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Roadmap
•Emerging RWD/E: policy as a catalyst 

•The interface of RCT, RWD/E, and CI: combining convention & new

•Proximal DiD Framework for robust learning of long-term treatment effect

•Summary and path forward
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The 21st century cures act
FDA’s RWE framework

The 21st Century Cures Act (Cures Act), signed into law on December 13, 2016, is designed 
to help accelerate medical product development and bring new innovations and advances to 
patients who need them faster and more efficiently.

The US Food and Drug Administration (FDA) has developed a RWE framework (FDA, 2018) 
for evaluating the potential use of real-world evidence (RWE)
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Regularity initiatives
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Convention versus new
RCT vs RWD
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Leveraging RWD to improve the generalizability of RCT findings
ATE: average treatment effect; ITR: individual treatment regimes

Leveraging RWD to improve RCT analysis efficiency
ATE: average treatment effect; HTE: heterogeneity of treatment effect

Causal 
inference 

methods for 
combining

RCT & RWD
Yang and Wang (2022) ASA 

Biop Report RWE

Colnet et al (2023) 
Statistical Science 

a review

Zhu et al. (2026) arxiv
A scoping review of HCTs

Github repo 
IntegrativeStats

RCT

RWD

ATE Lee et al (2021, 2022, 
2024) Biom, JCI, JBS  

ITR
Wu & Yang (2022) 

JCGS; Chu et al (2023) 
ICML; Zhao et al (2025) 

JRML

ITR with 
summary stat

Chu et al (2023)  
Biometrika

RCT

RWD

ATE: control var Yang and Ding (2020) 
JASA

HTE: Test-then-
pool

Yang et al (2023) JRSSB; 
Gao&Yang (2023) EJS

ATE/HTE: Bias 
modeling

Wu & Yang (2022) CLEAR
Cheng et al (2023) UAI 

Yang et al (2025) Bernoulli
Mao et al (2025) Biom

ATE: Selective 
borrowing

Gao et al. (2024, 2025) 
Biometrika, ICML; Zhu et 
al (2025) ICML;  Liu et al 

(2025) arxiv

Research Questions
that can be addressed by integrative analysis
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Key 
objectives

Integrative 
evidence 
synthesis

Integrate evidence from randomized clinical trials and real-
world data to 

1. improve the generalizability and transportability of 
RCT findings,

2. increase the efficiency and statistical power of 
treatment effect estimation,

3. enable long-term safety and effectiveness 
monitoring and estimation,

4. and many others 
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Long-term treatment effects are critical,
but RCTs provide only short-term answers.

• Assessing long-term treatment effects is crucial for 
understanding sustained efficacy, adverse effects, 
drug tolerance, and for cost-effectiveness analysis 
required by health technology assessment bodies.

• However, long-term RCTs are often infeasible due 
to prohibitive costs and ethical issues like patient 
crossover.

• This creates a critical evidence gap. The central 
question is: What would have happened to the 
RCT control group over the long term if they hadn’t 
crossed over to the treatment arm? This is the 
‘missing counterfactual’ we need to estimate.  
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Simply augmenting RCTs with external data
is fraught with hidden biases.

Combining data sources is not straightforward due to fundamental differences. We face three core challenges:

Unmeasured Confounding (𝑼𝑼)
Key patient characteristics that can 

influence both study participation and 
health outcomes (e.g., health 

consciousness, underlying disease 
severity) are not recorded, creating 

spurious correlations.

Study Heterogeneity
The experience of being in a trial may be 

fundamentally different from receiving 
routine care (e.g., placebo effects, 

Hawthorne effect). This means outcome 
trends can diverge between RCT and 
external cohorts, even for otherwise 

identical patients.

Informative Missingness
Patient dropout is rarely random. 
Sicker patients are more likely to 

discontinue or be lost to follow-up. 
The observed data represent a 

selected, healthier, biased subset of 
the original population.

Ignoring any one of these can materially bias long-term effect estimates. 11



Existing methods
fall short of jointly addressing all challenges

No existing method jointly addresses unmeasured confounding, study heterogeneity, and informative missingness.

Method Key Assumption Why It Fails in This Context

Standard Data 
Integration 

Exchangeability between data sources, 
conditional on confounders. 

Unlikely in practice due to study-specific effects (e.g., placebo, 
Hawthorne effect), creating inherent data heterogeneity.

Synthetic Control
/Matrix Completion

Linear factor models, cannot allow for 
systematic differences due to 𝑈𝑈

Cannot handle data heterogeneity or informative missingness 
that are common in real-world data integration scenarios.

Difference-in-
Differences

Confounding effects are constant over 
time

Violated by common data structures like linear factor models 
where a confounder (𝑈𝑈)’s impact can evolve over time.

Proximal Inference Assume data homogeneity and fully 
observed outcomes

Cannot handle data heterogeneity or informative missingness 
that are common in real-world data integration scenarios.

A gap exists for a method that can handle all these challenges simultaneously.
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Notation
Data structure and potential outcomes

Data structure 
• 𝑆𝑆 = 1 if the subject is from RCT, 0 if from EC
• 𝑋𝑋: baseline covariates
• 𝑡𝑡 ∈ {𝑝𝑝𝑝𝑝𝑝𝑝, 0}: time periods
• (𝐴𝐴𝑝𝑝𝑝𝑝𝑝𝑝 ,𝐴𝐴0): treatment sequence 
• (𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝,𝑌𝑌0): outcome sequence 
• (𝑅𝑅𝑝𝑝𝑝𝑝𝑝𝑝 ,𝑅𝑅0): observation sequence
• abbreviate (𝐴𝐴0,𝑌𝑌0,𝑅𝑅0) as (𝐴𝐴,𝑌𝑌,𝑅𝑅)
• 𝑈𝑈: latent confounder (𝑆𝑆 ← 𝑈𝑈 → 𝑌𝑌)

Potential outcomes
• 𝑌𝑌𝑡𝑡

𝒔𝒔,(𝒂𝒂𝒑𝒑𝒑𝒑𝒑𝒑,𝒂𝒂𝟎𝟎): potential outcome had subject been assigned to study 𝒔𝒔 and treatment 𝒂𝒂𝒑𝒑𝒑𝒑𝒑𝒑,𝒂𝒂𝟎𝟎

Stable Unit Treatment Value Assumption (SUTVA)
• Future treatment does not affect past potential outcomes
• e.g. 𝑌𝑌𝑡𝑡 in EC is 𝑌𝑌𝑡𝑡

0,(0,0) and 𝑌𝑌𝑡𝑡
(0,0) is 𝑌𝑌𝑡𝑡

𝑆𝑆,(0,0)
13



Defining the statistical challenge:
Estimating the counterfactual

The Objective
• Estimate the long-term average treatment effect 

(LTATE) for RCT subjects at time 𝑡𝑡 in the 
extension period:

𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐸𝐸𝑡𝑡 = 𝔼𝔼 𝒀𝒀𝒕𝒕
𝟏𝟏, 𝟏𝟏,𝟏𝟏 − 𝒀𝒀𝒕𝒕

𝟏𝟏, 𝟎𝟎,𝟎𝟎 𝑆𝑆 = 1 .  

The core problem
• The treated outcome 𝔼𝔼 𝒀𝒀𝒕𝒕

𝟏𝟏, 𝟏𝟏,𝟏𝟏 𝑆𝑆 = 1 is 
observed. The challenge is estimating the 
counterfactual control outcome

𝜏𝜏𝑡𝑡 = 𝔼𝔼 𝒀𝒀𝒕𝒕
𝟏𝟏, 𝟎𝟎,𝟎𝟎 𝑆𝑆 = 1

𝒀𝒀𝒕𝒕
𝟏𝟏, 𝟏𝟏,𝟏𝟏

𝒀𝒀𝒕𝒕
𝟏𝟏, 𝟎𝟎,𝟎𝟎

𝒀𝒀𝒕𝒕
𝟎𝟎, 𝟎𝟎,𝟎𝟎

𝒀𝒀𝒑𝒑𝒑𝒑𝒑𝒑
𝟏𝟏, 𝟏𝟏,𝟏𝟏

𝒀𝒀𝒑𝒑𝒑𝒑𝒑𝒑
𝟏𝟏, 𝟎𝟎,𝟎𝟎

𝒀𝒀𝒑𝒑𝒑𝒑𝒑𝒑
𝟎𝟎, 𝟎𝟎,𝟎𝟎
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A Motivating Example
Solanezumab trial

• RCT: Solanezumab trial data that examine the effectiveness of Solanezumab on slowing the 
progression of Alzheimer's disease (Siemers et al., 2016) + EC: Geras observational data (Wimo et al., 
2013) to showcase estimators for LTATE in clinical settings

• 19 covariates forming 𝑋𝑋(including BMI, age, duration of diagnosis, and cognitive and functional 
scores such as ADL, NPI, EQ-5D, ADAS-13), baseline Mini-Mental State Examination (MMSE) score 
forming 𝑈𝑈

• Instrumental Activities of Daily Living (iADL) scores measured across four time points (𝑡𝑡 = base, 28, 
52, 80) were selected as outcomes 𝑌𝑌𝑡𝑡. 

• The trial period ends at week 28.  Our objective is to estimate the RCT control trend at week 52.

15



A Motivating Example
Solanezumab trial

We conducted a plasmode simulation: 

• The study inclusion probability 

𝑃𝑃 𝑆𝑆 = 1 𝑈𝑈,𝑋𝑋) =
1

1 + exp(𝑋𝑋 𝜂𝜂𝑥𝑥 + 𝑈𝑈 𝜂𝜂𝑢𝑢)}

• Potential outcomes

𝑌𝑌𝑠𝑠,(0,0) = 𝑋𝑋𝐵𝐵0 + 𝑈𝑈Γ0 + 𝑠𝑠 ⋅ 𝑋𝑋𝐵𝐵1 + 𝑈𝑈Γ1 + 𝐸𝐸,

where 𝐵𝐵𝑠𝑠 ∈ ℝ𝑝𝑝×𝑇𝑇, Γ𝑠𝑠 ∈ ℝ𝑚𝑚×𝑇𝑇

• 𝑌𝑌𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 ⟂ 𝑆𝑆 | (𝑋𝑋,𝑈𝑈) by generating it from the 
model without 𝑠𝑠 · 𝑋𝑋 𝐵𝐵1 + 𝑈𝑈 Γ1

True trial control trend
Unobserved after crossover

External control trend

16
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Standard data integration
Extrapolation, prediction and matching approaches

• These methods rely on Structural Models or Ignorability, assuming all relevant confounders are 
measured and accounted for. 

Extrapolation
Fit a parametric model (e.g., linear) to 
the RCT control arm’s outcomes 
during the trial period and extend the 
curve into the future.

Predictive Model
Train a model on EC data to predict 
future outcomes based on covariates. 
Apply this model to RCT control 
subjects.

Matching
For each RCT control subject, find 
matching subjects in the EC pool with 
similar baseline characteristics to 
impute the missing long-term 
counterfactual control outcome.

These methods are straightforward but are sensitive to model misspecification and 
unobserved differences between the RCT and external control populations. 

18

dd



Proximal Causal Inference
Taming unmeasured confounding with observable proxi

19

How do we operationalize assumptions about an 
unobserved 𝑈𝑈? Through Proximal Causal Inference.

The key is to find observed proxies that are 
informative about 𝑈𝑈 but satisfy specific conditional 
independence properties.

Mataphor: Proxies are like shadows cast by the hidden 
confounder 𝑈𝑈. By observing the shadows, we can 
infer/correct the impacts of 𝑈𝑈.



Proximal Causal Inference
Taming unmeasured confounding with observable proxi

In our context, we use two types of observable proxies that 
are related to 𝑈𝑈:
● Outcome proxies 𝑊𝑊: variables related to the outcome, 

but not trial participation, given 𝑈𝑈,𝑋𝑋.
Example: baseline functional scores or comorbidities 
not used in trial eligibility criteria.

● Source proxies 𝑍𝑍: variables related to study 
participation, but not the outcome, given 𝑈𝑈,𝑋𝑋.
Examples: distance to study site or caregiver support.

Mechanism: Using both types of proxies allows us to 
mathematically “bridge” between observed data and the 
latent confounder 𝑈𝑈.

20



Proximal Causal Inference

ID Cova
riates 

X

Proxy 
W

Treatme
nt 

Short-
term 

outcome

Long-
term 

outcome

001 𝑋𝑋1 𝑊𝑊1 treated 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝,1 𝑌𝑌𝑡𝑡,1

002 𝑋𝑋2 𝑊𝑊2 treated 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝,2 𝑌𝑌𝑡𝑡,2

003 𝑋𝑋3 𝑊𝑊3 treated 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝,3 𝑌𝑌𝑡𝑡,3

004 𝑋𝑋4 𝑊𝑊4 control 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝,4 ?

005 𝑋𝑋5 𝑊𝑊5 control 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝,5 ?

006 𝑋𝑋6 𝑊𝑊6 control 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝,6 ?

Outcome bridge function 
ℎ 𝑊𝑊,𝑋𝑋

21

• The goal: predict what 𝑌𝑌𝑡𝑡 would be in the RCT 
control group, accounting for 𝑈𝑈.

• Define the outcome confounding bridge function
𝔼𝔼 𝑌𝑌 𝑋𝑋 ,𝑍𝑍, 𝑆𝑆 = 0 = 𝔼𝔼 ℎ(𝑊𝑊,𝑋𝑋) 𝑋𝑋,𝑍𝑍, 𝑆𝑆 = 0

• Under suitable completeness conditions
𝔼𝔼 𝑌𝑌(0,0) 𝑋𝑋 ,𝑈𝑈, 𝑆𝑆 = 0 = 𝔼𝔼 ℎ(𝑊𝑊,𝑋𝑋) 𝑋𝑋,𝑈𝑈, 𝑆𝑆 = 0

• Under study homogeneity and ignorability
𝜏𝜏 = 𝔼𝔼 ℎ(𝑊𝑊,𝑋𝑋) 𝑆𝑆 = 1

Interpretation:
• Use EC to learn ℎ 𝑊𝑊,𝑋𝑋
• Use 𝑍𝑍 as a lever to identify the relationship.
• Once learned, ℎ 𝑊𝑊,𝑋𝑋 acts as a “proxy outcome” 

for 𝑌𝑌(0,0) in the RCT.

Taming unmeasured confounding with observable proxi



Proximal Causal Inference

ID Cova
riates 

X

Proxy 
W

Treatme
nt 

Short-
term 

outcome

Long-
term 

outcome

001 𝑋𝑋1 𝑊𝑊1 treated 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝,1 𝑌𝑌𝑡𝑡,1

002 𝑋𝑋2 𝑊𝑊2 treated 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝,2 𝑌𝑌𝑡𝑡,2

003 𝑋𝑋3 𝑊𝑊3 treated 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝,3 𝑌𝑌𝑡𝑡,3

004 𝑋𝑋4 𝑊𝑊4 control 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝,4 ?

005 𝑋𝑋5 𝑊𝑊5 control 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝,5 ?

006 𝑋𝑋6 𝑊𝑊6 control 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝,6 ?

Outcome bridge function 
ℎ 𝑊𝑊,𝑋𝑋
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• However, under study heterogeneity, proximal 
methods alone become biased:

Taming unmeasured confounding with observable proxi



DiDaddresses study heterogeneity
Assuming parallel trends (PT)

• Classical parallel trend assumption
𝔼𝔼 𝑌𝑌𝑠𝑠,(0,0) − 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝

𝑠𝑠,(0,0) 𝑈𝑈,𝑋𝑋 = 𝔼𝔼 𝑌𝑌𝑠𝑠,(0,0) − 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝
𝑠𝑠,(0,0) 𝑋𝑋

𝔼𝔼 𝑌𝑌1,(0,0) − 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝
1,(0,0) 𝑋𝑋 = 𝔼𝔼 𝑌𝑌0,(0,0) − 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝

0,(0,0) 𝑋𝑋

• The effect of 𝑈𝑈 on 𝑌𝑌𝑡𝑡
𝑠𝑠,(0,0) should be additive and 

stable across time:
𝑌𝑌𝑡𝑡
𝑠𝑠,(0,0) = 𝜈𝜈𝑡𝑡 𝑋𝑋 + 𝜈𝜈 𝑈𝑈 + 𝑠𝑠 ⋅ 𝑏𝑏 𝑋𝑋 + 𝑏𝑏 𝑈𝑈 + 𝜖𝜖𝑠𝑠,𝑡𝑡

• Limitation: fails for common models, e.g., linear 
factor models with time-varying effects of 𝑈𝑈

• In many biomedical settings, the impact of latent 
disease severity changes over time.

Time
Assumes the effect of U is stable over time.

O
ut

co
m

e 
Tr

en
d

RCT control 𝑌𝑌𝑡𝑡
1,(0,0)

EC 𝑌𝑌𝑡𝑡
0,(0,0)

Parallel Trends (PT)

O
ut

co
m

e 
Tr

en
d

Time-Varying Confounding

Time
Violated when latent factor effect (𝛾𝛾𝑡𝑡) change 

over time.
23

𝑏𝑏 𝑋𝑋 + 𝑏𝑏 𝑈𝑈

𝑏𝑏 𝑋𝑋 + 𝑏𝑏 𝑈𝑈

RCT control 𝑌𝑌𝑡𝑡
1,(0,0)

EC 𝑌𝑌𝑡𝑡
0,(0,0)



Summary 
Existing method landscape

Existing methods address one or two 
challenges in the context; 

Is there a unified framework which can 
address all these challenges?

Unmeasured 
Confounding:
Proximal CI

SC/MC

Informative 
missingness: 

MAR (weighting, 
imputation)

MNAR (sensitivity)

Study 
Heterogeneity

DiD
?

24



We introduce a unified framework to overcome
confounding, heterogeneity, and missingness

• Our approach integrates the power of Pillar 1 Proximal Causal Inference with Pillar 2 flexible 
Difference-in-Differences structure.

25
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• Assumption 1 (Conditional Parallel Trend given 
Latent factors or CPTL)

𝔼𝔼 𝑌𝑌𝑡𝑡
1, 0,0 − 𝑌𝑌𝑡𝑡

0, 0,0 𝑋𝑋 ,𝑈𝑈 = 𝑏𝑏(𝑋𝑋,𝑈𝑈)

• Similar to PT, gap is stable over time! 

• But this directly allows for time-varying confounder 
effects. CPTL is compatible with flexible outcome 
models like 

𝑌𝑌𝑡𝑡
𝑠𝑠, 0,0 = 𝜇𝜇𝑡𝑡𝐸𝐸𝐸𝐸 𝑋𝑋,𝑈𝑈 + 𝑠𝑠 ⋅ 𝑏𝑏 𝑋𝑋,𝑈𝑈 + 𝜖𝜖𝑡𝑡,𝑠𝑠

Pillar 2
Generalizing parallel trends with CPTL

Time
Assumes the effect of U is stable over time.

Parallel Trends (PT)

O
ut

co
m

e 
Tr

en
d

Time-Varying Confounding

Time
Violated when latent factor effect (𝛾𝛾𝑡𝑡) change 

over time.

𝑏𝑏 𝑋𝑋,𝑈𝑈

𝑏𝑏 𝑋𝑋,𝑈𝑈

RCT control 𝑌𝑌𝑡𝑡
1,(0,0)

EC 𝑌𝑌𝑡𝑡
0,(0,0)

RCT control 𝑌𝑌𝑡𝑡
1,(0,0)

EC 𝑌𝑌𝑡𝑡
0,(0,0)



Pillar 3
Informative missingness (MARL)

27



Proximal DiDFramework
CPTL+MARL

Integrated handling of bias

Unmeasured confounding  
 handled by proxies

Study heterogeneity 
 handled by CPTL

Informative missingness 
 handled by MARL

A causal diagram illustrates the proximal DiD setup 
under proxies, CPTL, and MARL

28



Identification
Multiple paths

𝑌𝑌𝑡𝑡
𝑠𝑠,(0,0) = 𝜇𝜇𝑡𝑡𝐸𝐸𝐸𝐸 𝑋𝑋,𝑈𝑈 + 𝑠𝑠 ⋅ 𝑏𝑏 𝑋𝑋,𝑈𝑈 + 𝜖𝜖𝑠𝑠,𝑡𝑡

𝜏𝜏 = 𝔼𝔼[𝑌𝑌1, 0,0 ∣ 𝑆𝑆 = 1] = 𝔼𝔼[𝜇𝜇0𝐸𝐸𝐸𝐸 𝑋𝑋,𝑈𝑈 + 𝑏𝑏 𝑋𝑋,𝑈𝑈 ∣ 𝑆𝑆 = 1]

Path 1
Identification through outcome bridge functions 

𝜏𝜏 = 𝔼𝔼 ℎ 𝑊𝑊,𝑋𝑋 + ℎ𝑝𝑝𝑝𝑝𝑝𝑝(𝑊𝑊,𝑋𝑋, 1) − ℎ𝑝𝑝𝑝𝑝𝑝𝑝 𝑊𝑊,𝑋𝑋, 0 𝑆𝑆 = 1

Path 2
Identification through source bridge functions 

𝜏𝜏 = 𝔼𝔼 1 − 𝑆𝑆 𝑅𝑅𝑞𝑞 𝑍𝑍,𝑋𝑋 𝑌𝑌 + 2𝑆𝑆 − 1 𝑞𝑞𝑝𝑝𝑝𝑝𝑝𝑝 𝑍𝑍,𝑋𝑋, 𝑆𝑆 𝑅𝑅𝑝𝑝𝑝𝑝𝑝𝑝𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝 /𝑃𝑃(𝑆𝑆 = 1)

Path 3

Identification through the combination
𝜏𝜏 = 𝔼𝔼 ℎ 𝑊𝑊,𝑋𝑋 + ℎ𝑝𝑝𝑝𝑝𝑝𝑝(𝑊𝑊,𝑋𝑋, 1) − ℎ𝑝𝑝𝑝𝑝𝑝𝑝 𝑊𝑊,𝑋𝑋, 0 𝑆𝑆 = 1 +

𝔼𝔼 1 − 𝑆𝑆 𝑅𝑅𝑞𝑞 𝑍𝑍,𝑋𝑋 𝑒𝑒 + (2𝑆𝑆 − 1)𝑞𝑞𝑝𝑝𝑝𝑝𝑝𝑝 𝑍𝑍,𝑋𝑋, 𝑆𝑆 𝑅𝑅𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑝𝑝𝑝𝑝𝑝𝑝 /𝑃𝑃(𝑆𝑆 = 1)
• (𝑒𝑒 = 𝑌𝑌 − ℎ, 𝑒𝑒𝑝𝑝𝑝𝑝𝑝𝑝 = 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝 − ℎ𝑝𝑝𝑝𝑝𝑝𝑝)
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Path 1: The Outcome Bridge
Imputation 

The goal: predict what 𝑌𝑌𝑡𝑡 would be in the RCT control 
group, accounting for 𝑈𝑈 and study heterogeneity. 

Define the outcome bridge functions for pre- and post-
extension times 

𝔼𝔼 𝑌𝑌 − ℎ 𝑊𝑊,𝑋𝑋 𝑍𝑍,𝑋𝑋, 𝑆𝑆 = 0,𝑅𝑅 = 1 = 0
𝔼𝔼 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝 − ℎ𝑝𝑝𝑝𝑝𝑝𝑝 𝑊𝑊,𝑋𝑋, 𝑆𝑆 𝑍𝑍,𝑋𝑋, 𝑆𝑆,𝐴𝐴𝑝𝑝𝑝𝑝𝑝𝑝 = 0,𝑅𝑅𝑝𝑝𝑝𝑝𝑝𝑝 = 1 = 0

Interpretation:
• Under CPTL, in oracle, impute ? by 𝜇𝜇0𝐸𝐸𝐸𝐸 𝑋𝑋,𝑈𝑈 + 𝑏𝑏 𝑋𝑋,𝑈𝑈
• ℎ 𝑊𝑊,𝑋𝑋 connects to EC trend 𝜇𝜇0𝐸𝐸𝐸𝐸 𝑋𝑋,𝑈𝑈
• ℎ𝑝𝑝𝑝𝑝𝑝𝑝 𝑊𝑊,𝑋𝑋, 1 − ℎ𝑝𝑝𝑝𝑝𝑝𝑝 𝑊𝑊,𝑋𝑋, 0 connects to study 

difference 𝑏𝑏(𝑋𝑋,𝑈𝑈)

Thus, ℎ 𝑊𝑊,𝑋𝑋 + ℎ𝑝𝑝𝑝𝑝𝑝𝑝(𝑊𝑊,𝑋𝑋, 1) − ℎ𝑝𝑝𝑝𝑝𝑝𝑝 𝑊𝑊,𝑋𝑋, 0 acts as a 
”proxy outcome” for long-term RCT control counterfactual.

ID Cova
riates 

X

Proxy 
W

Treatme
nt 

Short-
term 

outcome

Long-
term 

outcome

001 𝑋𝑋1 𝑊𝑊1 treated 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝,1 𝑌𝑌𝑡𝑡,1

002 𝑋𝑋2 𝑊𝑊2 treated 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝,2 𝑌𝑌𝑡𝑡,2

003 𝑋𝑋3 𝑊𝑊3 treated 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝,3 𝑌𝑌𝑡𝑡,3

004 𝑋𝑋4 𝑊𝑊4 control 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝,4 ?

005 𝑋𝑋5 𝑊𝑊5 control 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝,5 ?

006 𝑋𝑋6 𝑊𝑊6 control 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝,6 ?

Bias-corrected outcome 
bridge function ℎ 𝑊𝑊,𝑋𝑋 +
ℎ𝑝𝑝𝑝𝑝𝑝𝑝(𝑊𝑊,𝑋𝑋, 1) − ℎ𝑝𝑝𝑝𝑝𝑝𝑝 𝑊𝑊,𝑋𝑋, 0
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Identification
Multiple paths

𝑌𝑌𝑡𝑡
𝑠𝑠,(0,0) = 𝜇𝜇𝑡𝑡𝐸𝐸𝐸𝐸 𝑋𝑋,𝑈𝑈 + 𝑠𝑠 ⋅ 𝑏𝑏 𝑋𝑋,𝑈𝑈 + 𝜖𝜖𝑠𝑠,𝑡𝑡

𝜏𝜏 = 𝔼𝔼[𝑌𝑌1, 0,0 ∣ 𝑆𝑆 = 1] = 𝔼𝔼[𝜇𝜇0𝐸𝐸𝐸𝐸 𝑋𝑋,𝑈𝑈 + 𝑏𝑏 𝑋𝑋,𝑈𝑈 ∣ 𝑆𝑆 = 1]

Path 1
Outcome bridge identification 

𝜏𝜏 = 𝔼𝔼 ℎ 𝑊𝑊,𝑋𝑋 + ℎ𝑝𝑝𝑝𝑝𝑝𝑝(𝑊𝑊,𝑋𝑋, 1) − ℎ𝑝𝑝𝑝𝑝𝑝𝑝 𝑊𝑊,𝑋𝑋, 0 𝑆𝑆 = 1

Path 2
Identification through source bridge functions 

𝜏𝜏 = 𝔼𝔼 1 − 𝑆𝑆 𝑅𝑅𝑞𝑞 𝑍𝑍,𝑋𝑋 𝑌𝑌 + 2𝑆𝑆 − 1 𝑞𝑞𝑝𝑝𝑝𝑝𝑝𝑝 𝑍𝑍,𝑋𝑋, 𝑆𝑆 𝑅𝑅𝑝𝑝𝑝𝑝𝑝𝑝𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝 /𝑃𝑃(𝑆𝑆 = 1)

Path 3

Identification through the combination
𝜏𝜏 = 𝔼𝔼 ℎ 𝑊𝑊,𝑋𝑋 + ℎ𝑝𝑝𝑝𝑝𝑝𝑝(𝑊𝑊,𝑋𝑋, 1) − ℎ𝑝𝑝𝑝𝑝𝑝𝑝 𝑊𝑊,𝑋𝑋, 0 𝑆𝑆 = 1 +

𝔼𝔼 1 − 𝑆𝑆 𝑅𝑅𝑞𝑞 𝑍𝑍,𝑋𝑋 𝑒𝑒 + (2𝑆𝑆 − 1)𝑞𝑞𝑝𝑝𝑝𝑝𝑝𝑝 𝑍𝑍,𝑋𝑋, 𝑆𝑆 𝑅𝑅𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑝𝑝𝑝𝑝𝑝𝑝 /𝑃𝑃(𝑆𝑆 = 1)
• (𝑒𝑒 = 𝑌𝑌 − ℎ, 𝑒𝑒𝑝𝑝𝑝𝑝𝑝𝑝 = 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝 − ℎ𝑝𝑝𝑝𝑝𝑝𝑝)
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Path 2: The Source Bridge
Reweighting

EC observed 1 − 𝑆𝑆 𝑅𝑅𝑅𝑅 is biased for 𝜏𝜏 due to 
i) selection bias and missingness and ii) study heterogeneity

The goal:  Rewright the external control so its confounder distribution looks 
like the RCT, and correct the bias due to study heterogeneity.

Define the source bridge functions for pre- and post- extension period 
𝔼𝔼 1 − 𝑆𝑆 𝑅𝑅𝑞𝑞 𝑍𝑍,𝑋𝑋 − 𝑆𝑆 𝑊𝑊,𝑋𝑋 = 0

𝔼𝔼 1 𝑆𝑆 = 𝑠𝑠 𝑅𝑅𝑝𝑝𝑝𝑝𝑝𝑝𝑞𝑞𝑝𝑝𝑝𝑝𝑝𝑝 𝑍𝑍,𝑋𝑋, 𝑠𝑠 − 𝑆𝑆 𝑊𝑊,𝑋𝑋 = 0

Interpretation:
• (𝑞𝑞𝑝𝑝𝑝𝑝𝑝𝑝, 𝑞𝑞) recover ratios of selection and observation probabilities

𝔼𝔼 𝑞𝑞 𝑍𝑍,𝑋𝑋 𝑈𝑈,𝑋𝑋, 𝑆𝑆 = 0,𝑅𝑅 = 1 =
𝑃𝑃(𝑆𝑆 = 1 ∣ 𝑈𝑈,𝑋𝑋)

𝑃𝑃(𝑆𝑆 = 0,𝑅𝑅 = 1 ∣ 𝑈𝑈,𝑋𝑋)

𝔼𝔼 𝑞𝑞𝑝𝑝𝑝𝑝𝑝𝑝 𝑍𝑍,𝑋𝑋, 𝑠𝑠 𝑈𝑈,𝑋𝑋, 𝑆𝑆 = 𝑠𝑠,𝑅𝑅𝑝𝑝𝑝𝑝𝑝𝑝 = 1 =
𝑃𝑃(𝑆𝑆 = 1 ∣ 𝑈𝑈,𝑋𝑋)

𝑃𝑃(𝑆𝑆 = 𝑠𝑠,𝑅𝑅𝑝𝑝𝑝𝑝𝑝𝑝 = 1 ∣ 𝑈𝑈,𝑋𝑋)

• Reweight and correct: 1 − 𝑆𝑆 𝑅𝑅𝑅𝑅 𝑍𝑍,𝑋𝑋 𝑌𝑌 + 2𝑆𝑆 − 1 𝑞𝑞𝑝𝑝𝑝𝑝𝑝𝑝 𝑍𝑍,𝑋𝑋, 𝑆𝑆 𝑅𝑅𝑝𝑝𝑝𝑝𝑝𝑝𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝

RCT Target
𝑓𝑓(𝑈𝑈,𝑋𝑋 ∣ 𝑆𝑆 = 1)

EC distribution
𝑓𝑓(𝑈𝑈,𝑋𝑋 ∣ 𝑆𝑆 = 0,𝑅𝑅 = 1)

Weighting 
function 
𝑞𝑞 𝑍𝑍,𝑋𝑋
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Identification
Multiple paths

𝑌𝑌𝑡𝑡
𝑠𝑠,(0,0) = 𝜇𝜇𝑡𝑡𝐸𝐸𝐸𝐸 𝑋𝑋,𝑈𝑈 + 𝑠𝑠 ⋅ 𝑏𝑏 𝑋𝑋,𝑈𝑈 + 𝜖𝜖𝑠𝑠,𝑡𝑡

𝜏𝜏 = 𝔼𝔼[𝑌𝑌1, 0,0 ∣ 𝑆𝑆 = 1] = 𝔼𝔼[𝜇𝜇0𝐸𝐸𝐸𝐸 𝑋𝑋,𝑈𝑈 + 𝑏𝑏 𝑋𝑋,𝑈𝑈 ∣ 𝑆𝑆 = 1]

Path 1
Outcome bridge identification 

𝜏𝜏 = 𝔼𝔼 ℎ 𝑊𝑊,𝑋𝑋 + ℎ𝑝𝑝𝑝𝑝𝑝𝑝(𝑊𝑊,𝑋𝑋, 1) − ℎ𝑝𝑝𝑝𝑝𝑝𝑝 𝑊𝑊,𝑋𝑋, 0 𝑆𝑆 = 1

Path 2
Source bridge identification 

𝜏𝜏 = 𝔼𝔼 1 − 𝑆𝑆 𝑅𝑅𝑞𝑞 𝑍𝑍,𝑋𝑋 𝑌𝑌 + 2𝑆𝑆 − 1 𝑞𝑞𝑝𝑝𝑝𝑝𝑝𝑝 𝑍𝑍,𝑋𝑋, 𝑆𝑆 𝑅𝑅𝑝𝑝𝑝𝑝𝑝𝑝𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝 /𝑃𝑃(𝑆𝑆 = 1)

Path 3

Identification through the combination
𝜏𝜏 = 𝔼𝔼 ℎ 𝑊𝑊,𝑋𝑋 + ℎ𝑝𝑝𝑝𝑝𝑝𝑝(𝑊𝑊,𝑋𝑋, 1) − ℎ𝑝𝑝𝑝𝑝𝑝𝑝 𝑊𝑊,𝑋𝑋, 0 𝑆𝑆 = 1 +

𝔼𝔼 1 − 𝑆𝑆 𝑅𝑅𝑞𝑞 𝑍𝑍,𝑋𝑋 𝑒𝑒 + (2𝑆𝑆 − 1)𝑞𝑞𝑝𝑝𝑝𝑝𝑝𝑝 𝑍𝑍,𝑋𝑋, 𝑆𝑆 𝑅𝑅𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑝𝑝𝑝𝑝𝑝𝑝 /𝑃𝑃(𝑆𝑆 = 1)
• (𝑒𝑒 = 𝑌𝑌 − ℎ, 𝑒𝑒𝑝𝑝𝑝𝑝𝑝𝑝 = 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝 − ℎ𝑝𝑝𝑝𝑝𝑝𝑝)
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Identification
Multiple paths

𝑌𝑌𝑡𝑡
𝑠𝑠,(0,0) = 𝜇𝜇𝑡𝑡𝐸𝐸𝐸𝐸 𝑋𝑋,𝑈𝑈 + 𝑠𝑠 ⋅ 𝑏𝑏 𝑋𝑋,𝑈𝑈 + 𝜖𝜖𝑠𝑠,𝑡𝑡

𝜏𝜏 = 𝔼𝔼[𝑌𝑌1, 0,0 ∣ 𝑆𝑆 = 1] = 𝔼𝔼[𝜇𝜇0𝐸𝐸𝐸𝐸 𝑋𝑋,𝑈𝑈 + 𝑏𝑏 𝑋𝑋,𝑈𝑈 ∣ 𝑆𝑆 = 1]

Path 1
Outcome bridge identification 

𝜏𝜏 = 𝔼𝔼 ℎ 𝑊𝑊,𝑋𝑋 + ℎ𝑝𝑝𝑝𝑝𝑝𝑝(𝑊𝑊,𝑋𝑋, 1) − ℎ𝑝𝑝𝑝𝑝𝑝𝑝 𝑊𝑊,𝑋𝑋, 0 𝑆𝑆 = 1

Path 2
Source bridge identification

𝜏𝜏 = 𝔼𝔼 1 − 𝑆𝑆 𝑅𝑅𝑞𝑞 𝑍𝑍,𝑋𝑋 𝑌𝑌 + 2𝑆𝑆 − 1 𝑞𝑞𝑝𝑝𝑝𝑝𝑝𝑝 𝑍𝑍,𝑋𝑋, 𝑆𝑆 𝑅𝑅𝑝𝑝𝑝𝑝𝑝𝑝𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝 /𝑃𝑃(𝑆𝑆 = 1)

Path 3

Combined identification
𝜏𝜏 = 𝔼𝔼 ℎ 𝑊𝑊,𝑋𝑋 + ℎ𝑝𝑝𝑝𝑝𝑝𝑝(𝑊𝑊,𝑋𝑋, 1) − ℎ𝑝𝑝𝑝𝑝𝑝𝑝 𝑊𝑊,𝑋𝑋, 0 𝑆𝑆 = 1 +

𝔼𝔼 1 − 𝑆𝑆 𝑅𝑅𝑞𝑞 𝑍𝑍,𝑋𝑋 𝑒𝑒 + (2𝑆𝑆 − 1)𝑞𝑞𝑝𝑝𝑝𝑝𝑝𝑝 𝑍𝑍,𝑋𝑋, 𝑆𝑆 𝑅𝑅𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑝𝑝𝑝𝑝𝑝𝑝 /𝑃𝑃(𝑆𝑆 = 1)
• (𝑒𝑒 = 𝑌𝑌 − ℎ, 𝑒𝑒𝑝𝑝𝑝𝑝𝑝𝑝 = 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝 − ℎ𝑝𝑝𝑝𝑝𝑝𝑝)
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Three estimators deliver
Increasing levels of robustness

• Based on these bridge functions 𝐻𝐻 = (ℎ,ℎ𝑝𝑝𝑝𝑝𝑝𝑝) and 𝑄𝑄 = (𝑞𝑞, 𝑞𝑞𝑝𝑝𝑝𝑝𝑝𝑝), we derive a class of semiparametric 
estimators for the counterfactual mean 𝜏𝜏.

• PDR is the preferred choice, offering protection against model misspecification and achieving the 
semiparametric efficiency bound.

Estimator Name Relies on correct 
specification of …

Key Property

𝜏̂𝜏𝑃𝑃𝑃𝑃𝑃𝑃 Proximal outcome 
regression

Outcome model (𝐻𝐻) Simple to implement, relies on correctly modeling 
outcome trends.

𝜏̂𝜏𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 Proximal inverse 
probability weighting

Source model (𝑄𝑄) Uses weighting to balance populations, relies on 
correctly modeling study participation and 
missingness.

𝜏̂𝜏𝑃𝑃𝑃𝑃𝑃𝑃 Proximal doubly 
robust

Outcome model (𝐻𝐻) OR
Source model (𝑄𝑄)

Consistent if either model is correct. Efficient if 
both are correct.
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Nuisance parameter estimation
Bridge functions

𝔼𝔼 𝑌𝑌 − ℎ 𝑊𝑊,𝑋𝑋 𝑔𝑔(𝑍𝑍,𝑋𝑋) 𝑆𝑆 = 0,𝑅𝑅 = 1 = 0
𝔼𝔼 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝 − ℎ𝑝𝑝𝑝𝑝𝑝𝑝 𝑊𝑊,𝑋𝑋, 𝑆𝑆 𝑔𝑔(𝑍𝑍,𝑋𝑋, 𝑆𝑆) 𝐴𝐴𝑝𝑝𝑝𝑝𝑝𝑝 = 0,𝑅𝑅𝑝𝑝𝑝𝑝𝑝𝑝 = 1 = 0

𝔼𝔼[ 1 − 𝑆𝑆 𝑅𝑅𝑞𝑞 𝑍𝑍,𝑋𝑋 − 𝑆𝑆 𝑔𝑔(𝑊𝑊,𝑋𝑋)] = 0
𝔼𝔼[ 1 𝑆𝑆 = 𝑠𝑠 𝑅𝑅𝑝𝑝𝑝𝑝𝑝𝑝𝑞𝑞𝑝𝑝𝑝𝑝𝑝𝑝 𝑍𝑍,𝑋𝑋, 𝑠𝑠 − 𝑆𝑆 𝑔𝑔(𝑊𝑊,𝑋𝑋)] = 0

for any reasonable 𝑔𝑔(⋅)

Implications: The bridge functions can be solved using
• Generalized method of moments (Imbens et al., 2021)
• Minimax approach with kernels (Ghassami et al., 2022; Kallus et al., 2021)
• Neural networks (Zhang et al., 2025)
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Simulation
Confirm the PDR estimator’s robustness.

We conducted a simulation study to evaluate the properties of our estimators under different scenarios 
of model misspecification. 

Conclusion: the double robustness property provides powerful protection against model misspecification 
in practice.
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The clinical challenge
Estimating Alzheimer’s progression after crossover
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Our method uniquely recovers the true trend,
outperforming state-of-the-art alternatives.
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A flexible and robust solution
for a critical evidence gap.

40

•The first to systematically address unmeasured confounding, study 
heterogeneity, and informative missingness when integrating external data

A Novel Unified 
Framework

• Introduced CPTL and MARL, relaxing the restrictive assumptions that limit the 
validity of existing methods

Weaker, More Realistic 
Assumptions

•Developed PDR, doubly robust and semiparametrically efficientA High-Performance 
Estimator

•Proved the method’s superiority in a challenging and clinically relevant 
Alzheimer’s disease simulation 

Demonstrated Real-
World Value

How to “design” ECs? How to select and utilize proxy 
variables?

General outcomes such as time-2-
event
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Thank You!
Any Questions?

syang24@ncsu.edu
https://shuyang.wordpress.ncsu.edu/

mailto:syang24@ncsu.edu
https://shuyang.wordpress.ncsu.edu/


Special Case
No missingness

• When outcomes are fully observed:
• Simplified identification
• Reduced data requirements
• Longitudinal outcomes act as proxies
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Special Case
No missingness

𝑅𝑅𝑝𝑝𝑝𝑝𝑝𝑝 = 𝑅𝑅 = 1, 𝑞𝑞𝑝𝑝𝑝𝑝𝑝𝑝 𝑍𝑍,𝑋𝑋, 1 = 1, 𝑞𝑞𝑝𝑝𝑝𝑝𝑝𝑝 𝑍𝑍,𝑋𝑋, 0 = 𝑞𝑞(𝑍𝑍,𝑋𝑋)

𝜏𝜏 = 𝔼𝔼 𝑑𝑑 𝑊𝑊,𝑋𝑋 + 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝 𝑆𝑆 = 1 +
𝔼𝔼 1− 𝑆𝑆 𝑞𝑞 𝒁𝒁,𝑋𝑋 𝛿𝛿

𝑃𝑃 𝑆𝑆 = 1

• 𝑑𝑑 𝑊𝑊,𝑋𝑋 is a bridge function for 𝑌𝑌 − 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝 in RCT controls 
• 𝛿𝛿 = 𝑌𝑌 − 𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑑𝑑 𝑊𝑊,𝑋𝑋
• 𝒁𝒁 is not necessary from RCT data! 
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The practical advantage
Longitudinal outcomes can serve as their own proxie

• Use observed outcomes themselves as proxies. 
This makes the method highly practical for 
longitudinal studies.

• Baseline outcome (𝑌𝑌𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏) as ‘𝑊𝑊’: if it is “externally 
valid” 𝑌𝑌𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 ⊥ 𝑆𝑆 ∣ (𝑋𝑋,𝑈𝑈)

• Post-baseline outcome (𝑌𝑌𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝) as ‘𝑍𝑍’: a later 
outcome observed in the EC can serve as the 
source-proxy ‘𝑍𝑍’ 
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