MowLius \‘\DW\D\°33

\

Ay Poxe\
Detorrmenty oF PonemoMes

C o\ocodo Stode WNaivers S\\'\a

T e Geomedrric Realizoa™on o ANTRN

Auwaust \§-22 2023



‘\'\6\0‘\\.&& Wveron s - WeW\ hnouvn Q_Q\.xn.\-'wxa -\-e,c_\,\\r\'\CL\AL AN Os.\%e,\a(“o;\c o\ \WNoE \CS.

)
G wen oo \em\\ﬁ Kaive ?cs& Y ondl o X'wac.?r‘\w/\ Ky i"’ L ¥t IS ol unique g-unc)-’\ul\ P YL U Pt
TN = 2_ %) Vbhe®
o e V\Q\B\\)\S \\\-\\yQS\S\Q\f\ ‘FQ(W\U\\O\

\\)0*2, e (esexnoance Yo Mo ‘?uné.mmex\ﬁ-ol Feotesnn G& Co\ L\h\\}v&'

We coll DY Ml TUSMIAS WAoeie 80 VAU SR A NG

M'é\o\\.\s WARC Vo \\us ‘«\ow\:} 0\?")\\ Qoéf\bv\:s «

For ws | e ew q??\'\c,&v\bw S Ve Qo,c S\S)TQ,‘{\QQ, &'\o&\\&‘qm TN \QQCC,QAQ..-



Arp\icarion A - Tadutian-Exc\usion

Consider Meee s N, VB C

e\ Vi be e Vooleon \odMice o snses of SLP\"\S‘ LS ocARCA \53 Cevecrse —vwac\usd\an,

0} Ec\s\S Kunahidwn - B. a Y 4o
®
| / Toc coaW SN < 2}\ ,"S‘Lls) \e\ S:—Q&X = 'H-‘%Q,\Q'«\Q,V\\-S wa A\ seds wndewed \03 S‘%
z&x. ® {Y;S 016‘5 Foc examp\e i(i )\\TS\\= \Y\'\%\
Y >/
/
IRBYe U . oS
\ o / \'\Qré\ g-\\v\g‘\-\bf\ . %3 i’ 2
NS Y

For com S ¢ SLI\"YS‘QI)) Yy (8) = #zt\&mmﬁs WA Xe N\ Mae SRS wndexeN \oy 373

For Q}AQ‘N\?\{, 3: (‘U\%\\ oL ARk S WA A"% LuX nay . T

SEY= 238G VYT In®= X

D.S&T




I—\??\'\ro\-'\u\ 1. Qcomnoaric Nnumbses
Fix o Snive acopw. G = Vv, E\ oA o Ae\es  ne W
PoseXx - P = (ZE) &3 WO CNE I WAMASAIN . </\ <A &=y A= P\‘)

Given A€, led <(A) be Me number o% componens o (VAY.

¥a
Ee\s\s S\'\»«\Q:\v\w\ T Y — 24

Xa (/\\ = V\C(A\ = # C.Q\QV‘\\«\OS_& Do v oNe O\\\ QS}\%Q,S W &\/\P\v RS W R . S

=R
Hoed fuachon & P YL

Foc cacW AcE , D\ A U\\ = # c.b\mv'wxosg o\ (\l. I\\ WS S ON RN AR oA oA Q&BQA
\S QXO\Q.\-\»B AN

fa(®) = 2 DF.(N) VY Ack

AN ANed

PVD?QC \- QD\DV\V\S ch G— \S BQ‘\(Q))



Avpp\icoXivn 31 Eulec's Toriemr Fundrn

Posed 1 IN = ({\,Z‘ Y B or ARl oy C)\\\“\S\\O\\isfj <a\£e. =7 6‘\¢'>

Em3\3 Yoachon . 1IN > Y L

3 (“3 = 0 (CD\M\* O\l inreeess AL «\3

Horcd $uncdhion & W A Y4

OF (n\% \Qﬁn\ = Zw\e\\\\ A L een o 3&3\0\\"\\?\.\3 <'\.e.., QXQ\Q¥\\3 COPTIMM ‘o r\>

MASbinms 32 '\

Eulec's Yovient Sonaniian L\‘l (.3\)




Applrcation k- Pecsidtrence O o Cam oka Naccades

Led © =2\41<"'4‘\4°{S and. P = Y NeC o o 'pq,vs\s5vu\ce, Mmoduw\e
PoseXx: TV ==%§_c\,\o\10~£\o\g wWhete Lo \) ¢ ‘_C.cﬂ (=) o <¢c oand bved

g‘\"\’

EQs\B s—w\c}\- WON C Xax P ya

Avn Mee M(ath) Soc b e

T Lol i
C)\.\W\ M(O\\ X'Qc \Q = <0

Counkxs # %Q.‘(\Q_CO\A\‘"QVS bvoca belore oo ond Awes \seloie o

%
Hocd -Q\M\Gr’mf\‘- R A

‘é:“‘,&,\A counts Me numser oY denecactors Lo exack\ly o o andl dead exackly ok b

aiv\ & Yhe Persishence é{\o\acc»m N W\



Calcu\oX n3 AL WS Tavecsvon

© \S C\\QQO\\\S Noavre ’Qos&

Mabvwus Funadhon

AI

FoC o
‘c\\sv 72. S Mb\o\\xls NS TS\ON ’\) oF Y /S

D% (W) = 2= Y (&) k(o))

AW

\’/\QQ?



Persishence ovet VPVowds

P e Q“‘AS‘““‘*Q (\QLQ\\\A Aok 18 QN\D\AS\(\B PECNGRS W W = AV&? =,

™ .
P Wecr on Palsishreance module.

Pogek: TV :=(é§_c\,\o\: O\L_\Q\S e (e ‘.Q)\o\ < “C.&B (=) o ¢c ond bved

EO\S\B S:—w\c,\-\bf\ © Xad ¥V ad. Y /2

AN \‘\QC V’\ (Qé \0> goc o 4 =@

T e, i
A M(Q\ SYoc b ==

CQ\N\*S # C&Q“Q,CO\A\“Q\“& bvoca belore o ond s o Nore s

%
Hord ‘Y‘\M\Q}Y'\b(\‘. NS A

‘52“&0)\03 counts Yhe aumlser oY qenefatrors Lo exact\y oF o ond dead exackly ot .

X

ax“ \S e ?Q(‘ &\5\'(:4\Q,€, é\\&3(0m Q& “KZ



Examp\e

[D, o0) [c, 00)&—

NO T\ /T

[b D) [a 00) [c,0) O

| N
Loo\‘ T

L [a.b) (a.¢) A
a,

(\od \o/

la, a)
" W%



A Ne PCNOLS XA P\ .BYW\QD Soc . non —-cx'\o\3®m\ wrre caae\

\‘\O\fb O W& WAARS S o '\'\\QS& ﬂQSC»?f\\)& ‘QOs\\kQS7.

T Wz Mghiune et o Svon\e



‘v\ Sbovus RNomolo O\

QO\'\' Q%Q&‘ \S\ LN V\'é \o'\\)\s L AUl ™V

JOWYE Work WA Prwnoz DKook Yo ARIXC W Nronsochonsg o% W AMS



Mown "  neocemn

Given ¥ YNCwE , \eX P T 2 s v Qe SitN runchion .
VWAoo s (0 = e V’\Qo»\ oe™V

— Molews Nomology
Ve el \s o \\°m°\°°3\3 ‘\év\cotus \—\i' (— ) M\ TP —NeCE  suc\ Noor

amko\\ = Z_o L’\.\L AV \-\t LO\‘)\"\w Noc®



Review dF  Simplicial

Cos\esN HBMQ\Q3\3



\/\ o \o Q.C\\\3 Ywevye S\m’\b\'\c\Q\ Qbm’\)\QX

Foce (W) - Doser of Roce relodivns
TLS W O s c\gvo&t oN T

v
l\ | ‘“\3\“ Ao\ Co s\c\Q,on QNS YO \S o ‘\;\M\Q?\‘Qt Foce (\43 YNQC



Exomples




SimpPlicia\l Cosheol

Séw
» D F(o) 5D Fo)
e X e\
Awn o =drA AW o =

Homo\o A%

v
F.O\C,Q(\A\ y £
da Y EB F(s)— --*
e X e X
Awno =d-1L Ao =1

Ocient S\MQ\'\QQ.S ox WK Q?\\\(G@\\a -

Suppose Z,0c\ N, A=A, AT = d-L ond T LT,

Twen Mae ceshoichion o Sado TLo As -

N

» F (o)

AMrew FLTD

v ¥/ [t:e\F(rea)V)

T S\Q\

@D Flo) 2@ Flo)

e XX
Awng =0

\'\3‘(\& ) F> sSitenphaial \r\b‘N\b\b%\A \z' coe iRt v Y.

» O



Exomp\es
2
|

O
0
L
" -
Lo T
~ X\
_D-
0~ -
—=0
<
A 1
L o
% T
O
O
oW
3
L. O
\o/\\, H
- I
0~ -
+-0 =
/l\.\. "
L
ﬂ T
O



RQ.\ o VR S'\m Q\'\ Q\ 0\\ CQS\\QO& \'\QM'Q\ Q%“S

\:_O\Q.Q(\A\ - Y L

LK Su\stbm?\zx

G@K F (o) c@\( F (o) c@\( F(s) c@K F(s)

S Ao =d da S Awno =dA-L 5. N Ao =1 Oy S Awne =D
cg% F (o) c@_ F (o) cg% F (o) GQ F (o)
Ao = Awn o =d A d‘w:o':éa& dc'\’:\°'=6~*\

\’\vr Q\A)L‘)FB celoxive Simplhaial \r\me\ocsB \zl coe ety v ¥



P\Qmés $or Mdbius \'\cmo\§33

™

We  wownr

\’\i' (— ) M\ . '9 —INRC ¢



Ordetr Comgplex

A Ao WA Ry \S O S*r'\c\\j WAL TS WY SR uenck Q& LQan,

The \enadw o o o S Ye aunbore &N shevey (elodiomns.

The ocder complex ok Y Adenoted AV s ¥we WePNCIoN  ComplrX Contshny

ok Anains ("Q'> O\ O - [MP\RX s o \QA\S\\\ a\ Q.\moiw\>

Ex
@ ——9©



Ocdes Complex Cosheod

YA

OCTARS PR VWY vop \To\u,(ﬁ'\’» N
T O © Y oW\ C £ N\ T
M _ ™ \
Given P Y NRC e | Adeline Foce Lb?\ YNee e OS Yhe Com’pbs\*\bn .
Y4 ’ . A ) \\\/
TMnN
Foce (A7) » P — > Necg



5 ol
(o)
\s
M,
() con

I+ < el
(5 (6)
O S >

0
L
\V g
O 4 O > ¥
™
\
IF (> \§ <°\\,TF®’Y\:
(?)
O A L3
0y
L
\V g
o . LT




Mabiuvs \-\Qw\b\bsxs

G—‘\\jQ(\ (\3 = 5\‘Qc—‘v) we \Nowne o QQ&\(\QQS’ FQCQ. (BV\ = Y NRC v
FD(’ \QQ‘Q) \Q_\‘ A?L_\Q:';%GC: AR - OO O 4—\&1)

A?L\a “-‘le'C-_ AV . ok & \o‘js
Note OV, €AV

be_gc\\\e, \\'\};— L\“ 3 V\\ = \-\"' QA’\Bﬁ\o ) AF\)Q\O ) E\’>




Exomp\e

—_— Felt
(o)
@) > \E
S\
\
\3 i'ﬂ-’@\?

I+ < y Felk
> )
O S >

Q)
¢ L
O 4 O > ¥
LN
Q \
F < > \y <°\>TF®TF
(%)
O S L3
Q)
G L
O . o N ™

o > @
/\b w/\
O\ C
® > @

(b0) _°

» IF o \ y W& e |- y O

O

Ho (ogm) = B )=




D QQO\‘\'QsQC v \
()

\3 5 Fe® A 7/\1 i- v?
(o)
> A O > A
] ™M - ] ™y ST
1
\
3 &) , Fo® A ) > & 2 , ©
| |<?> |<a>> |
> W O > A O > A
o

He (2 ™,) = & HiGe ;M) = %

X (w ) M&\ =0= aml(co)

HL (&)"\A =0 \‘\t(‘* ) “\z\ =0

X (®‘>\"\7_\ =Q = Om, L°°\



Mabivs Nomelo =CN

onA —\Def \VSYence

o O
[e0, 00) [00, 00)
\i O - [b’,f")/ \[C’f") s B [b,OO)/ \[c,oo) ©
Lo o) ~~7 T ™S 7T
© [b/,\b) [a, o) [c/,\c) o —Z (b, b) [a, ) [c, c) ”X_
_. (Vo) N T T
IT= > \§ A [a, b) l[a,c) A 2 [a.b) [a, ) /X_
M \ [o) / \ o /
a, a la, a)



Kecne\ Module

™\

Gwea ¥ y Necw

X
We wort o W Mne Meroe)l Sunckion Tad ® —/Z Ao T?® TNRC

o N\naXx W can Q’Qq\\.s M'b\o\\\& \’\emﬁ\\)‘au\

bor Rl LCM\°\ = \—C‘AB ) CONINARE M (D MCoaew > ™ ()

INCETA ‘ = J—r\(\aecb
M (o)
™M (D > M ()




\i YO
(o o) T
& (‘°‘»,\\:
™\
|00, 00)
T AR 221

b ——
TP
a > C
(@) )
10909) [0, o)
L b oo)/ \[c w0y A s / \ O
N N [b, 00) [c, 00)
ol ™Sz 7 TS T
1b-5) - le.0) O =2 b [, o) o) —'\L
L [a,b) / \ [a,0) A 7 [jb) / \ [jc) A
a,a [a,a)
\
\.\; (Lq‘u)\ ) Kee M\ = 0O \‘\\ (‘_G\‘”\ ) Kec V\\ ~ |t

X (Lol kee W) = A = D (Tams)



Ex c’v\"sns V\QQ.&ﬁ’c ‘bz\l e\ oV "Mne oy

Beean seoc Q,\\‘\\c\e) Yor o Tbo’v\-\zf\cg\k/ ‘S‘_n-\-er\Q,O\\l‘\nB - -\-\Spg 5\-0\\0\\‘\4\3 ANy 2 A

:or \"\6\:3'\\;\5 wlersionsg ~ \O Yo

This  swmmnec, Vel Asoashmean QPV& Ermertug, Shizucka “'> and 1

x‘ovw\o}\ SWwa\ o )\‘\\QQ(QM X‘QC‘ V)\B\D\\AS \'\me\ﬁs\s‘.



A \Yec QS\‘\W\S —\>C obv\e S

Con S\ Q—‘\c&,‘m oud how Yo vse N\e\wius Momolag Y Yo QQ\Q&Q(“\X\:}

W\ Naown @xompled oN Mebius vaNecsiong

¢ C\co mos)t\ cC 'V o\ \‘y\gm‘\ Ck\

* Vudle ?b\\sﬁb‘ﬂ'\?\ o\

o \ acidnce }\\xz\oro; o\ S\u\asv AP Lo R

o Ellec's Y oreny ‘c\\ﬂ\c\\m

° I.(\\-Q(‘ SQ_Q¥\Q'(\ \_Q\\HLQ 0& \X‘?QTQ\Q\ﬁQ A X g Q«\SQW"‘\"

TS 50, whed Aoes STeleilihy tmply? Appdy TOR Wdeas o comls wnedvories ¢






