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Morse Theory



Morse Theory
•        – compact smooth manifold

•                     –  a Morse function: 

• Smooth

• At most one critical point at each level 

• Non-degenerate

• Sublevel sets:

• Main question:

<latexit sha1_base64="yHQhDuqbUPY25jIrlhatxRNWeUE=">AAACD3icbVDLSgMxFM34rPVVdelmsAiu2hmRKq4KblwoqFgVO0UymTttaCYZkjvFMtR/ENzqb7gTt36Cf+EnmNYufB0IHM65h3tzwlRwg5737kxMTk3PzBbmivMLi0vLpZXVC6MyzaDBlFD6KqQGBJfQQI4CrlINNAkFXIbdg6F/2QNtuJLn2E+hldC25DFnFK10He8H7DhAFZzdlMpexRvB/Uv8MSmTMU5uSh9BpFiWgEQmqDFN30uxlVONnAkYFIPMQEpZl7ahaamkCZhWPrp44G5aJXJjpe2T6I7U74mcJsb0k9BOJhQ75rc3FP/zmhnGe62cyzRDkOxrUZwJF5U7/L4bcQ0MRd8SyjS3t7qsQzVlaEsqBqNgfldVEiLNe1A9ogi31QhiMyjaivzfhfwlF9sVv1apne6U69vjsgpknWyQLeKTXVInh+SENAgjkjyQR/Lk3DvPzovz+jU64Ywza+QHnLdPku+cuw==</latexit>

f : M → R

<latexit sha1_base64="NTrqVE+veF/eQHLbJ5vJBuWF3eg="></latexit>

Mω = f→1((→↑,ω])

<latexit sha1_base64="Rouo9RWDedfcliV/ZtJFssJgq6I=">AAACCHicbVDLSsNAFJ3UV42vqks3wSK4apMi1WXBjQuFivYBbSmTyU07dDIJM5NiCfUDBLf6G+7ErX/hX/gJTtMstPXAwOGce7h3jhsxKpVtfxm5ldW19Y38prm1vbO7V9g/aMowFgQaJGShaLtYAqMcGooqBu1IAA5cBi13dDnzW2MQkob8Xk0i6AV4wKlPCVZauuuSm36haJfsFNYycTJSRBnq/cJ31wtJHABXhGEpO44dqV6ChaKEwdTsxhIiTEZ4AB1NOQ5A9pL01Kl1ohXP8kOhH1dWqv5OJDiQchK4ejLAaigXvZn4n9eJlX/RSyiPYgWczBf5MbNUaM3+bXlUAFFsogkmgupbLTLEAhOl2zG7aTB5LIccPEHHUL7GCh7KHvhyauqKnMVClkmzUnKqpertWbFWycrKoyN0jE6Rg85RDV2hOmogggboGb2gV+PJeDPejY/5aM7IMofoD4zPH1Zumeg=</latexit>

M

What happens to the topology of as we increase   ?<latexit sha1_base64="WyL/4lv9eZ4yAdBC+cWvWExhDwg=">AAACD3icbVDLSsNAFJ3UV42vqks3wSK4apMi1aXgxoVCBatiE8rN5KYdOpmEmYlYQv0Hwa3+hjtx6yf4F36C09qFrwMDh3Pu4d45YcaZ0q77bpVmZufmF8qL9tLyyupaZX3jQqW5pNimKU/lVQgKORPY1kxzvMokQhJyvAwHR2P/8galYqk418MMgwR6gsWMgjbStU9Puz7wrA/dStWtuRM4f4k3JVUyRatb+fCjlOYJCk05KNXx3EwHBUjNKMeR7ecKM6AD6GHHUAEJqqCYXDxydowSOXEqzRPamajfEwUkSg2T0EwmoPvqtzcW//M6uY4PgoKJLNco6NeiOOeOTp3x952ISaSaDw0BKpm51aF9kEC1Kcn2J8Hirp4KjCS7wfoJaLytRxirkW0q8n4X8pdcNGpes9Y826seNqZllckW2Sa7xCP75JAckxZpE0oEeSCP5Mm6t56tF+v1a7RkTTOb5Aest0/omZzv</latexit>

Mω
<latexit sha1_base64="NbL2qO3yqEtvM3/mQhraH0yGUhY=">AAACC3icbVDLSsNAFJ3UV62vqks3wSK4ahOR6rLgxoWLCvYBbSk3k5t27GQSZibFEuofCG71N9yJWz/Cv/ATnD4W2npg4HDOPdw7x4s5U9pxvqzMyura+kZ2M7e1vbO7l98/qKsokRRrNOKRbHqgkDOBNc00x2YsEUKPY8MbXE38xhClYpG406MYOyH0BAsYBW2keht43IduvuAUnSnsZeLOSYHMUe3mv9t+RJMQhaYclGq5Tqw7KUjNKMdxrp0ojIEOoIctQwWEqDrp9NqxfWIU3w4iaZ7Q9lT9nUghVGoUemYyBN1Xi95E/M9rJTq47KRMxIlGQWeLgoTbOrInX7d9JpFqPjIEqGTmVpv2QQLVpqBcexpMH0uRQF+yIZZuQONDycdAjXOmInexkGVSPyu65WL59rxQOZuXlSVH5JicEpdckAq5JlVSI5Tck2fyQl6tJ+vNerc+ZqMZa545JH9gff4A+NGbXA==</latexit>ω



Morse Theory

1. If no critical points in the range                       :

2.  If    critical point, , index=   , only one of two options:

<latexit sha1_base64="NTrqVE+veF/eQHLbJ5vJBuWF3eg="></latexit>

Mω = f→1((→↑,ω])

<latexit sha1_base64="hdDwbCWvJL3f3FgAIIsNO7ph7PA="></latexit>

Hk(Mω+ε) →= Hk(Mω→ε)

(k-1)-death
<latexit sha1_base64="AW3BnCQa8UyIhCwiCiQKEBLan7E="></latexit>

ωk→1(Mω+ε) = ωk→1(Mω→ε)→ 1

k-birth
<latexit sha1_base64="LMCxSKdjSu0u4tBdmGdaVyXB2p8="></latexit>

ωk(Mω+ε) = ωk(Mω→ε) + 1

<latexit sha1_base64="SdrrfCK4rHSkiI7Z0rvWRipeeXI="></latexit>

[ω→ ε,ω+ ε]

<latexit sha1_base64="3MxjymyRO3h7IlRvunNe/ZxDWAY=">AAACEHicbVDLSgMxFM34rPVVdelmsAi6aWdE1I1QcOPCRQVbhbaUO5k7bWgmGZJMsQz1IwS3+hvuxK1/4F/4CaaPhVYPBA7n3MO9OUHCmTae9+nMzS8sLi3nVvKra+sbm4Wt7bqWqaJYo5JLdReARs4E1gwzHO8ShRAHHG+D3sXIv+2j0kyKGzNIsBVDR7CIUTBWakQH9PC8CTzpQrtQ9EreGO5f4k9JkUxRbRe+mqGkaYzCUA5aN3wvMa0MlGGU4zDfTDUmQHvQwYalAmLUrWx88tDdt0roRlLZJ4w7Vn8mMoi1HsSBnYzBdPWsNxL/8xqpic5aGRNJalDQyaIo5a6R7uj/bsgUUsMHlgBVzN7q0i4ooMa2lG+Og9lDWQoMFetj+QoM3pdDjPQwbyvyZwv5S+pHJf+kdHJ9XKwcTcvKkV2yRw6IT05JhVySKqkRSiR5Is/kxXl0Xp03530yOudMMzvkF5yPb+1lnOU=</latexit>

f(c) = ω
<latexit sha1_base64="PsQktiGgrGFNJOYhvIMy+kYo/Bc=">AAACBnicbVDLSsNAFJ34rPFVdekmWARXbVKkuiy4ceGiBfuANpTJ5KYdOpmEmUmxhLoW3OpvuBO3/oZ/4Sc4TbPQ1gMDh3Pu4d45XsyoVLb9Zaytb2xubRd2zN29/YPD4tFxW0aJINAiEYtE18MSGOXQUlQx6MYCcOgx6Hjjm7nfmYCQNOL3ahqDG+IhpwElWGmpOR4US3bZzmCtEicnJZSjMSh+9/2IJCFwRRiWsufYsXJTLBQlDGZmP5EQYzLGQ+hpynEI0k2zQ2fWuVZ8K4iEflxZmfo7keJQymno6ckQq5Fc9ubif14vUcG1m1IeJwo4WSwKEmapyJr/2vKpAKLYVBNMBNW3WmSEBSZKd2P2s2D6WIk4+IJOoHKHFTxUfAjkzNQVOcuFrJJ2tezUyrXmZalezcsqoFN0hi6Qg65QHd2iBmohggA9oxf0ajwZb8a78bEYXTPyzAn6A+PzBwRcmTM=</latexit>

k<latexit sha1_base64="tP5ld47brRxb9JjjCr76t8jwjDM=">AAACB3icbVDLSsNAFJ34rPFVdekmWARXbVKkuiy4ceGiin1AW8pkctMOncyEmUmxhLoX3OpvuBO3foZ/4SeYpFlo64GBwzn3cO8cN2RUadv+MlZW19Y3Ngtb5vbO7t5+8eCwpUQkCTSJYEJ2XKyAUQ5NTTWDTigBBy6Dtju+Sv32BKSigt/raQj9AA859SnBOpHuiDkoluyyncFaJk5OSihHY1D87nmCRAFwTRhWquvYoe7HWGpKGMzMXqQgxGSMh9BNKMcBqH6cXTqzThPFs3whk8e1lam/EzEOlJoGbjIZYD1Si14q/ud1I+1f9mPKw0gDJ/NFfsQsLaz025ZHJRDNpgnBRNLkVouMsMREJ+WYvSwYP1YEB0/SCVRusIaHige+mqUVOYuFLJNWtezUyrXb81K9mpdVQMfoBJ0hB12gOrpGDdREBPnoGb2gV+PJeDPejY/56IqRZ47QHxifPy0FmT8=</latexit>c



Useful Conclusions
•            = #critical points of index k in 

• Morse inequalities:

• Euler characeteristic:

• Extremes:

<latexit sha1_base64="Dws4AkqMRlQ7GeTi2dezVcAxpJ4=">AAACEHicbVDLSgMxFM34rPVVdelmsAh1086IqEvBjQuRCrYKbSl3MndsaCYZkoxYhvoRglv9DXfi1j/wL/wE02kXWj0QOJxzD/fmBAln2njepzMzOze/sFhYKi6vrK6tlzY2m1qmimKDSi7VTQAaORPYMMxwvEkUQhxwvA76pyP/+g6VZlJcmUGCnRhuBYsYBWOl1kW3X2kDT3qw1y2VvaqXw/1L/Akpkwnq3dJXO5Q0jVEYykHrlu8lppOBMoxyHBbbqcYEaB9usWWpgBh1J8tPHrq7VgndSCr7hHFz9Wcig1jrQRzYyRhMT097I/E/r5Wa6LiTMZGkBgUdL4pS7hrpjv7vhkwhNXxgCVDF7K0u7YECamxLxXYezB5qUmCo2B3WzsHgfS3ESA+LtiJ/upC/pLlf9Q+rh5cH5ZP9SVkFsk12SIX45IickDNSJw1CiSRP5Jm8OI/Oq/PmvI9HZ5xJZov8gvPxDQ0EnPc=</latexit>

Nk(ω)
<latexit sha1_base64="WyL/4lv9eZ4yAdBC+cWvWExhDwg=">AAACD3icbVDLSsNAFJ3UV42vqks3wSK4apMi1aXgxoVCBatiE8rN5KYdOpmEmYlYQv0Hwa3+hjtx6yf4F36C09qFrwMDh3Pu4d45YcaZ0q77bpVmZufmF8qL9tLyyupaZX3jQqW5pNimKU/lVQgKORPY1kxzvMokQhJyvAwHR2P/8galYqk418MMgwR6gsWMgjbStU9Puz7wrA/dStWtuRM4f4k3JVUyRatb+fCjlOYJCk05KNXx3EwHBUjNKMeR7ecKM6AD6GHHUAEJqqCYXDxydowSOXEqzRPamajfEwUkSg2T0EwmoPvqtzcW//M6uY4PgoKJLNco6NeiOOeOTp3x952ISaSaDw0BKpm51aF9kEC1Kcn2J8Hirp4KjCS7wfoJaLytRxirkW0q8n4X8pdcNGpes9Y826seNqZllckW2Sa7xCP75JAckxZpE0oEeSCP5Mm6t56tF+v1a7RkTTOb5Aest0/omZzv</latexit>

Mω

<latexit sha1_base64="piwp8HygmZ6/9OWReWhQty4Jf8Y="></latexit>

(1) ωm(Mω) → Nm(ε)

<latexit sha1_base64="J0YkyEWNuRfICsMpHaZzoe/wq5k="></latexit>

(2)
m∑

k=0

(→1)m→kωk(Mω) ↑
m∑

k=0

(→1)m→kNk(ε)

<latexit sha1_base64="1vEBcvk5WyBmSGXfNJjaPrkQOL0="></latexit>

ω(Mω) :=
d∑

k=0

(→1)kεk(Mω) =
d∑

k=0

(→1)kNk(ϑ)

localglobal

<latexit sha1_base64="hb1tDRLQ9SA6rmsTo0RF69rfjjw="></latexit>

Nk(ω) = 0 →↑ Hk(Mt) ↓= 0, ↔t ↗ ω

<latexit sha1_base64="riz4h4jROUehIOLINmrxPvwKszw="></latexit>

Nk(ω) = Nk(→)

Nk+1(ω) = Nk+1(→)

}
↑↓ Hk(Mt) ↔= Hk(M), ↗t ↘ ω



Gaussian Random Fields
• Smooth random functions 

• Gaussian Kinematic Formula [Adler & Taylor, 2003]

<latexit sha1_base64="+1eiiJPJ4O8XQ8XDlORwHt/bTBY="></latexit>

f : M → R

<latexit sha1_base64="+6IxzfFAuvPcRIq5ENJWX1VBLvQ="></latexit>

Mω = f→1((→↑,ω])
<latexit sha1_base64="CwI3a25qb+Xxw/E4cIkX0wEl6BA=">AAACEHicbVDLSgMxFM3UV62vqks3g0Vw1c4UUXFVcOPCha8+oFNLJnOnDc0kQ5IRy1A/QnCrv+FO3PoH/oWfYDp2oa0HAodz7iH3Hj9mVGnH+bRyc/MLi0v55cLK6tr6RnFzq6FEIgnUiWBCtnysgFEOdU01g1YsAUc+g6Y/OB37zTuQigp+o4cxdCLc4zSkBGsjtcOT69uqp4XtXXWLJafsZLBniTshJTTBRbf45QWCJBFwTRhWqu06se6kWGpKGIwKXqIgxmSAe9A2lOMIVCfNVh7Ze0YJ7FBI87i2M/V3IsWRUsPIN5MR1n017Y3F/7x2osPjTkp5nGjg5OejMGG2uXF8vx1QCUSzoSGYSGp2tUkfS0y0aangZcH0oSI4BJLeQeUca7ivBBCqUcFU5E4XMksa1bJ7WD68PCjVnElZebSDdtE+ctERqqEzdIHqiCCBntAzerEerVfrzXr/Gc1Zk8w2+gPr4xuq1Zy6</latexit>

f : S2 → R

α αα

<latexit sha1_base64="tcRwe5hD9Oqm7ljeSrIma1YghfQ="></latexit>

E{ω(Mω)} =
d∑

k=0

(→1)kE {Nk(ε)} = · · · =
d∑

j=0

Lj(M)ϑj(ε)



Random Čech Complex



Geometric Complexes 
•                             = point cloud

• Čech complex:

                is a simplex if:

• Vietoris-Rips complex:

                is a simplex if:

<latexit sha1_base64="Ns8V5cAnvNpk4nKLR6sQEhBGMfc="></latexit>

X = {x1, . . . , xn}

<latexit sha1_base64="BUjaVCw6NlJKePIa5Z+OFoL4LQU=">AAACEXicbVC7TsMwFHV4E14FRpaICompTRiADSQWBgYQlFZqKuQ4N2Dh2JF9g6ii8hOIFb6DDbHyBXwCI3+Am3aAliNZOjrnHt3rE2WCG/T9T2dicmp6ZnZu3l1YXFpeqayuXRqVawYNpoTSrYgaEFxCAzkKaGUaaBoJaEa3R32/eQfacCUvsJtBJ6XXkiecUbRS+zw0eWQAQ9a6qlT9ml/CGyfBkFQPvpISp1eV7zBWLE9BIhPUmHbgZ9gpqEbOBPTcMDeQUXZLr6FtqaQpmE5RntzztqwSe4nS9kn0SvV3oqCpMd00spMpxRsz6vXF/7x2jsl+p+AyyxEkGyxKcuGh8vr/92KugaHoWkKZ5vZWj91QTRnallw3LJPFQ11JiDW/g/oJRbivx5CYnms7CkYbGSeXO7Vgt7Z75lcPd8gAc2SDbJJtEpA9ckiOySlpEEYUeSLP5MV5dF6dN+d9MDrhDDPr5A+cjx+4e6Eg</latexit>

S → X

<latexit sha1_base64="BUjaVCw6NlJKePIa5Z+OFoL4LQU=">AAACEXicbVC7TsMwFHV4E14FRpaICompTRiADSQWBgYQlFZqKuQ4N2Dh2JF9g6ii8hOIFb6DDbHyBXwCI3+Am3aAliNZOjrnHt3rE2WCG/T9T2dicmp6ZnZu3l1YXFpeqayuXRqVawYNpoTSrYgaEFxCAzkKaGUaaBoJaEa3R32/eQfacCUvsJtBJ6XXkiecUbRS+zw0eWQAQ9a6qlT9ml/CGyfBkFQPvpISp1eV7zBWLE9BIhPUmHbgZ9gpqEbOBPTcMDeQUXZLr6FtqaQpmE5RntzztqwSe4nS9kn0SvV3oqCpMd00spMpxRsz6vXF/7x2jsl+p+AyyxEkGyxKcuGh8vr/92KugaHoWkKZ5vZWj91QTRnallw3LJPFQ11JiDW/g/oJRbivx5CYnms7CkYbGSeXO7Vgt7Z75lcPd8gAc2SDbJJtEpA9ckiOySlpEEYUeSLP5MV5dF6dN+d9MDrhDDPr5A+cjx+4e6Eg</latexit>

S → X

\

x2S

Br(x) 6= ;
<latexit sha1_base64="rGRZhY0EnTWTcIIP2elIiGIKp2o="></latexit><latexit sha1_base64="rGRZhY0EnTWTcIIP2elIiGIKp2o="></latexit><latexit sha1_base64="rGRZhY0EnTWTcIIP2elIiGIKp2o="></latexit><latexit sha1_base64="rGRZhY0EnTWTcIIP2elIiGIKp2o="></latexit>

Br(x) \Br(x
0) 6= ; 8x, x0 2 S

<latexit sha1_base64="LRCxz7bx1FHzT2O1fhayQ93gOt0="></latexit><latexit sha1_base64="LRCxz7bx1FHzT2O1fhayQ93gOt0="></latexit><latexit sha1_base64="LRCxz7bx1FHzT2O1fhayQ93gOt0="></latexit><latexit sha1_base64="LRCxz7bx1FHzT2O1fhayQ93gOt0="></latexit>



Geometric Complexes 
•                             = point cloud

• Čech complex:

                is a simplex if:

• Vietoris-Rips complex:

                is a simplex if:

<latexit sha1_base64="Ns8V5cAnvNpk4nKLR6sQEhBGMfc="></latexit>

X = {x1, . . . , xn}

<latexit sha1_base64="BUjaVCw6NlJKePIa5Z+OFoL4LQU=">AAACEXicbVC7TsMwFHV4E14FRpaICompTRiADSQWBgYQlFZqKuQ4N2Dh2JF9g6ii8hOIFb6DDbHyBXwCI3+Am3aAliNZOjrnHt3rE2WCG/T9T2dicmp6ZnZu3l1YXFpeqayuXRqVawYNpoTSrYgaEFxCAzkKaGUaaBoJaEa3R32/eQfacCUvsJtBJ6XXkiecUbRS+zw0eWQAQ9a6qlT9ml/CGyfBkFQPvpISp1eV7zBWLE9BIhPUmHbgZ9gpqEbOBPTcMDeQUXZLr6FtqaQpmE5RntzztqwSe4nS9kn0SvV3oqCpMd00spMpxRsz6vXF/7x2jsl+p+AyyxEkGyxKcuGh8vr/92KugaHoWkKZ5vZWj91QTRnallw3LJPFQ11JiDW/g/oJRbivx5CYnms7CkYbGSeXO7Vgt7Z75lcPd8gAc2SDbJJtEpA9ckiOySlpEEYUeSLP5MV5dF6dN+d9MDrhDDPr5A+cjx+4e6Eg</latexit>

S → X

<latexit sha1_base64="BUjaVCw6NlJKePIa5Z+OFoL4LQU=">AAACEXicbVC7TsMwFHV4E14FRpaICompTRiADSQWBgYQlFZqKuQ4N2Dh2JF9g6ii8hOIFb6DDbHyBXwCI3+Am3aAliNZOjrnHt3rE2WCG/T9T2dicmp6ZnZu3l1YXFpeqayuXRqVawYNpoTSrYgaEFxCAzkKaGUaaBoJaEa3R32/eQfacCUvsJtBJ6XXkiecUbRS+zw0eWQAQ9a6qlT9ml/CGyfBkFQPvpISp1eV7zBWLE9BIhPUmHbgZ9gpqEbOBPTcMDeQUXZLr6FtqaQpmE5RntzztqwSe4nS9kn0SvV3oqCpMd00spMpxRsz6vXF/7x2jsl+p+AyyxEkGyxKcuGh8vr/92KugaHoWkKZ5vZWj91QTRnallw3LJPFQ11JiDW/g/oJRbivx5CYnms7CkYbGSeXO7Vgt7Z75lcPd8gAc2SDbJJtEpA9ckiOySlpEEYUeSLP5MV5dF6dN+d9MDrhDDPr5A+cjx+4e6Eg</latexit>

S → X

\

x2S

Br(x) 6= ;
<latexit sha1_base64="rGRZhY0EnTWTcIIP2elIiGIKp2o="></latexit><latexit sha1_base64="rGRZhY0EnTWTcIIP2elIiGIKp2o="></latexit><latexit sha1_base64="rGRZhY0EnTWTcIIP2elIiGIKp2o="></latexit><latexit sha1_base64="rGRZhY0EnTWTcIIP2elIiGIKp2o="></latexit>

Br(x) \Br(x
0) 6= ; 8x, x0 2 S

<latexit sha1_base64="LRCxz7bx1FHzT2O1fhayQ93gOt0="></latexit><latexit sha1_base64="LRCxz7bx1FHzT2O1fhayQ93gOt0="></latexit><latexit sha1_base64="LRCxz7bx1FHzT2O1fhayQ93gOt0="></latexit><latexit sha1_base64="LRCxz7bx1FHzT2O1fhayQ93gOt0="></latexit>

Nerve Lemma

<latexit sha1_base64="li7i23Nk3EZN4sFnoGWZ+gdxHwo=">AAACHnicbVC5TgMxFPSGK4QrgZJmRYREld1FXBWKBAUFRZByICUR8jpvExMfi+1FiVb5B1qo+Bo6RAt/g3MUEBjJ0njmjfw8YcyoNr7/5WQWFpeWV7KrubX1jc2tfGG7rmWiCNSIZFLdhlgDowJqhhoGt7ECzEMGjbB/MfYbj6A0laJqhjG0Oe4KGlGCjZXqLU05PNzli37Jn8D9S4IZKaIZKncFJ9PqSJJwEIYwrHUz8GPTTrEylDAY5VqJhhiTPu5C01KBOeh2Oll35O5bpeNGUtkjjDtRfyZSzLUe8tBOcmx6et4bi/95zcREZ+2UijgxIMj0oShhrpHu+O9uhyoghg0twURRu6tLelhhYmxDudYkmHo1bW+e5KC8SyXjUA68KpCesH1519jAwOtApEc521ow39FfUj8sBSel45ujYvl81l8W7aI9dIACdIrK6ApVUA0RdI+e0DN6cV6dN+fd+ZiOZpxZZgf9gvP5DR6zoYE=</latexit>'



Random Point Clouds
•                       –  probability density function (pdf )

• Binomial process:

independent points, generated by f

• Poisson process:

random number of points, n on average

• Random Čech/Rips complexes: 

• Limits:

• Average points in a ball 

<latexit sha1_base64="3ctOQJfvcrz8i6w7UtqeBHLCx4s="></latexit>

Xn = {X1, . . . , Xn}

<latexit sha1_base64="PA81O06Clo1vNwqLakTCQ0KGkas="></latexit>

N ⇠ Poisson (n)
<latexit sha1_base64="GMI4sBvAziOuKC7FwlZqlpt3sUk="></latexit>

Pn = XN

<latexit sha1_base64="Ciot1/4uNh6BbwsPfyDMtey+Ius="></latexit>

n → ↑, r = r(n) → 0

<latexit sha1_base64="RbDnwz7jaFEn7s3YJ1S+eMbako8=">AAACH3icbVDLSgMxFM34rPVVdSO4CRbBVTtTRF0Kbly4qGBboVNLJnNHg5lkSO6IZaj/IrjV33Anbv0LP8G0duHrQOBwzj3c3BNlUlj0/Xdvanpmdm6+tFBeXFpeWa2srbetzg2HFtdSm4uIWZBCQQsFSrjIDLA0ktCJbo5HfucWjBVaneMgg17KrpRIBGfopH5lM8yMzlDT0EBcqJDHGqm5jIf9StWv+WPQvySYkCqZoNmvfISx5nkKCrlk1nYDP8NewQwKLmFYDnMLGeM37Aq6jiqWgu0V4wuGdMcpMU20cU8hHavfEwVLrR2kkZtMGV7b395I/M/r5pgc9gqhshxB8a9FSS6pu3hUB42FAY5y4AjjRri/Un7NDOPoSiuH42BxX9cKYiNuoX7KEO7qMSR2WHYVBb8L+UvajVqwX9s/26seNSZllcgW2Sa7JCAH5IickCZpEU7uySN5Is/eg/fivXpvX6NT3iSzQX7Ae/8EClKjVg==</latexit>

→ n · rd

<latexit sha1_base64="xwear9o1Z7KIdlpYi+TdWwYw+os=">AAACE3icbVDLSsNAFJ34Nr6qLt0MFqGCtEmR6rLQjQsXKtYW2lgmkxsdOpmEmUmxhPoXglv9DXfi1g/wL/wEp7ELtR4Y5nDOPdzL8RPOlHacD2tmdm5+YXFp2V5ZXVvfKGxuXak4lRSaNOaxbPtEAWcCmpppDu1EAol8Di2/3xj7rQFIxWJxqYcJeBG5ESxklGgjXTd6siT2D/BF/vcKRafs5MDTxJ2QIprgrFf47AYxTSMQmnKiVMd1Eu1lRGpGOYzsbqogIbRPbqBjqCARKC/Lrx7hPaMEOIyleULjXP2ZyEik1DDyzWRE9K36643F/7xOqsNjL2MiSTUI+r0oTDnWMR5XgAMmgWo+NIRQycytmN4SSag2RdndPJjdV2IBgWQDqJwSDXeVAEI1sk1F7t9CpslVtezWyrXzw2K9OilrCe2gXVRCLjpCdXSCzlATUSTRI3pCz9aD9WK9Wm/fozPWJLONfsF6/wLb/J1L</latexit>

Cr(n), Rr(n)

r

<latexit sha1_base64="TucVIEhNlJ3QQh4Kjyzzji17tdQ=">AAACEHicbVDLSsNAFJ34rPFVdSlIUARXbeJCxZXgxoVCFatiU2QyudGhk5kwcyOWUHf+gLjV7+hO3PoHfoMr/8Bp68LXgYHDOfdw75woE9yg7785Q8Mjo2PjpQl3cmp6ZrY8N39iVK4Z1JkSSp9F1IDgEurIUcBZpoGmkYDTqLXb80+vQRuu5DG2M2im9FLyhDOKVjpPtkN2EKIKjy7KK37F78P7S4IvsrIz1T18v1vq1i7KH2GsWJ6CRCaoMY3Az7BZUI2cCei4YW4go6xFL6FhqaQpmGbRv7jjrVol9hKl7ZPo9dXviYKmxrTTyE6mFK/Mb68n/uc1cky2mgWXWY4g2WBRkgsPldf7vhdzDQxF2xLKNLe3euyKasrQluS6YT9Z3FaVhFjza6juU4SbagyJ6bi2o+B3I3/JyXol2KhsHNqy1skAJbJIlskaCcgm2SF7pEbqhBFJHsgjeXLuna7z7LwMRoecr8wC+QHn9RNhhqBi</latexit>

f : M → R





The Distance Function
•   = point cloud in a manifold

<latexit sha1_base64="nJjQ41eJ90xfnC4PXfNV9pAmMno=">AAACCHicbVDLSsNAFJ3UV62vqks3wSK4apMi1WXBjQsXFe0DmiCTyU07dDIJM5NiCfUDBLf6G+7ErX/hX/gJTtMstPXAwOGcc7l3jhczKpVlfRmFldW19Y3iZmlre2d3r7x/0JFRIgi0ScQi0fOwBEY5tBVVDHqxABx6DLre6HLmd8cgJI34nZrE4IZ4wGlACVZaunVI675csapWBnOZ2DmpoBw6/+34EUlC4IowLGXftmLlplgoShhMS04iIcZkhAfQ15TjEKSbZqdOzROt+GYQCf24MjP190SKQyknoaeTIVZDuejNxP+8fqKCCzelPE4UcDJfFCTMVJE5+7fpUwFEsYkmmAiqbzXJEAtMlG6n5GSD6WMt4uALOobaNVbwUPMhkNOSrsheLGSZdOpVu1Ft3JxVmvW8rCI6QsfoFNnoHDXRFWqhNiJogJ7RC3o1now34934mEcLRj5ziP7A+PwBW1SZ6w==</latexit>

P
<latexit sha1_base64="Rouo9RWDedfcliV/ZtJFssJgq6I=">AAACCHicbVDLSsNAFJ3UV42vqks3wSK4apMi1WXBjQuFivYBbSmTyU07dDIJM5NiCfUDBLf6G+7ErX/hX/gJTtMstPXAwOGce7h3jhsxKpVtfxm5ldW19Y38prm1vbO7V9g/aMowFgQaJGShaLtYAqMcGooqBu1IAA5cBi13dDnzW2MQkob8Xk0i6AV4wKlPCVZauuuSm36haJfsFNYycTJSRBnq/cJ31wtJHABXhGEpO44dqV6ChaKEwdTsxhIiTEZ4AB1NOQ5A9pL01Kl1ohXP8kOhH1dWqv5OJDiQchK4ejLAaigXvZn4n9eJlX/RSyiPYgWczBf5MbNUaM3+bXlUAFFsogkmgupbLTLEAhOl2zG7aTB5LIccPEHHUL7GCh7KHvhyauqKnMVClkmzUnKqpertWbFWycrKoyN0jE6Rg85RDV2hOmogggboGb2gV+PJeDPejY/5aM7IMofoD4zPH1Zumeg=</latexit>

M



The Distance Function
•   = point cloud in a manifold

• Sublevel sets:

• Nondifferentiable function

• Has critical points

<latexit sha1_base64="UtwOMnzJaCYO26bTYbbB5nMk2vQ="></latexit>

dP(x) := min
p→P

dist(x, p)

<latexit sha1_base64="nJjQ41eJ90xfnC4PXfNV9pAmMno=">AAACCHicbVDLSsNAFJ3UV62vqks3wSK4apMi1WXBjQsXFe0DmiCTyU07dDIJM5NiCfUDBLf6G+7ErX/hX/gJTtMstPXAwOGcc7l3jhczKpVlfRmFldW19Y3iZmlre2d3r7x/0JFRIgi0ScQi0fOwBEY5tBVVDHqxABx6DLre6HLmd8cgJI34nZrE4IZ4wGlACVZaunVI675csapWBnOZ2DmpoBw6/+34EUlC4IowLGXftmLlplgoShhMS04iIcZkhAfQ15TjEKSbZqdOzROt+GYQCf24MjP190SKQyknoaeTIVZDuejNxP+8fqKCCzelPE4UcDJfFCTMVJE5+7fpUwFEsYkmmAiqbzXJEAtMlG6n5GSD6WMt4uALOobaNVbwUPMhkNOSrsheLGSZdOpVu1Ft3JxVmvW8rCI6QsfoFNnoHDXRFWqhNiJogJ7RC3o1now34934mEcLRj5ziP7A+PwBW1SZ6w==</latexit>

P
<latexit sha1_base64="Rouo9RWDedfcliV/ZtJFssJgq6I=">AAACCHicbVDLSsNAFJ3UV42vqks3wSK4apMi1WXBjQuFivYBbSmTyU07dDIJM5NiCfUDBLf6G+7ErX/hX/gJTtMstPXAwOGce7h3jhsxKpVtfxm5ldW19Y38prm1vbO7V9g/aMowFgQaJGShaLtYAqMcGooqBu1IAA5cBi13dDnzW2MQkob8Xk0i6AV4wKlPCVZauuuSm36haJfsFNYycTJSRBnq/cJ31wtJHABXhGEpO44dqV6ChaKEwdTsxhIiTEZ4AB1NOQ5A9pL01Kl1ohXP8kOhH1dWqv5OJDiQchK4ejLAaigXvZn4n9eJlX/RSyiPYgWczBf5MbNUaM3+bXlUAFFsogkmgupbLTLEAhOl2zG7aTB5LIccPEHHUL7GCh7KHvhyauqKnMVClkmzUnKqpertWbFWycrKoyN0jE6Rg85RDV2hOmogggboGb2gV+PJeDPejY/5aM7IMofoD4zPH1Zumeg=</latexit>

M

<latexit sha1_base64="dOJx4uIoZK8kKaLoJiQAd5mReug="></latexit>

Mω =
⋃

P
Bω(p) → Cω(P)



The Distance Function
•   = point cloud in a manifold 

• Sublevel sets:

• Nondifferentiable function

• Has critical points

<latexit sha1_base64="UtwOMnzJaCYO26bTYbbB5nMk2vQ="></latexit>

dP(x) := min
p→P

dist(x, p) Index 0 (minimum)
Index 1 (saddle)
Index 2(maximum)

<latexit sha1_base64="Ukga3LoPG+aOij87Y7lzDgVri20="></latexit>

Mω =
⋃

P
Bω(p) → Cω(P)

<latexit sha1_base64="nJjQ41eJ90xfnC4PXfNV9pAmMno=">AAACCHicbVDLSsNAFJ3UV62vqks3wSK4apMi1WXBjQsXFe0DmiCTyU07dDIJM5NiCfUDBLf6G+7ErX/hX/gJTtMstPXAwOGcc7l3jhczKpVlfRmFldW19Y3iZmlre2d3r7x/0JFRIgi0ScQi0fOwBEY5tBVVDHqxABx6DLre6HLmd8cgJI34nZrE4IZ4wGlACVZaunVI675csapWBnOZ2DmpoBw6/+34EUlC4IowLGXftmLlplgoShhMS04iIcZkhAfQ15TjEKSbZqdOzROt+GYQCf24MjP190SKQyknoaeTIVZDuejNxP+8fqKCCzelPE4UcDJfFCTMVJE5+7fpUwFEsYkmmAiqbzXJEAtMlG6n5GSD6WMt4uALOobaNVbwUPMhkNOSrsheLGSZdOpVu1Ft3JxVmvW8rCI6QsfoFNnoHDXRFWqhNiJogJ7RC3o1now34934mEcLRj5ziP7A+PwBW1SZ6w==</latexit>

P
<latexit sha1_base64="Rouo9RWDedfcliV/ZtJFssJgq6I=">AAACCHicbVDLSsNAFJ3UV42vqks3wSK4apMi1WXBjQuFivYBbSmTyU07dDIJM5NiCfUDBLf6G+7ErX/hX/gJTtMstPXAwOGce7h3jhsxKpVtfxm5ldW19Y38prm1vbO7V9g/aMowFgQaJGShaLtYAqMcGooqBu1IAA5cBi13dDnzW2MQkob8Xk0i6AV4wKlPCVZauuuSm36haJfsFNYycTJSRBnq/cJ31wtJHABXhGEpO44dqV6ChaKEwdTsxhIiTEZ4AB1NOQ5A9pL01Kl1ohXP8kOhH1dWqv5OJDiQchK4ejLAaigXvZn4n9eJlX/RSyiPYgWczBf5MbNUaM3+bXlUAFFsogkmgupbLTLEAhOl2zG7aTB5LIccPEHHUL7GCh7KHvhyauqKnMVClkmzUnKqpertWbFWycrKoyN0jE6Rg85RDV2hOmogggboGb2gV+PJeDPejY/5aM7IMofoD4zPH1Zumeg=</latexit>

M



Critical Points for the Distance Fn.

• Morse Theory for min-type functions [Gershkovich & Rubinstein, 1997]

• Distance function as a special case

• A critical point c is defined via a subset               where:

•    

•            (          = smallest open ball with X on its boundary)  

•                           (index)

<latexit sha1_base64="UtwOMnzJaCYO26bTYbbB5nMk2vQ="></latexit>

dP(x) := min
p→P

dist(x, p)

<latexit sha1_base64="5xD59mXqOAqJoM3DZ3c5g3Ji7LM="></latexit>

B(X ) → P = ↑

<latexit sha1_base64="nMUn6t5S1fZKCffDEZgPfitdJ8k=">AAACF3icbVDLSsNAFJ34rPUVHzs3gyLopk1EqsuCGxcuKtgHNKVMJjc6OJkJM5NiCfU/BLf6G+7ErUv/wk9wmnbh68CFwzn3cC8nTDnTxvM+nJnZufmFxdJSeXlldW3d3dhsaZkpCk0quVSdkGjgTEDTMMOhkyogScihHd6ejf32AJRmUlyZYQq9hFwLFjNKjJX6rktxwAQOqBSDg4B2DvvunlfxCuC/xJ+Svfp2XKDRdz+DSNIsAWEoJ1p3fS81vZwowyiHUTnINKSE3pJr6FoqSAK6lxefj/C+VSIcS2VHGFyo3xM5SbQeJqHdTIi50b+9sfif181MfNrLmUgzA4JODsUZx0bicQ04Ygqo4UNLCFXM/orpDVGEGltWOSiC+X1VCogUG0D1ghi4q0YQ61HZVuT/LuQvaR1V/Fqldmm7OkYTlNAO2kUHyEcnqI7OUQM1EUUD9Iie0LPz4Lw4r87bZHXGmWa20A8471/K4qGV</latexit>

c → conv(X )
<latexit sha1_base64="o+KJgkPC+OrpZ/vF/LIcBmqtfs0=">AAACC3icbVDLTsJAFJ3iC+sLHzs3jcQEN9Aagy6Jbly4wEQeCRAynd7CyHTazEyJpME/MHGrv+HOuPUj/As/waGwUPAkk5ycc0/uneNGjEpl219GZml5ZXUtu25ubG5t7+R29+oyjAWBGglZKJoulsAoh5qiikEzEoADl0HDHVxN/MYQhKQhv1OjCDoB7nHqU4KVluqXhTZpnnRzebtop7AWiTMj+cqBn6LazX23vZDEAXBFGJay5diR6iRYKEoYjM12LCHCZIB70NKU4wBkJ0mvHVvHWvEsPxT6cWWl6u9EggMpR4GrJwOs+nLem4j/ea1Y+RedhPIoVsDJdJEfM0uF1uTrlkcFEMVGmmAiqL7VIn0sMFG6ILOdBpPHUsjBE3QIpRus4KHkgS/Hpq7ImS9kkdRPi065WL7VXZ2hKbLoEB2hAnLQOaqga1RFNUTQPXpGL+jVeDLejHfjYzqaMWaZffQHxucPwwKdWg==</latexit>

B(X )
<latexit sha1_base64="q5qLRJjyV25YK/KIjckgVGXnKJ8=">AAACF3icbVDLSsNAFJ3UV62v+Ni5GRRBF7aJSHUjFNy4cFHBaqEpZTK50aGTSZiZFEta/0Nwq7/hTty69C/8BKepC7UeuHA45x7u5fgJZ0o7zodVmJqemZ0rzpcWFpeWV+zVtSsVp5JCg8Y8lk2fKOBMQEMzzaGZSCCRz+Ha756O/OseSMVican7CbQjciNYyCjRRurYthelu3QPn+CBR5uDfbdjbztlJweeJO432a5thDnqHfvTC2KaRiA05USpluskup0RqRnlMCx5qYKE0C65gZahgkSg2ln++RDvGCXAYSzNCI1z9WciI5FS/cg3mxHRt+qvNxL/81qpDo/bGRNJqkHQ8aEw5VjHeFQDDpgEqnnfEEIlM79iekskodqUVfLyYHZfiQUEkvWgck403FUCCNWwZCpy/xYySa4Oym61XL0wXR2iMYpoE22hXeSiI1RDZ6iOGoiiHnpET+jZerBerFfrbbxasL4z6+gXrPcvCqWhIQ==</latexit>

µ(c) = |X |→ 1

<latexit sha1_base64="TuJufFbAicFwujvMRPJ1eUvFyMU=">AAACEnicbVDLSsNAFJ34rPGtSzfBIrhqky6qOwtuXLioYGuhCTKZ3OjQySTO3Igl1K8Q3OpvuBO3/oCf4M5PcJq68HVg4HAezOWEmeAaXffNmpqemZ2bryzYi0vLK6tr6xtdneaKQYelIlW9kGoQXEIHOQroZQpoEgo4CweHY//sGpTmqTzFYQZBQi8kjzmjaKTAZz1f56EG9Fn7fK3q1twSzl/ifZHqwXtcwuQ//ChleQISmaBa9z03w6CgCjkTMLL9XENG2YBeQN9QSRPQQVEePXJ2jBI5carMk+iU6vdGQROth0lokgnFS/3bG4v/ef0c4/2g4DLLESSbfBTnwsHUGS/gRFwBQzE0hDLFza0Ou6SKMjQ72X5ZLG7rqYRI8WuoH1OEm3oEsR7ZZiLv9yB/SbdR85q15olbbTXIBBWyRbbJLvHIHmmRI9ImHcLIFbknD+TRurOerGfrZRKdsr46m+QHrNdPsq+h4A==</latexit>

X → P

<latexit sha1_base64="RL/B5bgGXUhKdQR6ovkdCpQqIGs=">AAACC3icbVDLTsJAFJ3iC/GFunTTSExwA60h6JLoxoULTOSRUEKm01sYmU6bmSmRNPgHJm71N9wZt36Ef+EnOEAXCp5kkpNz7sm9c9yIUaks68vIrKyurW9kN3Nb2zu7e/n9g6YMY0GgQUIWiraLJTDKoaGoYtCOBODAZdByh1dTvzUCIWnI79Q4gm6A+5z6lGClpeZl0SHt016+YJWsGcxlYqekgFLUe/lvxwtJHABXhGEpO7YVqW6ChaKEwSTnxBIiTIa4Dx1NOQ5AdpPZtRPzRCue6YdCP67Mmfo7keBAynHg6skAq4Fc9Kbif14nVv5FN6E8ihVwMl/kx8xUoTn9uulRAUSxsSaYCKpvNckAC0yULijnzILJYznk4Ak6gvINVvBQ9sCXk5yuyF4sZJk0z0p2tVS9rRRqlbSsLDpCx6iIbHSOauga1VEDEXSPntELejWejDfj3fiYj2aMNHOI/sD4/AHLLJqm</latexit>

B(X )

c



3 points
index = 2

2 points
index = 1

4 points
index = 3 <latexit sha1_base64="5xD59mXqOAqJoM3DZ3c5g3Ji7LM="></latexit>

B(X ) → P = ↑

<latexit sha1_base64="nMUn6t5S1fZKCffDEZgPfitdJ8k=">AAACF3icbVDLSsNAFJ34rPUVHzs3gyLopk1EqsuCGxcuKtgHNKVMJjc6OJkJM5NiCfU/BLf6G+7ErUv/wk9wmnbh68CFwzn3cC8nTDnTxvM+nJnZufmFxdJSeXlldW3d3dhsaZkpCk0quVSdkGjgTEDTMMOhkyogScihHd6ejf32AJRmUlyZYQq9hFwLFjNKjJX6rktxwAQOqBSDg4B2DvvunlfxCuC/xJ+Svfp2XKDRdz+DSNIsAWEoJ1p3fS81vZwowyiHUTnINKSE3pJr6FoqSAK6lxefj/C+VSIcS2VHGFyo3xM5SbQeJqHdTIi50b+9sfif181MfNrLmUgzA4JODsUZx0bicQ04Ygqo4UNLCFXM/orpDVGEGltWOSiC+X1VCogUG0D1ghi4q0YQ61HZVuT/LuQvaR1V/Fqldmm7OkYTlNAO2kUHyEcnqI7OUQM1EUUD9Iie0LPz4Lw4r87bZHXGmWa20A8471/K4qGV</latexit>

c → conv(X )



Critical Points for the Distance Fn.

• Morse Theory for min-type functions [Gershkovich & Rubinstein, 1997]

• Distance function as a special case

• A critical point c is defined via a subset               where:

•    

•            (          = smallest open ball with X on its boundary)  

•                           (index)

<latexit sha1_base64="UtwOMnzJaCYO26bTYbbB5nMk2vQ="></latexit>

dP(x) := min
p→P

dist(x, p)

<latexit sha1_base64="5xD59mXqOAqJoM3DZ3c5g3Ji7LM="></latexit>

B(X ) → P = ↑

<latexit sha1_base64="nMUn6t5S1fZKCffDEZgPfitdJ8k=">AAACF3icbVDLSsNAFJ34rPUVHzs3gyLopk1EqsuCGxcuKtgHNKVMJjc6OJkJM5NiCfU/BLf6G+7ErUv/wk9wmnbh68CFwzn3cC8nTDnTxvM+nJnZufmFxdJSeXlldW3d3dhsaZkpCk0quVSdkGjgTEDTMMOhkyogScihHd6ejf32AJRmUlyZYQq9hFwLFjNKjJX6rktxwAQOqBSDg4B2DvvunlfxCuC/xJ+Svfp2XKDRdz+DSNIsAWEoJ1p3fS81vZwowyiHUTnINKSE3pJr6FoqSAK6lxefj/C+VSIcS2VHGFyo3xM5SbQeJqHdTIi50b+9sfif181MfNrLmUgzA4JODsUZx0bicQ04Ygqo4UNLCFXM/orpDVGEGltWOSiC+X1VCogUG0D1ghi4q0YQ61HZVuT/LuQvaR1V/Fqldmm7OkYTlNAO2kUHyEcnqI7OUQM1EUUD9Iie0LPz4Lw4r87bZHXGmWa20A8471/K4qGV</latexit>

c → conv(X )
<latexit sha1_base64="o+KJgkPC+OrpZ/vF/LIcBmqtfs0=">AAACC3icbVDLTsJAFJ3iC+sLHzs3jcQEN9Aagy6Jbly4wEQeCRAynd7CyHTazEyJpME/MHGrv+HOuPUj/As/waGwUPAkk5ycc0/uneNGjEpl219GZml5ZXUtu25ubG5t7+R29+oyjAWBGglZKJoulsAoh5qiikEzEoADl0HDHVxN/MYQhKQhv1OjCDoB7nHqU4KVluqXhTZpnnRzebtop7AWiTMj+cqBn6LazX23vZDEAXBFGJay5diR6iRYKEoYjM12LCHCZIB70NKU4wBkJ0mvHVvHWvEsPxT6cWWl6u9EggMpR4GrJwOs+nLem4j/ea1Y+RedhPIoVsDJdJEfM0uF1uTrlkcFEMVGmmAiqL7VIn0sMFG6ILOdBpPHUsjBE3QIpRus4KHkgS/Hpq7ImS9kkdRPi065WL7VXZ2hKbLoEB2hAnLQOaqga1RFNUTQPXpGL+jVeDLejHfjYzqaMWaZffQHxucPwwKdWg==</latexit>

B(X )
<latexit sha1_base64="q5qLRJjyV25YK/KIjckgVGXnKJ8=">AAACF3icbVDLSsNAFJ3UV62v+Ni5GRRBF7aJSHUjFNy4cFHBaqEpZTK50aGTSZiZFEta/0Nwq7/hTty69C/8BKepC7UeuHA45x7u5fgJZ0o7zodVmJqemZ0rzpcWFpeWV+zVtSsVp5JCg8Y8lk2fKOBMQEMzzaGZSCCRz+Ha756O/OseSMVican7CbQjciNYyCjRRurYthelu3QPn+CBR5uDfbdjbztlJweeJO432a5thDnqHfvTC2KaRiA05USpluskup0RqRnlMCx5qYKE0C65gZahgkSg2ln++RDvGCXAYSzNCI1z9WciI5FS/cg3mxHRt+qvNxL/81qpDo/bGRNJqkHQ8aEw5VjHeFQDDpgEqnnfEEIlM79iekskodqUVfLyYHZfiQUEkvWgck403FUCCNWwZCpy/xYySa4Oym61XL0wXR2iMYpoE22hXeSiI1RDZ6iOGoiiHnpET+jZerBerFfrbbxasL4z6+gXrPcvCqWhIQ==</latexit>

µ(c) = |X |→ 1

<latexit sha1_base64="TuJufFbAicFwujvMRPJ1eUvFyMU=">AAACEnicbVDLSsNAFJ34rPGtSzfBIrhqky6qOwtuXLioYGuhCTKZ3OjQySTO3Igl1K8Q3OpvuBO3/oCf4M5PcJq68HVg4HAezOWEmeAaXffNmpqemZ2bryzYi0vLK6tr6xtdneaKQYelIlW9kGoQXEIHOQroZQpoEgo4CweHY//sGpTmqTzFYQZBQi8kjzmjaKTAZz1f56EG9Fn7fK3q1twSzl/ifZHqwXtcwuQ//ChleQISmaBa9z03w6CgCjkTMLL9XENG2YBeQN9QSRPQQVEePXJ2jBI5carMk+iU6vdGQROth0lokgnFS/3bG4v/ef0c4/2g4DLLESSbfBTnwsHUGS/gRFwBQzE0hDLFza0Ou6SKMjQ72X5ZLG7rqYRI8WuoH1OEm3oEsR7ZZiLv9yB/SbdR85q15olbbTXIBBWyRbbJLvHIHmmRI9ImHcLIFbknD+TRurOerGfrZRKdsr46m+QHrNdPsq+h4A==</latexit>

X → P

<latexit sha1_base64="RL/B5bgGXUhKdQR6ovkdCpQqIGs=">AAACC3icbVDLTsJAFJ3iC/GFunTTSExwA60h6JLoxoULTOSRUEKm01sYmU6bmSmRNPgHJm71N9wZt36Ef+EnOEAXCp5kkpNz7sm9c9yIUaks68vIrKyurW9kN3Nb2zu7e/n9g6YMY0GgQUIWiraLJTDKoaGoYtCOBODAZdByh1dTvzUCIWnI79Q4gm6A+5z6lGClpeZl0SHt016+YJWsGcxlYqekgFLUe/lvxwtJHABXhGEpO7YVqW6ChaKEwSTnxBIiTIa4Dx1NOQ5AdpPZtRPzRCue6YdCP67Mmfo7keBAynHg6skAq4Fc9Kbif14nVv5FN6E8ihVwMl/kx8xUoTn9uulRAUSxsSaYCKpvNckAC0yULijnzILJYznk4Ak6gvINVvBQ9sCXk5yuyF4sZJk0z0p2tVS9rRRqlbSsLDpCx6iIbHSOauga1VEDEXSPntELejWejDfj3fiYj2aMNHOI/sD4/AHLLJqm</latexit>

B(X )

cAnalysis → Combinatorics



Applications of Morse Theory



1– Expected Euler Characteristic
• For                        [B. & Weinberger, 2017]:

• A very useful tool to evaluate                  :

Blaschke-Petkantschin formulae [Edelsrbunner, Nikitenko, Reitzner, 2017]

Spherical coordinates around critical points

<latexit sha1_base64="RRLD6n9VajOmy8X6EgGGnbtp9gs="></latexit>

r = (ω/n)1/d

<latexit sha1_base64="W7nDrW3InXsz21bGFWKhJgdz7NU="></latexit>

E {X (Cr)} =
d∑

k=0

(→1)kE {Nk(r)} = · · · = ne→ω
d→1∑

j=0

Ajω
j

<latexit sha1_base64="+iwl9H+x4eW6bW6ayGaqme2ONDE=">AAACEnicbVDLSsNAFJ3UV62vqks3wSLUTZsUqS4LblyIVLAPaEOZTG7aoZNJnJkUS6hfIbjV33Anbv0B/8JPcNpmoa0HLhzOuYd7OW7EqFSW9WVkVlbX1jeym7mt7Z3dvfz+QVOGsSDQICELRdvFEhjl0FBUMWhHAnDgMmi5w8up3xqBkDTkd2ocgRPgPqc+JVhpyekGgHly0xsWxemkly9YJWsGc5nYKSmgFPVe/rvrhSQOgCvCsJQd24qUk2ChKGEwyXVjCREmQ9yHjqYcByCdZPb0xDzRimf6odDDlTlTfycSHEg5Dly9GWA1kIveVPzP68TKv3ASyqNYASfzQ37MTBWa0wZMjwogio01wURQ/atJBlhgonRPue4smDyWQw6eoCMoX2MFD2UPfDnJ6YrsxUKWSbNSsqul6u1ZoVZJy8qiI3SMishG56iGrlAdNRBB9+gZvaBX48l4M96Nj/lqxkgzh+gPjM8fDHCeEA==</latexit>

E {Nk(r)}

<latexit sha1_base64="ECi8TeWNdo9v1lKWhPA0cWtyank="></latexit>

E {Nk(r)} = nk+1

∫

c

∫

ω

∫

ε

∫

ω
{c is a critical point}



1– Expected Euler Characteristic
• For                        [B. & Weinberger, 2017]:

• Betti Numbers (experimental):

<latexit sha1_base64="RRLD6n9VajOmy8X6EgGGnbtp9gs="></latexit>

r = (ω/n)1/d

<latexit sha1_base64="W7nDrW3InXsz21bGFWKhJgdz7NU="></latexit>

E {X (Cr)} =
d∑

k=0

(→1)kE {Nk(r)} = · · · = ne→ω
d→1∑

j=0

Ajω
j



2 – Homological Connectivity
•       = smooth closed manifold 

• What’s the smallest r needed to recover              ?

• Connectivity [Penrose, 1997]:

• Homological connectivity [B., 2022]:

• Proof main idea: count “future” critical points  (             )

• Proof main challenge: show separate vanishing for deaths vs. births 

• Manifolds with boundary [de Kergorlay, Tillmann, Vipond, 2022]

<latexit sha1_base64="O7NDAg7e7PbMSrQ1lqHlWf4j2dY=">AAACEnicbVDLSsNAFJ34tr6qLt0Ei6AgbSJSXRbcuHChYFVogkwmN+3gZCbO3FRLqF8huNXfcCdu/QH/wk9wWrvwdeDC4Zx7uJcTZYIb9Lx3Z2x8YnJqema2NDe/sLhUXl45MyrXDJpMCaUvImpAcAlN5CjgItNA00jAeXR1MPDPu6ANV/IUexmEKW1LnnBG0UrhzabcClAFXCbYuyxXvKo3hPuX+CNSISMcX5Y/glixPAWJTFBjWr6XYVhQjZwJ6JeC3EBG2RVtQ8tSSVMwYTF8uu9uWCV2E6XtSHSH6vdEQVNjemlkN1OKHfPbG4j/ea0ck/2w4DLLEST7OpTkwkXlDhpwY66BoehZQpnm9leXdaimDG1PpWAYLO5qSkKseRdqRxThthZDYvolW5H/u5C/5Gyn6ter9ZPdSmN7VNYMWSPrZJP4ZI80yCE5Jk3CyDV5II/kybl3np0X5/VrdcwZZVbJDzhvn056njU=</latexit>

w(n) → ↑

<latexit sha1_base64="QK6EIMNO3hiMHvEa165sJEcklMk="></latexit>

lim
n→↑

P (H0(Cr) →= H0(M)) =





1 nr

d = 1
c log n+ w(n),

0 nr
d = 1

c log n↑ w(n).

<latexit sha1_base64="R76s4sBNCW4JU+t3TLsJBcaWSpM="></latexit>

lim
n→↑

P (Hk(Cr) →= Hk(M)) =





1 nr

d = 2
c (log n+ (k ↑ 1) log log n) + w(n),

0 nr
d = 2

c (log n+ (k ↑ 1) log log n)↑ w(n).

<latexit sha1_base64="fRhM9EHQpsIB/L1JIfAY+oPLrhk="></latexit>

|Nk(→)↑Nk(r)| ↓ 0

<latexit sha1_base64="AgilQ0JbfIbzq+u/KW2dkkpnL6E=">AAACFnicbVDLSsNAFJ34rPXRqks3wSLUTZsUqS4LbrpQqGAf0JQymdy0QyeTMDMpllC/Q3Crv+FO3Lr1L/wEp2kX2nrgwuGce7iX40aMSmVZX8ba+sbm1nZmJ7u7t3+Qyx8etWQYCwJNErJQdFwsgVEOTUUVg04kAAcug7Y7up757TEISUN+ryYR9AI84NSnBCst9fM5x2UxJPX+qOiQ2/NpP1+wSlYKc5XYC1JACzT6+W/HC0kcAFeEYSm7thWpXoKFooTBNOvEEiJMRngAXU05DkD2kvTxqXmmFc/0Q6GHKzNVfycSHEg5CVy9GWA1lMveTPzP68bKv+ollEexAk7mh/yYmSo0Zy2YHhVAFJtogomg+leTDLHAROmusk4aTB7LIQdP0DGUb7CCh7IHvpxmdUX2ciGrpFUp2dVS9e6iUKssysqgE3SKishGl6iG6qiBmoigGD2jF/RqPBlvxrvxMV9dMxaZY/QHxucP2Pie8A==</latexit>

Hk(M)

<latexit sha1_base64="Rouo9RWDedfcliV/ZtJFssJgq6I=">AAACCHicbVDLSsNAFJ3UV42vqks3wSK4apMi1WXBjQuFivYBbSmTyU07dDIJM5NiCfUDBLf6G+7ErX/hX/gJTtMstPXAwOGce7h3jhsxKpVtfxm5ldW19Y38prm1vbO7V9g/aMowFgQaJGShaLtYAqMcGooqBu1IAA5cBi13dDnzW2MQkob8Xk0i6AV4wKlPCVZauuuSm36haJfsFNYycTJSRBnq/cJ31wtJHABXhGEpO44dqV6ChaKEwdTsxhIiTEZ4AB1NOQ5A9pL01Kl1ohXP8kOhH1dWqv5OJDiQchK4ejLAaigXvZn4n9eJlX/RSyiPYgWczBf5MbNUaM3+bXlUAFFsogkmgupbLTLEAhOl2zG7aTB5LIccPEHHUL7GCh7KHvhyauqKnMVClkmzUnKqpertWbFWycrKoyN0jE6Rg85RDV2hOmogggboGb2gV+PJeDPejY/5aM7IMofoD4zPH1Zumeg=</latexit>

M



2 – Homological Connectivity

• Critical window:                  

• Theorem:

• Poisson limit [B., Schulte, Yogeshwaran, 2022]:

All cycles born in the critical window die instantly

<latexit sha1_base64="nQvcoQ+AHLDRXsoOEavkgvAy/p4="></latexit>

nrd =
2

c
(log n+ (k → 1) log log n) + const

<latexit sha1_base64="MLQzggUh9X8kyMwPhtAY/DRulYk="></latexit>

lim
n→↑

P (Hk(Cr) →= Hk(M)) =





1 nr

d = 2
c (log n+ (k ↑ 1) log log n) + w(n),

0 nr
d = 2

c (log n+ (k ↑ 1) log log n)↑ w(n).



2 – Homological Connectivity

• Critical window:                  

• Theorem:

• Poisson limit [B., Schulte, Yogeshwaran, 2022]:

All cycles born in the critical window die instantly

<latexit sha1_base64="MLQzggUh9X8kyMwPhtAY/DRulYk="></latexit>

lim
n→↑

P (Hk(Cr) →= Hk(M)) =





1 nr

d = 2
c (log n+ (k ↑ 1) log log n) + w(n),

0 nr
d = 2

c (log n+ (k ↑ 1) log log n)↑ w(n).

critical points

= last cycles

<latexit sha1_base64="nQvcoQ+AHLDRXsoOEavkgvAy/p4="></latexit>

nrd =
2

c
(log n+ (k → 1) log log n) + const

Poisson also Poisson



3 – Coverage

• When is       completely covered by the balls? 

• What is the spatial distribution of last uncovered components?

• Classical methods are “brute force” and limited

• Observation: uncovered components          maxima (index d )

• Corollary:

<latexit sha1_base64="ltqcQI6JiFBenLThxT00R6Za960=">AAACG3icbVDLSgNBEJz1GeMrPm5eBoPgKdmVoB4DXjx4UDAqJCHMzvYmg7Mzy0yvGpf4J4JX/Q1v4tWDf+EnOIk5+CpoKKq66KbCVAqLvv/uTUxOTc/MFuaK8wuLS8ulldUzqzPDocG11OYiZBakUNBAgRIuUgMsCSWch5cHQ//8CowVWp1iP4V2wrpKxIIzdFKntN6SWnUlxGhEt4fMGH1NO6WyX/FHoH9JMCZlMsZxp/TRijTPElDIJbO2GfgptnNmUHAJg2Irs5Ayfsm60HRUsQRsOx99P6BbTolorI0bhXSkfk/kLLG2n4RuM2HYs7+9ofif18ww3m/nQqUZguJfh+JMUtR0WAWNhAGOsu8I40a4XynvMcM4usKKrVEwv6tqBZERV1A9Ygg31QhiOyi6ioLfhfwlZzuVYLeye1Ir12vjsgpkg2ySbRKQPVInh+SYNAgnt+SBPJIn79579l6816/VCW+cWSM/4L19Aiakodk=</latexit>→↑

1. Coverage threshold:

2. Poisson limit for last uncovered components

<latexit sha1_base64="ESY/jllW1Ixo3e9C5h2rMLi27PU="></latexit>

nrd → log n+ (d↑ 1) log log n

<latexit sha1_base64="Rouo9RWDedfcliV/ZtJFssJgq6I=">AAACCHicbVDLSsNAFJ3UV42vqks3wSK4apMi1WXBjQuFivYBbSmTyU07dDIJM5NiCfUDBLf6G+7ErX/hX/gJTtMstPXAwOGce7h3jhsxKpVtfxm5ldW19Y38prm1vbO7V9g/aMowFgQaJGShaLtYAqMcGooqBu1IAA5cBi13dDnzW2MQkob8Xk0i6AV4wKlPCVZauuuSm36haJfsFNYycTJSRBnq/cJ31wtJHABXhGEpO44dqV6ChaKEwdTsxhIiTEZ4AB1NOQ5A9pL01Kl1ohXP8kOhH1dWqv5OJDiQchK4ejLAaigXvZn4n9eJlX/RSyiPYgWczBf5MbNUaM3+bXlUAFFsogkmgupbLTLEAhOl2zG7aTB5LIccPEHHUL7GCh7KHvhyauqKnMVClkmzUnKqpertWbFWycrKoyN0jE6Rg85RDV2hOmogggboGb2gV+PJeDPejY/5aM7IMofoD4zPH1Zumeg=</latexit>

M

Hall
Flatto-Newman 

Janson
Penrose

Many more…



3 – Coverage

k-fold coverage



3 – Coverage

• When is       completely k-covered? 

• What is the spatial distribution of last uncovered components?

• Requires new Morse theory for k-NN distance function

• Theorem [Reani & B., 2025]:

1. k-Coverage threshold:

2. Poisson limit for last uncovered components

<latexit sha1_base64="DP4MYMBhttvhSinoD8yDp2zkbf4="></latexit>

nrd → log n+ (d+ k ↑ 2) log log n

<latexit sha1_base64="Rouo9RWDedfcliV/ZtJFssJgq6I=">AAACCHicbVDLSsNAFJ3UV42vqks3wSK4apMi1WXBjQuFivYBbSmTyU07dDIJM5NiCfUDBLf6G+7ErX/hX/gJTtMstPXAwOGce7h3jhsxKpVtfxm5ldW19Y38prm1vbO7V9g/aMowFgQaJGShaLtYAqMcGooqBu1IAA5cBi13dDnzW2MQkob8Xk0i6AV4wKlPCVZauuuSm36haJfsFNYycTJSRBnq/cJ31wtJHABXhGEpO44dqV6ChaKEwdTsxhIiTEZ4AB1NOQ5A9pL01Kl1ohXP8kOhH1dWqv5OJDiQchK4ejLAaigXvZn4n9eJlX/RSyiPYgWczBf5MbNUaM3+bXlUAFFsogkmgupbLTLEAhOl2zG7aTB5LIccPEHHUL7GCh7KHvhyauqKnMVClkmzUnKqpertWbFWycrKoyN0jE6Rg85RDV2hOmogggboGb2gV+PJeDPejY/5aM7IMofoD4zPH1Zumeg=</latexit>

M



4 – Universality of Noise

•                    – “nice” probabiltiy density function

•       is Poisson/Binomial, with density f

• Consider          as a measure on 

•  Theorem [B. & Skraba, 2024]:

•          = non-random measure, supported on             independent of f = universal

• Applications: hypothesis testing, clustering, dimensionality estimation…

<latexit sha1_base64="tEIspu/d6PZWwcx03CtllB8qsvI="></latexit>

lim
n→↑

1

n
!k,n = !↓

k,d

<latexit sha1_base64="4ep8SLBTBBksvIBSjy+0Abz+lKA=">AAACDnicbVDLSsNAFJ3UV62vqks3wSK4kDYpUl0W3LhwUcE+pCllMrlph04mYWZSLKF+g+BWf8OduPUX/As/wWmahbYeGDiccw/3znEjRqWyrC8jt7K6tr6R3yxsbe/s7hX3D1oyjAWBJglZKDoulsAoh6aiikEnEoADl0HbHV3N/PYYhKQhv1OTCHoBHnDqU4KVlu6dBu0nozM+7RdLVtlKYS4TOyMllKHRL347XkjiALgiDEvZta1I9RIsFCUMpgUnlhBhMsID6GrKcQCyl6QHT80TrXimHwr9uDJT9XciwYGUk8DVkwFWQ7nozcT/vG6s/MteQnkUK+BkvsiPmalCc/Z706MCiGITTTARVN9qkiEWmCjdUcFJg8ljJeTgCTqGyg1W8FDxwJfTgq7IXixkmbSqZbtWrt2el+rVrKw8OkLH6BTZ6ALV0TVqoCYiKEDP6AW9Gk/Gm/FufMxHc0aWOUR/YHz+ACoenIk=</latexit>

!k,n

<latexit sha1_base64="zOdBZJdYF1g7G9lpfZhsK/Yy0x0=">AAACEHicbVDLSgMxFM34rPVVdelmsAgi0s4UqS4Lbly4qGAf0NaSydxpQzPJkGSKZagfIbjV33Anbv0D/8JPMJ12oa0HAodz7uHeHC9iVGnH+bKWlldW19YzG9nNre2d3dzefl2JWBKoEcGEbHpYAaMcappqBs1IAg49Bg1vcDXxG0OQigp+p0cRdELc4zSgBGsjtdpV2k0GZ/74/rSbyzsFJ4W9SNwZyaMZqt3cd9sXJA6Ba8KwUi3XiXQnwVJTwmCcbccKIkwGuActQzkOQXWS9OSxfWwU3w6ENI9rO1V/JxIcKjUKPTMZYt1X895E/M9rxTq47CSUR7EGTqaLgpjZWtiT/9s+lUA0GxmCiaTmVpv0scREm5ay7TSYPBYFB1/SIRRvsIaHog+BGmdNRe58IYukXiq45UL59jxfKc3KyqBDdIROkIsuUAVdoyqqIYIEekYv6NV6st6sd+tjOrpkzTIH6A+szx9JMZ0b</latexit>

!→
k,d

<latexit sha1_base64="gXmwpVILXz6wFFegGHYJRVW4TXQ=">AAACD3icbVDLSsNAFJ34rPFVdekmWAQFaRMRdSm4ceGigrXFtJTJ5KYdOpmEmRuxhPoPglv9DXfi1k/wL/wEp7ULbT0wcDjnHu6dE6SCa3TdT2tmdm5+YbGwZC+vrK6tFzc2b3SSKQY1lohENQKqQXAJNeQooJEqoHEgoB70zod+/Q6U5om8xn4KrZh2JI84o2ikW987aHIZYX+/XSy5ZXcEZ5p4Y1IiY1Tbxa9mmLAsBolMUK19z02xlVOFnAkY2M1MQ0pZj3bAN1TSGHQrH108cHaNEjpRosyT6IzU34mcxlr348BMxhS7etIbiv95fobRaSvnMs0QJPtZFGXCwcQZft8JuQKGom8IZYqbWx3WpYoyNCXZzVEwf6gkEkLF76BySRHuKyFEemCbirzJQqbJzWHZOy4fXx2Vzg7HZRXINtkhe8QjJ+SMXJAqqRFGJHkiz+TFerRerTfr/Wd0xhpntsgfWB/fP/eciQ==</latexit>

[1,→)

<latexit sha1_base64="ZaVS24wu4o5hpk09+UcHsVJHmbc=">AAACEHicbVDLSgMxFM3UV62vqks3g0Vw1c4UqeKq4MaFi1qsCp0qmcwdDWaSIblTLEP9CMGt/oY7cesf+Bd+gmntwteBwOGce7g3J0wFN+h5705hanpmdq44X1pYXFpeKa+unRqVaQYdpoTS5yE1ILiEDnIUcJ5qoEko4Cy8ORj5Z33Qhit5goMUegm9kjzmjKKVuvF+0L6IAlRB+7Jc8areGO5f4k9IhUzQuix/BJFiWQISmaDGdH0vxV5ONXImYFgKMgMpZTf0CrqWSpqA6eXjk4fullUiN1baPonuWP2eyGlizCAJ7WRC8dr89kbif143w3ivl3OZZgiSfS2KM+Gickf/dyOugaEYWEKZ5vZWl11TTRnalkrBOJjf1ZSESPM+1I4owm0tgtgMS7Yi/3chf8lpveo3qo3jnUqzPimrSDbIJtkmPtklTXJIWqRDGFHkgTySJ+feeXZenNev0YIzyayTH3DePgFe6Z0p</latexit>

f : Rd → R

<latexit sha1_base64="1Yb228CB378kLtlw+YnoOgM3uZk=">AAACCnicbVDLSsNAFJ3UV42vqks3wSK4ahMp1WXBjQsXFUxbaEKZTG7aoZNJmJkUS6hfILjV33Anbv0J/8JPcPpYaOuBgcM593DvnCBlVCrb/jIKa+sbm1vFbXNnd2//oHR41JJJJgi4JGGJ6ARYAqMcXEUVg04qAMcBg3YwvJ767REISRN+r8Yp+DHucxpRgpWWXI80e7xXKtsVewZrlTgLUkYLNHulby9MSBYDV4RhKbuOnSo/x0JRwmBiepmEFJMh7kNXU45jkH4+O3ZinWkltKJE6MeVNVN/J3IcSzmOAz0ZYzWQy95U/M/rZiq68nPK00wBJ/NFUcYslVjTn1shFUAUG2uCiaD6VosMsMBE6X5MbxbMH6sJh1DQEVRvsYKHagiRnJi6Ime5kFXSuqg49Ur9rlZu1BZlFdEJOkXnyEGXqIFuUBO5iCCKntELejWejDfj3fiYjxaMReYY/YHx+QP3QprO</latexit>

Pn
<latexit sha1_base64="ypXFY0PXn8SddgWW+j7Fui1ytAY=">AAACHHicbVDLSgNBEJz1bXxFxZOXwSB4kGRXRD0KXjyIKBgNZMMyO9urg7Mzy0yvGJb4KYJX/Q1v4lXwL/wEJzEHXwUNRVUX3VScS2HR99+9kdGx8YnJqenKzOzc/EJ1cenc6sJwaHIttWnFzIIUCpooUEIrN8CyWMJFfH3Q9y9uwFih1Rl2c+hk7FKJVHCGToqqK6EFLFtRsBnKRKPdpK3ouBdVa37dH4D+JcGQ1MgQJ1H1I0w0LzJQyCWzth34OXZKZlBwCb1KWFjIGb9ml9B2VLEMbKccvN+j605JaKqNG4V0oH5PlCyztpvFbjNjeGV/e33xP69dYLrXKYXKCwTFvw6lhaSoab8LmggDHGXXEcaNcL9SfsUM4+gaq4SDYHnX0AoSI26gccQQbhsJpLZXcRUFvwv5S8636sFOfed0u7bvD8uaIqtkjWyQgOySfXJITkiTcFKSB/JInrx779l78V6/Vke8YWaZ/ID39glPpKFG</latexit>

{X1, . . . , XN}

point-cloud

<latexit sha1_base64="fksGQuXtirOQPyG8JMth/rLfmPY=">AAACEnicbVDLSsNAFJ34rPVVdekmWIS6aRMp1WXBjQsXFewDmlAmk5t26GQSZybFEupXCG71N9yJW3/Av/ATnKZdaOuBC4dz7uFejhczKpVlfRkrq2vrG5u5rfz2zu7efuHgsCWjRBBokohFouNhCYxyaCqqGHRiATj0GLS94dXUb49ASBrxOzWOwQ1xn9OAEqy05Dp+P+wNSw5p9PhZr1C0ylYGc5nYc1JEczR6hW/Hj0gSAleEYSm7thUrN8VCUcJgkncSCTEmQ9yHrqYchyDdNHt6Yp5qxTeDSOjhyszU34kUh1KOQ09vhlgN5KI3Ff/zuokKLt2U8jhRwMnsUJAwU0XmtAHTpwKIYmNNMBFU/2qSARaYKN1T3smC6WMl4uALOoLKDVbwUPEhkJO8rsheLGSZtM7Ldq1cu60W69V5WTl0jE5QCdnoAtXRNWqgJiLoHj2jF/RqPBlvxrvxMVtdMeaZI/QHxucPmwqdzQ==</latexit>

dgmk(Pn)

persistence diagram

<latexit sha1_base64="uzzNRlNd01Dye7ruGB/n7WVRO3E="></latexit>

{(b1, d1), . . . , (bM , dM )} '<latexit sha1_base64="ngSZZ00B2BZwNWwOF6ksqX1GFFc="></latexit>

{d1/b1, . . . , dM/bM}

persistence values

<latexit sha1_base64="fwem2iP+t4aVX+03Jz83ziIucOM=">AAACDnicbVDLSsNAFJ3UV62vqks3wSK4kDaRUl0W3LhwUcE+pCllMrlph04mYWZSLKF+g+BWf8OduPUX/As/wWmahbYeGDiccw/3znEjRqWyrC8jt7K6tr6R3yxsbe/s7hX3D1oyjAWBJglZKDoulsAoh6aiikEnEoADl0HbHV3N/PYYhKQhv1OTCHoBHnDqU4KVlu6dBu0nozM+7RdLVtlKYS4TOyMllKHRL347XkjiALgiDEvZta1I9RIsFCUMpgUnlhBhMsID6GrKcQCyl6QHT80TrXimHwr9uDJT9XciwYGUk8DVkwFWQ7nozcT/vG6s/MteQnkUK+BkvsiPmalCc/Z706MCiGITTTARVN9qkiEWmCjdUcFJg8ljJeTgCTqGyg1W8FDxwJfTgq7IXixkmbTOy3atXLutlurVrKw8OkLH6BTZ6ALV0TVqoCYiKEDP6AW9Gk/Gm/FufMxHc0aWOUR/YHz+ACq4nIs=</latexit>

!k,n

<latexit sha1_base64="gXmwpVILXz6wFFegGHYJRVW4TXQ=">AAACD3icbVDLSsNAFJ34rPFVdekmWAQFaRMRdSm4ceGigrXFtJTJ5KYdOpmEmRuxhPoPglv9DXfi1k/wL/wEp7ULbT0wcDjnHu6dE6SCa3TdT2tmdm5+YbGwZC+vrK6tFzc2b3SSKQY1lohENQKqQXAJNeQooJEqoHEgoB70zod+/Q6U5om8xn4KrZh2JI84o2ikW987aHIZYX+/XSy5ZXcEZ5p4Y1IiY1Tbxa9mmLAsBolMUK19z02xlVOFnAkY2M1MQ0pZj3bAN1TSGHQrH108cHaNEjpRosyT6IzU34mcxlr348BMxhS7etIbiv95fobRaSvnMs0QJPtZFGXCwcQZft8JuQKGom8IZYqbWx3WpYoyNCXZzVEwf6gkEkLF76BySRHuKyFEemCbirzJQqbJzWHZOy4fXx2Vzg7HZRXINtkhe8QjJ+SMXJAqqRFGJHkiz+TFerRerTfr/Wd0xhpntsgfWB/fP/eciQ==</latexit>

[1,→)

<latexit sha1_base64="zHScSq/g3/O5xRK1PUNNq2t6j5g=">AAACCnicbVDLSsNAFJ3UV42vqks3wSK4apMi1WXBjQsXFewDmlAmk5t26GQSZibFEuoXCG71N9yJW3/Cv/ATnKZdaOuBgcM593DvHD9hVCrb/jIKa+sbm1vFbXNnd2//oHR41JZxKgi0SMxi0fWxBEY5tBRVDLqJABz5DDr+6Hrmd8YgJI35vZok4EV4wGlICVZaarmk2ef9Utmu2DmsVeIsSBkt0OyXvt0gJmkEXBGGpew5dqK8DAtFCYOp6aYSEkxGeAA9TTmOQHpZfuzUOtNKYIWx0I8rK1d/JzIcSTmJfD0ZYTWUy95M/M/rpSq88jLKk1QBJ/NFYcosFVuzn1sBFUAUm2iCiaD6VosMscBE6X5MNw9mj9WYQyDoGKq3WMFDNYBQTk1dkbNcyCpp1ypOvVK/uyg3aouyiugEnaJz5KBL1EA3qIlaiCCKntELejWejDfj3fiYjxaMReYY/YHx+QP2qJrM</latexit>

Pn





4 – Universality of Noise
•                              – persistence values measure on

• Total number of points in a diagram (Morse Theory):

• Central claim:

• Conclusions:

• Diagram size is order n

• Diagram size is universal (independent of f )

• Most persistent cycles are in the thermodynamic limit [Hiraoka, Shirai, Trinh, 2018]

<latexit sha1_base64="7zbARDplJ06qLHgum5HuRY5BcmU="></latexit>

!k,n =
∑

i

ωdi/bi

<latexit sha1_base64="gCnw9q4SM8fQOGn3I2hyrmY9wzs="></latexit>

lim
n→↑

1

n
E {Nk(→)} = lim

ω→↑
lim
n→↑

1

n
E {Nk(r)} = C↓

k,d

thermodynamic limit

<latexit sha1_base64="uYyjPwF1l6c0yIwJaMNxydET3Vw="></latexit>

r = (ω/n)1/d

universal
constant

<latexit sha1_base64="gXmwpVILXz6wFFegGHYJRVW4TXQ=">AAACD3icbVDLSsNAFJ34rPFVdekmWAQFaRMRdSm4ceGigrXFtJTJ5KYdOpmEmRuxhPoPglv9DXfi1k/wL/wEp7ULbT0wcDjnHu6dE6SCa3TdT2tmdm5+YbGwZC+vrK6tFzc2b3SSKQY1lohENQKqQXAJNeQooJEqoHEgoB70zod+/Q6U5om8xn4KrZh2JI84o2ikW987aHIZYX+/XSy5ZXcEZ5p4Y1IiY1Tbxa9mmLAsBolMUK19z02xlVOFnAkY2M1MQ0pZj3bAN1TSGHQrH108cHaNEjpRosyT6IzU34mcxlr348BMxhS7etIbiv95fobRaSvnMs0QJPtZFGXCwcQZft8JuQKGom8IZYqbWx3WpYoyNCXZzVEwf6gkEkLF76BySRHuKyFEemCbirzJQqbJzWHZOy4fXx2Vzg7HZRXINtkhe8QjJ+SMXJAqqRFGJHkiz+TFerRerTfr/Wd0xhpntsgfWB/fP/eciQ==</latexit>

[1,→)

<latexit sha1_base64="eg8kPT6fu1pPbUT0SXYnp7zL32I="></latexit>

!k,n([1,→)) =
k∑

i=0

(↑1)k→iNk(→)



5 – Maximal Cycles
• How big “noisy” (random) cycles can be?

• Maximal size (persistence):

• Asymptotic rate [B., Kahle, Skraba, 2017]:

• Limitations:

• No exact limits (rather than order of magnitude)

• Uniform distribution in [0,1]d

birth

death

<latexit sha1_base64="dBPAXtvGIePwYki8PLpCD3j31kk="></latexit>

!max
k,n = ”

((
log n

log logn

)1/k
)

<latexit sha1_base64="zE2zMSHEO9d4jwjELl1DgaUf3fE="></latexit>

!max
k,n := max

ω

death(ω)

birth(ω)



5 – Maximal Cycles

• New approach – “efficient” large cycles:

• Look for critical points of index k+1 (death)

• Check for a dense configuration near the equator

• New result [Duncan, B., Skraba, 2025]:

• Applies to any* distribution (i.e., universal)

<latexit sha1_base64="dBPAXtvGIePwYki8PLpCD3j31kk="></latexit>

!max
k,n = ”

((
log n

log logn

)1/k
)

<latexit sha1_base64="h3a1lN2l/WFEQPC7460/vfRVR7E="></latexit>

D→1
max

(
k

d→ k

)1/k

↑ !max
k,n

(
log n

log log n

)→1/k

↑ D→1
min

(
k

d→ k

)1/k



Random Vietoris-Rips Complex



• No direct relation to the distance function

• Not a Morse filtration (more than one change at a time)

• Homology is not bounded by dimension

• No unique “critical objects”:

Challenges

Čech

Vietoris-Rips

critical simplex
(critical point)

critical simplex?



Two Possible Approaches
1. Discrete Morse Theory [Kahle, 2011]:

• Order points by distance to origin

• Create pairings (apparent pairs)

• Count critical simplexes:

2. Critical edges [B. & Skraba, 2024]:

• Claim:

• Count changes = weighted sums of edges, with weights = 

<latexit sha1_base64="kUyagHX4lSTAX0JstQEDPw+3H8M="></latexit>

E {ωk(r)} → E {Nk(r)} = O(n(nrd)ke→cnrd)

<latexit sha1_base64="MqlgfMSkZeXEX7RqR/F0kccqvso="></latexit>

ω̃k→2(lk(e)) = #k-births + #(k → 1)-deaths

<latexit sha1_base64="MqlgfMSkZeXEX7RqR/F0kccqvso="></latexit>

ω̃k→2(lk(e)) = #k-births + #(k → 1)-deaths



Conclusion



Summary
• Morse Theory provides a powerful “local-to-global” machinery

• Only provides partial information (nothing on positive/negative)

• Highly useful for random geometric complexes:

• Euler characteristic

• Homological connectivity

• Coverage / k-Coverage

• Universality

• Maximal cycles

• Quantitative CLTs for persistence diagrams

• Also useful in other areas:

• Gaussian random fields [Adler & Taylor]

• Configuration spaces [Baryshnikov, Bubenik, Kahle]



Random geometric complexes [Kahle, 2011]

Distance functions, critical points, and the topology of random Čech complexes [B. & Adler, 2014]

On the topology of random complexes built over stationary point processes [Yogeshwaran & Adler, 2015]

Expected sizes of Poisson-Delaunay mosaics and their discrete Morse functions [Edelsbrunner, Nikitenko, Reitzner, 2017]

On the vanishing of homology in random Čech complexes [B. & Weinberger, 2017]

Poisson process approximation under stabilization and Palm coupling [B., Schulte, Yogeshwaran, 2021]

Homological connectivity in random Čech complexes [B., 2022]

Random Čech complexes on manifolds with boundary [de Kergorlay, Tillmann, Vipond, 2022]

Large deviation principle for geometric and topological functionals [Hirsch & Owada, 2023]

Universality in random persistent homology and scale-invariant functionals [B. & Skraba, 2024]

Sharp phase transitions for k-fold coverage using Morse theory [Reani & B., in prep]

A universal limit for maximal cycles in random Čech complexes [Duncan, B., Skraba, in prep]

Quantitative central limit theorems for persistence diagrams [B., Skraba, Yukich, in prep]


