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Mobius inversion is a well known counting technique in algebraic combinatories.

of
Given a locally finite poset P and a function PE2 there is a unique function P & I such that

f(b) = [Of (a) XbeP
a:ab Mobius inversion Formula

Note the resemblance to the fundamental theorem of calculus.

We call of the Mobius inverse or inversion of f
.

Mobius inversion has many applications .
↑

For us
,
the main application is the persistence diagram aka barcode.



Application 1 : Inclusion-Exclusion

Consider three sets A
.
B

,

S

Let By be the Boolean lattice of subsets of GA ,

B
,C] ordered by reverse-inclusion .

& Easy function : By Fi I
&

.

For each S[[A ,
B
,<] , lett (s) = #Selements in all sets indexed by Sh

[A3
. ·

EB3 · Ga] For example , f(5A ,B3) = AnB

-
SA, 330 [A<]o · [B .23

-

of
Hard function : By -Z

e

[A,B ,
C]

For each Sc[A
,
B

,<3 , of (5) = # Eelements in exactly the sets indexedby 53

For example , of (2A ,B3) counts elements in AuB but not in C .

-

f (t) = [df(s) XT = SA ,

B
,
23

S :ST



Application 2 : Chromatic number

Fix a finite graph G = (V , E) and a number ne IN .

-

Poset : p = zE
,
1 with reverse inclusion . AA <=> A = A

Given A=E
,
let s(A) be the number of components of (V ,A) .

fr
Easy function : P 7

fn(1) = n(A) = # colorings that make all edges in (V ,A) monochromatic .

&fr
Hard function : P 72

For each ASE
,
ofn (A) = # colorings of (V ,

A) whose set of monochromatic edges
is exactly A

-

fn(B) = [Ofn(A) YAcE
A: A[B

Proper n-coloring of G is Ofn($) .



Application 3 : Euler'sTotient Function

Poset : IN = 51 ,
2
,
3, ... 3 ordered by divisibility de de

f
Easy function : IV 7

f(n) = n count all integers 1: jn)
of

Hard function : IN 2
&

& (n) = e(n) = # [meIN : 1- men and ged/min) =1) i.e
., exactly coprime to n

↑
Mobius 1832 & ↑

Euler's totient function (1763)

28
12

4 f 14 2. of 6

2 T 1 6

1 1

IN = 28 IN = 28



Application 4 :PersistenceDiagram aka Barcodes

Let P =&12 ... <n 20] and P
M

& vect a persistence module

Poset : Intp :=&(a ,b) : a =b) where (a,b) = [c ,d() a = c and bed

Easy function : Intp
fr
,

dim Ker M/asb) for b<
fre [a,b) = 3dim M(a) for b=

Counts #generators born before a and dies before b

Of
m

Hard function : IntP ↳ Z

&fu(a,b) counts the number of generators born exactly at a and dead exactly at b.

&fin is the persistence diagram of M



Calculating Mobius Inversion

P is a locally finite poset

So2
if a b

1 if a =b
Mobius Function U : PxP 12 us (a ,b) : =

-

a(xzby(X ,b) if ab

For any
Pf12

,
its Mobius inversion p

of
12 is :

of (b) = [ f(a)u(a,b) Vb = P
a:ab



Persistence over Posets

↑ be anyfinite /locally finite is enough) perhaps with a top & .

P
M
,vect a persistence module .

Poset : Intp :=&(a ,b) : a =b) where (a,b) = (c ,
d << a = c and bed

Easy function : Intp
fr
,

dim Ker M/asb) for b<
fre [a,b) = 3dim M(a) for b=

Counts #generators born before a and dies before b

Of
m

Hard function : IntP ↳ Z

&fu(a,b) counts the number of generators born exactly at a and dead exactly at b.

If 11

&fin is the persistence diagram of M?



Example

P

E 8

1 1 1
G

If O 2 -1
-

8
* -2 -1

-

Cod
2 1 2 1

IF2
(10)

> IF
8 E

&

M fi ofM
&



In the previous example ,
of70 for a non-diagonal interval

How do we understand these negative values?

Is the Mobius inversion stable?

&



Mobius Homology
categorifies Mobius Inversion

joint work with Primoz Skraba to appear in Transactions of the AMS



MainTheorem

M
Given P I vert

,
let pu 1 I be its dimension function ·

That is
,
m(a) = dim M(a) VaeP

=>
Mobius Homology

Then
,
there is a homology theoryH ;M) : P (vecit sush that

·m(a) = [ (-1)"dim Hila ;M VaeP
i = 0



Review ofSimplicial

Cosheaf Homology



↑ a locally finite simplicial complex

Face (k) - poset of face relations

10 if o is a face of T

A simplicial cosheaf over K is a functor Face(k)
F

creat



Examples
⑨

K
⑧ ⑧

If4) > (1) 4) > IFs (1)
⑨ ⑨

If IF If If

(1)& 4)
(1)& 4)

W W
- ⑧ ⑧

- ⑧ ⑧

If # If IF
M T M T

() If (1) () IF (-1)



Simplicial Sosheaf Homology

Face(k) + Z

S d+1 Sa St
· 2 L + F(o) 7 + F(o) > + F(o) ) o o g + F(o) + F(o) 7

Ok Ok Ok Ok Ok

dimo =d+1 dimo =d dimo =d-1 dimo = 1 dimo = 0

Orient simplices of K arbitrarily -

Suppose 5 ,K ,
dim =d

,
dimo = -1

,
and TIO .

Then
,
the restriction of Gd to To is :

Sa
+0

: = (T) < F(0)

~ 1 < (5 : 0] F(t = 0) (v)
↑ sign

He kiF simplicial homology / coefficients in F .



Examples

4) > IFs (1) (1) > IFs (1)
⑨ ⑨

T

If If If
T -⑮

-& &(1)

- ⑧ ⑧ E 4)
(1)

- ⑧ ⑧

4)

W W

If If IF
M

&
T M

X
T

() If (1) () IF (-1)

I It
D < IF3 > IE3 70 D < IF3 > IF3 70

1 E 1 *

Ho= H
,

= F Ho = 0 H
,

= e



Relative Simplicial Cosheaf Homology

Face(k) + Z

LEK subcomplex

+ F(o) + F(o) + F(o) + F(o)
Ok Ok Ok Ok

* ↓ 7
dimo =d Od

>
dimo =d-1

700 - [
dimo = 1 81

>

dimo = 0
> O

+ F(o) + F(o) + F(o) + F(o)
OCL OCL OtL OCL

dimo =d dimo =d+1 dimo =d+1 dimo =d+1

H- (k ,L;F) relative simplicial homology w/ coefficients in F.



Ready for Mobius Homology
M

Given P (VeC If

we want

H5 ;M) : P <vecit



Order Complex
-

A shain in P is a strictly increasing sequence 90) ... <an .

The length of a chain is the number of strict relations .

The order complex of P , denoted UP, is the simplicial complex consisting

of chains (i .e., an n-simplex is a length n chain)

EX
O > ⑧ ⑧ &

-
M M

-
- -

-

-
-
L

⑨ 78 ⑧ *

P -P



Order Complex [osheaf

min
order preserving map Face (DP LB

↑ I min mino

GivenP , vect
,
define Face (UP) * vect as the composition :

M

-------
- -

.

~

↓
Face (P)

win

> P
M

Verif



Example 4) d
Ifb # att

↑

1 - 6 b

# 7F -

-
-

·
I

D
O

L -

G L

#

-

O Lu

W ~
v

O #F ~

O
L 0- #

M , M
I
-

b #4) if b), et
# > ToTF - -

↑ 7

·
M M

O

v

-
↑

I O
L

G L

#

-

O Lu

W ~

O # ~

O
L O->

T

MZ M
2
-



Mobius Homology
Given R M , vecit

,
we have a cosheaf Face (UP) * /vecit.

3For beP
,
letPay : =Goe Up : maxo =b

3XP1y : =Goe4P :max b
Note XPcb XPLb

Define He (bjM) : = He ( Peb
,
XPa ; El



Example
O >

-b ar

2

b If <
4
If
6)
, att

a 7 8

↑ 11 &
1 - ... ↳

**

# 7F -

-
-

/

O 8 It If #18
I

D
O
L

G L

#

-

O Lu H( ;Mr) = It Hi ;M = IF
W ~

v
O #F ~

O
L 0- #

M1 Mz

b #4) if b), et
# > ToTF - -

↑ 7

M M

·
↑ ↳ I &

O
L # 8 It If #18

I O G L

v

--

W

O

~

Lu

H! (0 , Mz) = 0 HI(0 ; M2) = 0
O # ~

O
L O->

T

Mz Mz



O >

Decategorify -b or

a 2

b ⑨ 7 8

# 7F 1 72 1 70
1 - 1 - 1 -

I H( ; Me) = It H ;M = If

D

X(0 ; Ms) = 0 =m
=(0)

O #F O > 1 8 > 1

M1 M1 dm1

b b
# > ToTF 1 2 2 1 2 E

M M M M M M

O O
H! (0 , Mz) = 0 HI (0 ; Ms) = 0

I I

X (0 ;Mz) = 0 = 0mz(0)
O & # O & 1 E > 1

M2 m2 Omz



Mobius Homology
and Persistence

P

E 8

If O 1 1 1
G

-
-

Cod 8
2

* -2

-1
-1

(10)
IF2 > IF 2 1 2 1

8 E
M

&

fi ofM
&



Kernel Module

Given PM , vecit

We want to lift the Kernel function IntPfm > 2 to IntR (ves

so that we can apply Mobius Homology

For every(a ,
b) = [c , d)

,
consider

M(a)
M(a =b)

< M(b)
W

M(a=) M(b =d)
~

-

M(e)
M(c =d)

<M(d)

M(a = c) restricts to a map Ker M(ab) <KerM(c(d)

Ker M
Thus

,
we have IntP (Vest



P

E 8

If O 1 1 1
G

-
-

Cod 8
2

* -2

-1
-1

(10)
IF2 > IF 2 1 2 1

8 E
M

&

fi ofM

&

O
> -

#F #F

-

~ 40)nd -
Ho ((a ,0) ; kerR) = 0 H

, ([a ,8) ; kerM) = If
O O

- -

inF (9)

-

If2
7
IF

X (a
,0) ; kerM) =1 = 0fy(a,8)

O

KerM



Exciting RecentDevelopment

Been searching for a Bottleneck Interleaving-type stability theorem

for Mobius inversions - 10 years

This summer, Hideto Asashiba (Prof Emeritus, Shizuoka U .) and I
found such a theorem for Mobius Homology!



Interesting Problems

Can you figure out how to use Mobius homology to categorify
well known examples of Mobius inversions?

· Chromatic Polynomial
· Tutte Polynomial

· Incidence Algebra of Subgroup Lattice

· Euler's Totient Function

· Intersection Lattice of Hyperplane Arrangement

If so
,
what does stability imply ? Apply TDA ideas to combinatories ?



Thank You


