

I The solution V to the master equation is replaced by a function
V : X × Z × RN

x

→ R which solves the following PDE:

(L̂V ) = (L̂hV ) + (L̂gV ), where

(L̂hV )(x, z, ĝ) := (LhV )(x, z, ĝ)

(L̂gV )(x, z, ĝ) =
Nx∑
i=1

[µ̂ĝ(z, ĝ)]i
∂V

∂ĝi
(x, z, ĝ),

subject to the constraint that Φ(x) ≥ 0.
I ∂V

∂ĝi
(x, z, ĝ) denotes a classical derivative
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I The RHS can for instance be obtained by approximating the partial derivatives in
space by finite differences.

I The solution V to the master equation is replaced by a function
V : X × Z × RN

x

→ R which solves the following PDE:

(L̂V ) = (L̂hV ) + (L̂gV ), where
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Generic Algorithm

I We approximate V by a neural network: V (x, z, ĝ) ≈ V̂ (x, z, ĝ; θ) with
parameters θ.

I At a high level, we train θ with the following generic algorithm.

I Starting with an initial θ0, at iteration n with guess θn:
1. Sample Sn := {Sne, Snb}, with Sne = {(xm, zm, ĝm)}m≤Me and

Snb = {(x, zm, ĝm)}m≤Mb

2. Calculate the weighted average error:

E(θn, Sn) = κeEe(θn, Sne) + κbEb(θn, Snb)

where κe > 0 and κb > 0 are weights and typically:

Ee(θn, Sne) :=
1
Me

∑
m≤Me

|L̂(xm, zm, ĝm)|2

Eb(θn, Snb) :=
1
Mb

∑
m≤Mb

|(Φ(x, zm, ĝm))+|2

where the derivatives are calculated using automatic differentiation.
3. Update the NN parameters using deep learning methods, e.g., SGD:

θn+1 = θn − αnDθE(θn, Sn)
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ABH Model: Setting and Agent Dynamics

I Aiyagari-Bewley-Huggett (ABH) model: [Aiyagari, 1994]
I Continuous time, PDE approach, finite-difference scheme: [Achdou et al., 2017]

Setting:
I No exogenous aggregate state variable, zt = Z ∈ R

Agent dynamics:
I State xit = [ait, yit]: wealth, ait ∈ R; labour endowment, yit ∈ {y1, y2}, with y1 < y2

I Dynamics:

dxit = d

[
ait
yit

]
=
[
s(ait, yit, cit, rt, wt)

0

]
dt+

[
0

ỹit − yit

]
dJ it (6)

where ỹit is the complement of yit and the agent’s saving function is given by:

s(a, y, c, r, w) = wy + ra− c.

I qt = [rt, wt] = [r(ḡt), w(ḡt)] ∈ R2 to be defined below
I cit ∈ R+ is the consumption
I u(c) = c1−γ/(1− γ), where γ ∈ (0, 1)
I Borrowing constraint: Φ(xit) = ait − a ≥ 0
I "Softened" by penalization: ũ(at, ct) = u(ct) + 1at≤aψ(at); ψ(a) = − 1

2κ(a− a)2
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ABH Model: Control Problem and Prices

Agent Control Problem:
I Given their belief q, agent i chooses ci = {cit : t ≥ 0}, to solve:

V (xi0, z0) = max
ci

E0

[∫ ∞
0

e−ρtũ(cit)dt
]

s.t. (6)

Prices (aggregate quantities):
I Density gt across the idiosyncratic states {ait, yit}
I Production of consumption goods with CRS production function:

Yt = F (Kt, Lt) = eZKα
t L

1−α
t

I Kt = capital hired at time t, Lt = labour hired at time t, defined as:

Kt =
∑

j∈{1,2}

∫ ∞
a

agt(a, yj)da L =
∑

j∈{1,2}

∫ ∞
a

yjgt(a, yj)da

I The prices rt (capital return) and wt (wage) solve:

rt = ∂KF (Kt, L)− δ, wt = ∂LF (Kt, L),

I Capital depreciates at rate δ.
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ABH Model: Equilibrium

Equilibrium: We say that q∗ = [r∗, w∗] and c∗ form an equilibrium if:

1. Given their belief q∗, the optimal control of a representative agent is c∗

2. Their belief is consistent with c∗:

q∗t = Q(ḡ∗t ) = [r(ḡ∗t ), w(ḡ∗t )]

where g∗ is the distribution generated if everyone uses c∗

Value function:
I Agents want to know the equilibrium c∗ for "any" possible distribution
I Value function of an agent depends on the current gt
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ABH: Master Equation

I The Master equation is:

0 = (LV )(a, y, g) = (LhV )(a, y, g) + (LgV )(a, y, g)

I where, in this ABH model, the operators are defined by:

(LhV )(a, y, g) := − ρV (a, y, g) + u(c∗(a, y, g)) + 1a≤aψ(a)
+ ∂aV (a, y, g)s(a, y, c∗(a, y, g), r(ḡ), w(ḡ))
+ λ(y)(V (a, ỹ, g)− V (a, y, g))

(LgV )(a, y, g) :=
∫
R

∂V

∂g
(a, y, g)(b) (λ(ỹ)g(b, ỹ)− λ(y)g(b, y)) db

+
∫
R
∂b
∂V

∂g
(a, y, g)(b)s (a, y, c∗(a, y, g), r(ḡ), w(ḡ)) g(b, y)db

I with r(ḡ) and w(ḡ) defined by the clearing condition
I and the optimal control satisfies the following FOC:

∂aV (a, y, g) = u′(c∗(a, y, g))

I After computing V , we can compute: c∗(a, y, g) = (u′)−1 (∂aV (a, y, g))
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+ λ(y)(V (a, ỹ, g)− V (a, y, g))

(LgV )(a, y, g) :=
∫
R

∂V

∂g
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I with r(ḡ) and w(ḡ) defined by the clearing condition
I and the optimal control satisfies the following FOC:

∂aV (a, y, g) = u′(c∗(a, y, g))

I After computing V , we can compute: c∗(a, y, g) = (u′)−1 (∂aV (a, y, g))
15 / 24



ABH: Derivative of Master Equation

I We will rather approximate W (a, y, g) = ∂aV (a, y, g), which solves the PDE:

0 = (LW )(a, y, g) = (LhW )(a, y, g) + (LgW )(a, y, g)

I where the operators Lh and Lg are defined by:

(LhW )(x, g) := (r(ḡ)− ρ)W (a, y, g) + 1a≤aψ′(a)
+ ∂aW (a, y, g)s(a, y, c∗(a, y, g), r(ḡ), w(ḡ))
+ λ(y)(W (a, ỹ, g)−W (a, y, g))

(LgW )(x, g) :=
∫
R

∂W

∂g
(a, y, g)(b) (λ(ỹ)g(b, ỹ)− λ(y)g(b, y)) db

+
∫
R
∂b
∂W

∂g
(a, y, g)(b)s (a, y, c∗(a, y, g), r(ḡ), w(ḡ)) g(b, y)db

I with the FOC:

W (a, y, g) = u′(c∗(a, y, g)).

I We apply the algorithm to this PDE for W .
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ABH: Finite Agent Approach

Setting:
I Empirical distribution: ĝ = {(ai, yi)}i≤I
I The operator L̂gW is:

(L̂gW )((ai, yi), ĝ) =
∑
j 6=i

sj((aj , yj), ĝ)∂ajW ((ai, yi), ĝ)

+λj(yj)
(
W ((ai, yi), {(aj , ỹj), ĝ−j})−W ((ai, yi), ĝ)

)
Neural network: Feed-forward fully connected Ŵ for W
Sampling:

I We sample points of the form {(ai, yi), {aj , yj}j∈(I−1)}.
I For ai: active sampling technique [Gopalakrishna, 2021]

→ sample more frequently in regions with larger errors
I For sampling the population of agents, {aj , yj}j∈(I−1):

I r uniformly on [rlb, rrb]
I Generate a random distribution of agents
I Scale their wealth so the equilibrium interest rate is the randomly drawn r

Loss functions:
I PDE residual
I Penalty for monotonicity
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ABH: Discrete State Space Approach

Setting:
I Approximate distribution evolution: ˙̂gt = µ̂ĝ(zt, ĝt)
I µ̂ can be approximated by the finite-difference scheme of [Achdou et al., 2017]

I (L̂gW )(x, z, ĝ) =
∑Nx

i=1[µ̂ĝ(z, ĝ)]i ∂W∂ĝi
(x, z, ĝ)

Neural network:
I Approximate W using NN Ŵ ; variant of "DGM-type" architecture
I Embedding of the distribution ĝ in the first layers
I For more stability, also approximate c∗ by a NN ĉ∗

Sampling: Sample (a, y, ĝ); for example:
I (a, y) uniformly on [a, a]× {y1, y2}
I ĝ near the steady state distribution

Loss functions:
I PDE residual
I Penalty for monotonicity
I Auxiliary network ĉ∗ ≈ (u′)−1(Ŵ )
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ABH: Numerical Results
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I Finite difference solution vs NN,FA and NN,FS
I Top: consumption c and W = ∂aV

I Bottom: PDF and CDF.
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ABH: Numerical Results

Training of the neural network (FA approach):
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KS Model: Setting and Agent Dynamics

Krusell-Smith (KS) model: [Krusell and Smith, 1998]
Setting:

I Exogenous aggregate state variable, Zt ∈ Z ⊂ R:

dZt = η(Z − Zt)dt+ σzdB0
t

Prices (aggregate quantities):
I Production of consumption goods with CRS production function:

Yt = F (Kt, Lt) = eZtKα
t L

1−α
t

I The distribution g and the prices r and w are conditioned on the realization of Z
I It is not sufficient to solve for a single "steady state" distribution

Operators: Compared with the ABH model,
I LhW incorporates two extra terms:

. . . + ∂ZW (a, y, Z, g)η(Z − Z) + 1
2σ

2∂ZZW (a, y, Z, g)

I LgW stays the same (because the aggregate shocks do not impact g directly)
Notes:

I Traditional methods do not consider functions of g
I In our method, aggregate shocks does not make the problem much more difficult
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KS: Numerical Results
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I Impulse response functions for KS Model, for a given path of Z
I But the agents understand that Z is stochastic; it is included in the equilibrium
I Top: TFP shock path; relative capital change; relative average consumption change
I Bottom: relative capital return change; relative average wage change; and relative wealth

change at different quantiles.
I No clear benchmark method; more detailed assessment is work in progress
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Looks Easy but Many Challenges in the Implementation

One example of an issue we got in the ABH model:

Looks like it is working well. . .

But actually not at all. W = ∂aV is constant Why?

(LhW )(x, g) := (r(ḡ)− ρ)W (a, y, g)
+ ∂aW (a, y, g)s(a, y, c∗(a, y, g), r(ḡ), w(ḡ))
+ λ(y)(W (a, ỹ, g)−W (a, y, g))

(LgW )(x, g) :=
∫
R

∂W

∂g
(a, y, g)(b) (λ(ỹ)g(b, ỹ)− λ(y)g(b, y)) db

+
∫
R
∂b
∂W

∂g
(a, y, g)(b)s (a, y, c∗(a, y, g), r(ḡ), w(ḡ)) g(b, y)db

If ρ = 0.05, r(ḡ∗) = 0.0385, constant W can be a very good local minimizer.
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Summary and Perspectives

Summary:

I Master equation approach to tackle aggregate shocks

I Generic algorithm

I Two approaches

I Flexibility of the method

I But a lot of work in the implementation details!

Some ongoing and future directions:

I checking further the results with common noise

I application to other examples

I other problems (MFControl problem, Stackelberg MFG (see Gökçe’s talk), . . . )

Thank you for your attention!
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Transition Dynamics
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