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Mediation analysis: the usual goal

direct path
T R M N Y
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covariates

Mediation analysis asks how much of the effect of T on Y is
transmitted through M.
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Example Il: population health
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How much of the exposure effect operates through biomarkers,
medication use, or care processes?



Ideal setting for mediation analysis

If we observe X, T, M and Y in a single data source, under
certain assumptions, we can identify®

» Natural direct effect (NDE):
NDE = E{Y(1, M(0))} — E{Y(0, M(0))}
» Natural indirect effect (NIE):

NIE = E{Y(1,M(1))} — E{Y(1,M(0))}

1We use the nested potential outcome Y (t, M(t')) to denote the hypothetical
outcome if the exposure were set at T = t and the mediator were set at what would
happen under T = t’.
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Ideal setting: identification assumptions

Assumption 1. (Sequential ignorability Imai et al. (2010b))

{Y(t',m),M(t)} L T|X
Y(t',m) LM(t)| T=tX
for t,t' = {0,1} and all x € X while also assuming

0<Pr(T=t|X=x)and 0 < p(M(t)=m| T =1t,X =x) for
all me M.



Ideal setting: identification assumptions

Assumption 1. (Sequential ignorability Imai et al. (2010b))

{Y(t',m),M(t)} L T|X
Y(t',m) LM(t)| T=tX
for t,t' = {0,1} and all x € X while also assuming

0<Pr(T=t|X=x)and 0 < p(M(t)=m| T =1t,X =x) for
all me M.

Key idea: Sequential ignorability turns the cross-world quantity
into observed-data functionals:

E{Y(t, M(t))} =

/E[Y| T=t,M=mX=x]dFy r_y x_,(m)dFx(x)



Practical barrier #1

In many settings, the mediator and outcome are measured in
different data sources.

S = 0 outcome source S = 1 mediator source
observes (Y, T, X) observes (M, T, X)

~ 7

(M, Y) never jointly observed




Practical barrier #1

In many settings, the mediator and outcome are measured in
different data sources.

S = 0 outcome source S = 1 mediator source
observes (Y, T, X) observes (M, T, X)

~ 7

[(M, Y') never jointly observed

As a result, we can't estimate E[Y | M, T, X].
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Example I: integrative genomics
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eQTL studies

Does the genetic effect on disease operate through gene
expression?



Example I: integrative genomics
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GWAS studies

Does the genetic effect on disease operate through gene
expression?
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How much of the exposure effect operates through biomarkers,
medication use, or care processes?



Example Il: population health
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Dedicated studies

How much of the exposure effect operates through biomarkers,
medication use, or care processes?
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Example Il: population health
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How much of the exposure effect operates through biomarkers,
medication use, or care processes?
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Practical barrier #2

The presence of unmeasured mediator-outcome confounding.

Mediator M

Outcome Y

~ 7

Unmeasured U
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Practical barrier #2

The presence of unmeasured mediator-outcome confounding.

Mediator M } [ Outcome Y

~ “

Unmeasured U

Even if (M, Y) are jointly observed,

E{Y(t, M(t"))} #

/]E[Y | T=¢t,M=mX = x]dF,, (m)dFx(x)

| T=1t" X=x
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This is a data fusion problem

We observe two complementary samples:

S=0: (Y,T,X), S=1: (M,T,X).

The challenge: No jointly observed (M, Y) and unmeasured
M —Y confounding

Goal: identify natural direct and indirect effects for a target
population (for instance, S = 0).

How?

13



This is a data fusion problem

We observe two complementary samples:

S=0: (Y,T.X), S=1: (MT,X).

The challenge: No jointly observed (M, Y) and unmeasured
M —Y confounding

Goal: identify natural direct and indirect effects for a target
population (for instance, S = 0).

How? somehow bridge the two data sources...

13



Prior works on data fusion

Common theme: Express the target estimand as a functional of
several components of the target distribution Q, i.e.,

Q="P(-|S=0).
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Prior works on data fusion

Common theme: Express the target estimand as a functional of
several components of the target distribution Q, i.e.,

Q=P(-15=0).
Target estimand (assume U = 0)):
NIE := ¢(QY|M,T,X7 Qm|T.x - Qx) :

Then each component must be identified via at least one data
source. We need to find data sources aligning with Q in terms of

» Qym,7.x: data source S = {2,4,5}
» Qu7.x, Qx: data source S = {1,2}

14



Prior works on data fusion

Many existing data fusion work falls under this common theme:
» Intermediate variables (surrogates, short-term outcome):
Huang et al. (2023); Athey et al. (2025); Kallus and Mao
(2025)
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Prior works on data fusion

Many existing data fusion work falls under this common theme:

» Intermediate variables (surrogates, short-term outcome):
Huang et al. (2023); Athey et al. (2025); Kallus and Mao
(2025)

» General recipes applicable to mediation effects: Li and
Luedtke (2023); Graham et al. (2024)

These methods fall short, since

» Qym,7x: data source S =7

In other words, the alignment is latent in our setting.
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Relationship with missing data literature

A missing-at-random view would require positivity.

Here, we violate that positivity condition as the probability of
observing (M, Y) is zero.

Source M Y

Outcome source S =0 - observed
Mediator source S =1 observed -
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Relationship with missing data literature

A missing-at-random view would require positivity.

Here, we violate that positivity condition as the probability of
observing (M, Y) is zero.

Source M Y

Outcome source S =0 - observed
Mediator source S =1 observed -

This is a different setting from missing data (Robins et al., 1994;
Tsiatis, 2006; Wang et al., 2009), and semi-supervised learning
under blockwise missingness (Xu et al., 2025b,a).
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Prior works on “extreme form of missing data”

These work consider settings closer to ours.

» Derkach et al. (2024) considered fusing sources with each
containing only two of the three key variables, and relied on a
parametric form of the distribution of Y | M, T, X.
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Prior works on “extreme form of missing data”

These work consider settings closer to ours.

» Derkach et al. (2024) considered fusing sources with each
containing only two of the three key variables, and relied on a
parametric form of the distribution of Y | M, T, X.

» Evans et al. (2021) proposed estimators under a regression
setting when Y and two covariates of interest (V/, L) are never
jointly observed, and relied on parametric form of the
distribution of Y | V, L.

17



Our contributions

Existing approaches for mediation analysis often require at least
one of the following:

» Jointly observed (M,Y)

» No unmeasured M-Y confounding
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Our contributions

Existing approaches for mediation analysis often require at least
one of the following:

» Jointly observed (M,Y)
» No unmeasured M-Y confounding

In this work, we develop a semiparametric approach that tackles
the two aforementioned challenges simultaneously:

» New identification strategies
» Efficient & robust estimators with theoretical guarantees

18



Our proposal

The use of shared instrumental variables (IVs)

S=0: (Y,T,Z,X), S=1: (M,T,ZX).

19



Roles of instrumental variables

ZYT, Z -» Y except through T,

Z1LU|X.
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Roles of instrumental variables

ZVT, Z -+ Y except through T, Z1U|X.
Classical role: address unmeasured confounding

» Average treatment effect under unmeasured confounding:
(Wang and Tchetgen Tchetgen, 2018; Dong et al., 2025;
Chen et al., 2025)

» Mediation effects for specific compliance groups: (Imai
et al., 2013; Frolich and Huber, 2017; Rudolph et al., 2021,
2024)

20



Roles of instrumental variables

ZVT, Z -+ Y except through T, Z1U|X.

Classical role: address unmeasured confounding

Data-fusion role: bridge complementary samples
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Roles of instrumental variables

ZVT, Z -+ Y except through T, Z1U|X.

Classical role: address unmeasured confounding

Data-fusion role: bridge complementary samples

Two-sample IV settings use a shared Z to bridge sources:
Sample 1: (Z,T), Sample 2: (Z,Y).

» Two-sample IVs: (Angrist and Krueger, 1992; Inoue and
Solon, 2010; Zhao et al., 2019; Sun and Miao, 2022)
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Roles of instrumental variables

ZVT, Z -+ Y except through T, Z1U|X.

Classical role: address unmeasured confounding

Data-fusion role: bridge complementary samples
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Our identification strategy in a nutshell

Use instrumental variables [Z to align
M|T=tX,S=0 ~ M|T=t,X,5=0

Applying the reweighting to source S = 0 identifies
E{Y(t,M(t')) | S = 0} under a no-interaction condition and a

latent exchangeability condition.
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Our identification strategy in a nutshell

Use instrumental variables [Z to align
M| T=t,X,S=0 ~ M|T=t X,S=0

Applying the reweighting to source S = 0 identifies
E{Y(t,M(t')) | S = 0} under a no-interaction condition and a

latent exchangeability condition .
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Observed data structure

Let O = (S, X, T,Z,(1-S)Y,SM) ~ P & P.
Equivalently:

S=0:(Y,T,Z,X), S=1:(M,T,Z X).
S €{0,1}: data source indicator
X € RY: covariates

T € {0,1}: binary exposure; Z € RIZ|: shared instruments
M € R: mediator; Y € R: outcome

vVvyyvyyvy

U: unmeasured mediator-outcome confounder

22



Target estimands

We treat S = 0 as our target population. Let
¢ =E{Y(t, M(t))| S = 0}.

Then
NDE = (blo o ¢00’ NIE = (bll o ¢10'

Key difficulty: identifying cross-world term

#*° = E{Y(1,M(0)) | S = 0}.

23



Structural Causal Model

We assume that there exists deterministic functions fy; and fy
such that

M=1(T,Z,X,U,em),
Y =Ff(M,T,X,U,cey),

Figure: An illustration of the data generating process. D = (T, Z)
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Identification ingredients

Our identification strategies rest on the following assumptions.

1. (T,Z)JL(Ey,EM,U)|X,S.

2. EyJL€M|X,U,5.

3.e<P(T=1|za,x,5)<1—e¢foranyza,x,s
P-everywhere.
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Identification ingredients

Our identification strategies rest on the following assumptions.

1. (T,Z)JL(Sy,€M,U)|X,5.

2. €yJ|_€M|X,U,5.

3. e<P(T=1]za,x,s)<1—e€foranyza,x,s
P-everywhere.

Under the proposed SCM with U = (), these assump-
tions reduce to classical sequential ignorability (Imai
et al., 2010a).
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Identification ingredients

Our identification strategies rest on the following assumptions.

1.
2.
3.

(T,Z) A ({:‘y,{-:/\//, U) | X,S.

ey Ley | X, U,S.
e<P(T=1|zax,5)<1—¢foranyza,x,s
P-everywhere.

CE[Y | M=m,T,Z,X,U,S|—E[Y |M=nm',T,Z,X,U,S]

does not depend on U.

To accommodate U, we assume conditional on
(T,Z,X,S), Uis not an effect modifier.
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Identification ingredients

Our identification strategies rest on the following assumptions.

1.
2.
3.

(T,Z) A ({:‘y,{-:/\//, U) | X,S.

ey Ley | X, U,S.
e<P(T=1|zax,5)<1—¢foranyza,x,s
P-everywhere.

CE[Y | M=m,T,Z,X,U,S|—E[Y |M=nm',T,Z,X,U,S]

does not depend on U.

.c<P(5=1|T,Z,X)<1—c P-as. In addition,

SL(UMY) T ZX.

We additionally need cross-source exchangeability con-
ditions linking the mediator and outcome sources.
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What does Z do?

Condition 1 (Completeness). For any s, t, x, and any
square-integrable function h,

E[h(M) | T=t,Z,X=x,5S=5] =0

almost surely implies h = 0 almost surely.
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Condition 1 (Completeness). For any s, t, x, and any
square-integrable function h,

E[hA(M)| T=t,Z,X=x,5=5]=0
almost surely implies h = 0 almost surely.

This means: any variability in M is captured by variability in Z.
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What does Z do?

Condition 1 (Completeness). For any s, t, x, and any
square-integrable function h,

E[h(M) | T=t,Z,X=x,5S=5] =0

almost surely implies h = 0 almost surely.

This means: any variability in M is captured by variability in Z.

Great discussions on the role of completeness condition: Miao
et al. (2023); Guo et al. (2025), and on alternative conditions:
Bennett et al. (2023, 2025)
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Bridge functions

Lemma 1. (Existence of bridge functions w). Under Condition
1 and additional regularity conditions, there exists some function
vector w = (w!!, wl% w) that satisfies

/th (z,x)pm T,z x,s(m | t,z,x,1)pT 7|x s(t, 2 | x,0)dz
= /PM|T,2,X,5(m | t',2,x,1)pzx,s(z | x,0)dz

for t,t' € {0,1} and x P-everywhere.
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Bridge functions

Lemma 1. (Existence of bridge functions w). Under Condition
1 and additional regularity conditions, there exists some function
vector w = (w!!, wl% w) that satisfies

/th/(ZvX)PM|T,Z,X,S(m| t,z,x,1)pr zix,s(t,z | x,0)dz
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for t,t' € {0,1} and x P-everywhere.
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Bridge functions

Lemma 1. (Existence of bridge functions w). Under Condition
1 and additional regularity conditions, there exists some function
vector w = (w!!, wl% w) that satisfies

[ W @ purrzxs(m] €25 1By s (B 2] %:0) oz
= /PMT,Z,X,S(m| t',z,x,1) pzix,s(z | x,0) dz

for t,t' € {0,1} and x P-everywhere.
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Bridge functions

Lemma 1. (Existence of bridge functions w). Under Condition
1 and additional regularity conditions, there exists some function
vector w = (w!l, w0 w00) that satisfies

/th (z,x)PmiT,zx,s(m | t,z,x,1)pT 71x,5(t, z | X,0)dz
= /PM|T,Z,X,5(m | t',2z,x,1)pzix,s(z | x,0)dz

for t,t' € {0,1} and x P-everywhere.
The bridge function w't’ reweighs the mediator strata
M, T =t | X,S =0 such that it aligns with M(#") | X,S =0.
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Remarks on bridge functions

When t = t/, w admits the simple solutions with

w'(z,x) =1/P(T =t]| z,a,x,S = 0). More generally, however,
solutions are not unique as uniqueness holds only if Z is also
complete in M.
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Remarks on bridge functions

When t = t/, w admits the simple solutions with

w'(z,x) =1/P(T =t]| z,a,x,S = 0). More generally, however,
solutions are not unique as uniqueness holds only if Z is also
complete in M.

Importantly, this lack of uniqueness is harmless for identification as

all valid bridge functions w will lead to the same reweighted
counterfactual mediator distribution.
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Identification result

Theorem 1. Suppose E[{w''(Z,X)}?] < oo for t,t' € {0,1}.
Under Assumptions 1-5 and Condition 1, NDE and NIE can be
identified as Y NPE(P) = 10(P) — 4%(P) and
YNE(P) = 1 (P) — 10(P), where 11, 410, 400 P — R and
YR (P) = Ep[Ep[Y | T=1,Z,X,5=0]| S =0]
YO(P) == Ep [Ep [I(T = 1)w™(Z,X)Y | X,S=10] | S =0]
YO(P) = Ep[Ep[Y | T=0,Z,X,5=0]|S=0].

32



Identification result with unknown 1V set

We have also investigated the more challenging case where the set
of valid IVs must be learned.

When the index set of Vs is unknown, it is still possible to identify
a subset sufficient for identification under additional assumptions.
We establish the corresponding identification strategy and propose
a reproducing kernel-based nonparametric IV selection algorithm.
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We have identified our target estimands using two incomplete data
sources.

34



We have identified our target estimands using two incomplete data
sources.

Now let us study how to estimate them.
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Constructing our estimator

General recipe for estimating ¢ (P):

» Suppose we have an initial estimator P of P, and a gradient
Dp of 9.

» We then construct a one-step estimator using observed data

O~P
b= (P ZD

» This estimator will be maximally efficient when Dp is the
so-called canonical gradient of the parameter 1.

35



A set of gradients

Lemma 2. Under Assumptions 1-5 and Condition 1, a set of
gradients of 1!, 119 and ¥ relative to P at P are:

DF'(0) = ,]JIE;_ %)) {1(t = 1)w(z,x)(y — (2, %)) + (2, x) — ¥1(P)
DR (o) = PES ((’))) {1(t = D)Wz, x) (y — p1(z, x)) + p1o(z, x) — YO(P)
+ %n(t = 0)W®(z, x) A(t, 2, x) (v1(m, x) — p10(z, X))
- igill))ﬂ(f = DA(t, 2, )W'(z, x)(v1(m, x) — p1(z, x))
DP(0) = HE=0 (4 — 0y w90z, x)(y — oz, x)) + po(z, x) — ¥O(P),

P(S =0)

where p:(Z,X) := Ep[Y | T =t,Z,X,S = 0], v:(M, X) be the solution to
M, (t, Z, X) = 11e(Z, X), where M, (t', Z, X) := Ep[ve(M,X) | T = t/,Z,X,S = 1],

po(Z, X) i= My (0, Z, X), and \(T, Z, X) := AL2502=0
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A set of gradients

Lemma 2. Under Assumptions 1-5 and Condition 1, a set of
gradients of 1!, 119 and ¥ relative to P at P are:
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A set of gradients

Lemma 2. Under Assumptions 1-5 and Condition 1, a set of
gradients of 1!, 119 and ¥ relative to P at P are:

1(s = 0) {1(t = )Wz, x) (y — p1(z, x)) + p10(z, x) — ¥O(P)

DE’(0) = P(S = 0)

I(s=1) . _
+ P(S=1) — 2 1(t = 0)W(z, x) A(t, z, x) (v1(m, x) — p10(z, x))
I(s=1) o)

T R(s =y = DA 2wz 00 (m )

1(t =

where p:(Z,X) := Ep[Y | T =t,Z,X,S = 0], v:(M, X) be the solution to

M,,(t, Z, X) = pue(Z, X), where My, (', Z, X) := Ep[ve(M, X) | T =/, Z,X,S = 1]
T,Z,X|5=0
po(Z, X) i= My (0, Z, X), and \(T, Z, X) := AL2502=0
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A set of gradients

Lemma 2. Under Assumptions 1-5 and Condition 1, a set of
gradients of 1!, 119 and ¥ relative to P at P are:

;l,g::%)) {Il(t = 1) wi(z,x) (y — p1(z,x)) + p1(z, x) — wll(P)}
D%—:O(O) = :‘]iEZ::%)) {]l(t =1) WIO(Z,X) (y — p1(z,x)) + p10(z, x) — ¢10(P)}
%ﬂ(t = 0)w®(z, x) \(t, z, x) (v1(m, x) — p10(z, x))

- ;l)éss::]i))ﬂ(t =1)A(t, z,x) Wlo(z,x) (v1(m, x) — p1(z, x))
D,gO(O) = ;L)EZ.::%)) {ﬂ(t = O) WOU(z’x) (y — /»lo(Z,X)) + /JO(Z, X) _ TZ)OO(P)} 7

DE\(0) =

+

where p:(Z,X) := Ep[Y | T =t,Z,X,S5 = 0], v:(M, X) be the solution to

M,,(t, Z, X) = pue(Z, X), where My, (', Z, X) := Ep[ve(M, X) | T = ¢/, Z,X,S = 1],
p(T,Z,X|5=0)

p10(Z,X) :=M,,(0,Z,X), and X(T, Z,X) := o(T.ZX5=1)"
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Special case: mutual completeness

Condition 1 (M complete in Z). For any s, t, x, and any
square-integrable function h,

E[A(M)| T=t,Z,X=x,5=5=0

almost surely implies h = 0 almost surely.

Condition 2 (Z complete in M). For any t, x, and any
square-integrable function h,

E[hZ)| T=t,M,X=x,5=0]=0

almost surely implies h = 0 almost surely.
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Special case: mutual completeness

When both directions of completeness holds, bridge functions are
unique.

1
w(Z,X)’

wil(Z,X) = w%(Z, X)

T 1-7(Z,X)
where 7(Z,X) = P(T =1 Z, X).

This clarifies when standard inverse-propensity weighting is already
efficient, and when additional bridge-based information can
improve efficiency.
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Special case: mutual completeness

Theorem 1 (Mutual completeness implies efficiency ).

Let Peomplete C P denote the set of distributions that satisfies
Assumptions 1-5 and Conditions 1-2. Under a common mediator
support condition, D}, D&, D are the canonical gradients of

P 10 and % relative to Peomplete at P.
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Special case: mutual completeness

Theorem 1 (Mutual completeness implies efficiency ).

Let Peomplete C P denote the set of distributions that satisfies
Assumptions 1-5 and Conditions 1-2. Under a common mediator
support condition, D,lpl, D,lpo, Dgo are the canonical gradients of

P 10 and % relative to Peomplete at P.

Heuristics: model constraints are imposed on the full
data model where U is observed. The tangent space
T(Papcomplete) = Lg(P)
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Construction of estimators

To construct one-step estimators for YNPE(P) and NE(P), we
need to estimate components of P that are needed for the
evaluation of D5P¥ and DX'E,

2\ = p(T,Z,X|S=0)/p(T,Z,X|S=1); pe = E[Y | T = t,Z,X,S = 0J;
M,,(t',Z,X) = E[ts(M,X) | T =t',Z,X,S = 1]; vt solves M,,(t, Z,X) =
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Construction of estimators

To construct one-step estimators for YNPE(P) and NE(P), we
need to estimate components of P that are needed for the
evaluation of D5P¥ and DX'E,

The list of nuisance parameters includes (IM,, v, A, w), where we
define M, := (M,,,, M,,) and v := (Vo,Vl) Under a generic P, we

denote the corresponding estimates as (]M,,, v, )\ w). 2
2A=p(T,Z,X|S=0)/p(T,Z,X|S=1); e =E[Y | T=1¢,2,X,5=0]
M,,(t,Z,X) = E[k(M,X) | T=t,Z,X,5 = 1] Ve solves My, (£, Z, X) = pue.
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Construction of estimators

WNDE _ 1510 _ woo and WNIE _ wn _ @o where3

P =P, [g((iz?){ (T =1)w'(z, )(Y Ny, (1, Z, G)) 7 (1,2, c)}]

P10 = PH[IAL(S =0 {IL(T = 1)@z, G) (Y Ny, (1, Z, G)) + iy, (0, Z, G)}

(5=
1(s = ) —0)iw% 5N o M-
A5 )]l(T =0)@%(Z,G)X(T, Z,G) ( (M, G) — M, (0, Z, G))
_is=1) 1007 &) (5
Ao )]l(T_ DNT, Z, G)w'(Z, G)( 71(M, G) — My, (1, Z, G))}
~[us=0) o _ _
90 =P, [ﬁ(s ) {1(T = 0)#*™(Z,6) (¥ ~ Nz, (0,2, 6)) + Wig, (0, Z, G)}] .

SA=p(T,Z,X|S=0)/p(T,Z,X|S=1); ;e = E[Y | T =1t,
M,,(t',Z,X) = E[pe(M,X) | T =t',Z,X,S = 1] vt Ve solves M,,(t, Z, X



Construction of estimators

WNDE _ 1510 _ @00 and WNIE _ 1511 _ @o where3

M =P, [E(SZO’{ (T =1)@'(Z,6) (Y ~ Bl5, (1,2, 6)) + My, (1, Z, G)}]

(s =0)
0 =P, [P(S_O) w107, G) (Y M, (1, Z, G)) + 1M, (0, Z, G)}
IP?L((Z ;n(r = 0)#%(2, 6)X(T, Z, 6) (A (M, 6) ~ Wiy, (0,Z, G))
_ ;((izlzn(r_ DT, Z,6)#™(Z, 6) (7 (M, 6) — Bz, (1, Z, G))}
90 =P, [Iﬁl((i_;g)) {1(T = 0)#*™(Z,6) (¥ ~ Nz, (0,2, 6)) + Wig, (0, Z, G)}] .

How to come up with these nuisance estimates?

SN=p(T,Z,X|S=0)/p(T,Z,X|S=1); e =E[Y | T=t,2,X,5 =0];
M,,(t',Z,X) = E[L:(M,X) | T=1t',Z,X,S =1]; vt solves M, (t,Z,X) =
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Construction of estimators

List of nuisance parameters*:

(M, , w2, A\, w)

“\=p(T,Z,X|S=0)/p(T,Z,X|S=1); e = E[Y | T=1t,2,X,5 =0];
M., (t',Z,X) = E[ts(M,X) | T =t',Z,X,S = 1]; vt solves M,,(t,Z,X) =
42



Construction of estimators

List of nuisance parameters*:

(MV7V7>\7 W)

» )\ can be estimated directly using both data sources.
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42



Construction of estimators

List of nuisance parameters*:

(MV7V7>\7 W)

» )\ can be estimated directly using both data sources.

» IM, can be estimated using samples from S = 1.
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Construction of estimators

List of nuisance parameters*:

(MV7V7>\7 W)

» )\ can be estimated directly using both data sources.

» IM, can be estimated using samples from S = 1.

» [/ and [w solve Fredholm integral equations of the first kind.

Concretely:
» Mg (1,2, G) =pi(Z, G) and M (0, Z, G) = fio(Z, G).

» (W can be estimated from its defining equation.

N=p(T,Z,X|S=0)/p(T,Z,X|S=1); e =E[Y | T=t,2,X,5 =0];
M,,(t',Z,X) = E[L:(M,X) | T=1t',Z,X,S =1]; vt solves M,,(t,Z,X) =
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Construction of estimators

List of nuisance parameters*:

(MV7V7>\7 W)

» )\ can be estimated directly using both data sources.
» IM, can be estimated using samples from S = 1.

» [/ and [w solve Fredholm integral equations of the first kind.

These equations also arise in nonparametric IV models (Newey and
Powell, 2003; Darolles et al., 2011) and and proximal causal
inference (Miao et al., 2018; Tchetgen Tchetgen et al., 2024).
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M,,(t',Z,X) = E[L:(M,X) | T=1t',Z,X,S =1]; vt solves M,,(t,Z,X) =
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Construction of estimators

List of nuisance parameters*:

(MV7V7>\7 W)

» )\ can be estimated directly using both data sources.

» IM, can be estimated using samples from S = 1.

» [/ and [w solve Fredholm integral equations of the first kind.

Under our identification conditions, the solution for v is unique,
while w may admit multiple solutions. We regularize w using a
variance-based penalty or a direct norm penalty.

N=p(T,Z,X|S=0)/p(T,Z,X|S=1); pe = E[Y | T = £,Z,X,S =
M,,(t',Z,X) = E[L:(M,X) | T=1t',Z,X,S =1]; vt solves M,,(t,Z,X) =

42



{I}NDE {I}NIE

Multiple robustness of and

Theorem 2. Assume that (i\/[\ UL, W) ﬂ> (M, 7, X, w) with
M; & M;. Then WNDE 2 YNPE(P) an i

either:®
1. (M,,7) = (M,,v); or
2. (M, w) = (M,, w); or
3_ (5\’ VT/ll, V_VOO, VT/]'O) — ()\7 ].17 WOO7 WlO) or
4. (5\7 Wll: V_V007 171) = ()\? W117 WOO) 1/1)

2= pTZ X1 & = O)/p(T Z,X | S = 1w = EIY | T = 6.2, X,5 =0}
M,,(t',Z,X) = E[w:(M,X) | T=1t',Z,X,5 =1]; vt solves M,,(t,Z,X) =p
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{I}NDE {I}NIE

Multiple robustness of and

Theorem 2. Assume that (i\/[\ UL, W) = (M, 7, X, w) with
M; & M;. Then WNDE 2 YNPE(P) an i

either:®
1. (M,,#) = (M,,v); or
2. (M, ,w) = (M, w); or
3. (X, WO W) = (A, w', w®, w'); or
4. (X, W59 5r) = (A, wil, w, ).

2= pTZ X1 & = O)/p(T Z,X | S = 1w = EIY | T = 6.2, X,5 =0}
M,,(t',Z,X) = E[w:(M,X) | T=1t',Z,X,5 =1]; vt solves M,,(t,Z,X) =p
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Multiple robustness of WNPE and WNIE

Theorem 2. Assume that (M, 7, \, w) 2 (D, 7, X, ) with
M, 2 M;. Then WNPE 2 NDE(py ang yNIE 2, P Ly yNIE(P) if

either:®
1. (M,,#) = (M,,v); or
2. (M, ,w) = (M, w); or
3. (O, wih w0 wl0) = (A, wil, w%, wl%); or
4. (X, W00, 1) = (A, wil, w®, 1)

Symmetry between 7 and [w: both are estimated by
solving integral equations; consistency only requires one
working model to be correct.

S\=p(T,Z,X|S=0)/p(T,Z,X|S=1); e = E[Y | T =t,
M, (t',Z,X)=E[:(M,X) | T=1t',Z,X 571] vt solves M, (t

feniia
N
x
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Asymptotic behaviors of WPE and WNE

Theorem 3. Under Assumptions 1-5, Condition 1, appropriate
regularity conditions® , and

1. max{[[7o — woll, |71 — va I} - max{[|w!t — wht|, w0 —
10H HVT/OO _ OOH} _ OP( —1/2). and

2. {max{ @it — wh|[, |w'® — wiO, [W* — w|[} + A = A} -
max{|[ My, — M|, [, — My, [[} = op(n~2/2) .

Then the proposed estimators are asymptotically normal with

V(WNPE — yNPE(P)) - N(0, var(DEPF))
V(WNE — yNE(P)) — N(0, var(D™)).

5We let ||| = { f(0)?dP(0)}'/? denote the L(P)-norm. M, 7, \, W were
estimated via cross-fitting, ||DI";IDE — DEPE|| = 0p(1) and ||D"3NIE — DYE|| = 0p(1)
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Simulation setup

We investigate two instrument structures:

» a single instrument Z € R where Z and M are mutually
complete

» a two-instrument Z € R? where only M is complete in Z.

Common setup:

S ~ Bernoulli(0.4), T|S =s ~ Bernoulli{0.4(1 —s)+0.5s}.
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Data-generating mechanisms

Single-1V setting:

Z|T=tS5=s~ N{ut,s),1},

M= agt + azZ + U—+ep, Y = Bot + BustM + U+ cy.

Two-1V setting:
Zi| T=tS5=s~ N{ut,s),1}, j=1,2

M = apt +azt1Z21 +azioZo + U+ ep,

with the same outcome model as above.

Here U,ep, ey are standard normal, with independent errors.
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Estimators compared

For each setting, we compare:
» Correct: all nuisance components correctly specified.

» Mis 1-Mis 4: misspecification patterns that still satisfy the
multiple robustness conditions.

For the two-IV setting:

» Use an aggregated instrument
Z,=aZi+ (1 —a)2, ae[0,1],

with a selected by minimizing an estimated variance criterion.

» Compare against a Single IV estimator using only Z5.

Monte Carlo setup: n = 1000 per replicate, 1000 replicates.
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Simulation result

Table: Bias, SE and the coverage for different estimators.

Setting Estimator Bias SE  Coverage
Correct 0.00 0.45 93.6%
Mis 1 0.0 0.60
Mutual Complete Mis 2 -0.03 0.77
Mis 3 0.00 0.63
Mis 4 -0.03 1.03
Correct 0.00 0.16 94.7%
Mis 1 -0.01 0.20
. Mis 2 0.00 0.17
M complete in 2. & o 0.00 023
Mis 4 0.00 0.26
Single IV 0.00 0.59
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Application: Alzheimer’s disease genetics

» We use the observational database from the Alzheimer's
Disease Neuroimaging Initiative (ADNI). ADNI is a
longitudinal, multicenter observational study launched in 2004
and continued through successive phases, including ADNI-1,
ADNI-GO, ADNI-2, ADNI-3, and ADNI-4.

» Importantly, gene-expression data were not available in
ADNI-1. Transcriptomic data became available only in later
phases, primarily for selected ADNI-GO/2 participants and
onwards.

» As a result, dementia outcomes, SNPs, and gene-expression
measurements were never jointly observed for the ADNI-1
cohort (our target).
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Application: Alzheimer’s disease genetics

Goal: assess whether genetic effects on dementia risk operate
through gene expression.

T .

Y
T S Year-7
SNP >| expressions: Jemede
rs610932 PTK2B diagnosis
CD33




Estimand of interest

For each SNP—gene pair, estimate:

NIE = E{Y(1,M(1)) | § = ADNI-1}—E{Y(1, M(0)) | S = ADNI-1}.

We considered:
» SNP effect mediated through CD33 expression
» SNP effect mediated through PTK2B expression

In addition,
» T = SNP rs610932, coded as indicator of > 1 minor allele.
» X include age, sex, years of education, APOE genotype,
diagnosis of mild cognitive impairment at enrollment, and
mini-mental state examination score.
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Selection of 7

» For each mediator of interest, we first selected the top 50
most correlated SNPs based on eQTL summaries (GTEx
Consortium, 2020).

» We then identified SNPs overlapping with those available in
the ADNI study, yielding {rs3735759, rs1879189, rs9644121}
for PTK2B and {rs3826656, rs273638, rs273634} for CD33.

» We then applied the proposed IV selection algorithm to
construct the instrument set for each mediator. The algorithm
recovered the same SNP sets.
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Application results

Estimated NIE of SNP rs610932 on Year-7 Dementia Diagnosis
Mediated through selected gene expressions

PTK2B I

cD33 f

-0.15 -0.10 -0.05 0.00 0.05 0.10
Natural Indirect Effect

Figure: Estimated natural indirect effects mediated by selected gene
expressions. The estimated average total effect is —0.06 with 95% ClI
[-0.15,0.02] indicated by the gray region.
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| probably don’t have the time for this slide

We also derived the canonical gradients of the mediation effects
relative to model where

» U=10; and
» Only M is complete in Z

It turns out the model is semiparametric — the conditional
independence involving the IVs and latent alignment in (Y, M)
across data sources restrict the tangent space.
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| probably don’t have the time for this slide

We also derived the canonical gradients of the mediation effects
relative to model where

» U=10; and
» Only M is complete in Z

It turns out the model is semiparametric — the conditional
independence involving the IVs and latent alignment in (Y, M)
across data sources restrict the tangent space.

Compared with Theorem 1 where mediator-only sample (S = 1)
does not improve efficiency for estimating ¥'*(P) and ¥%°(P), we
show that such efficiency gains can arise when Z is not complete in
M.
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Extension: finding canonical gradients when U = ()

In practice, practitioners may measure a set of candidate 1Vs for
the purpose of bridging. In that case, the dimension of Z may be
larger than M, making the model P, under which only M is
complete in Z, the more realistic formulation.

While deriving the canonical gradient relative to P would be ideal,
we have not been able to find the form of this gradient.



Extension: finding canonical gradients when U = ()

In practice, practitioners may measure a set of candidate 1Vs for
the purpose of bridging. In that case, the dimension of Z may be
larger than M, making the model P, under which only M is
complete in Z, the more realistic formulation.

While deriving the canonical gradient relative to P would be ideal,
we have not been able to find the form of this gradient.

In what follows, we consider the special case when U = (), and
denote the corresponding model as P?.



Characterizing the tangent space of P’

Lemma 4. Under no unmeasured confounding, i.e. U = (), the
tangent space of P? at P € P? takes the following form:

T(P,P%) = {0 — (1 —s){Ep[hy(Y,M,T,G) |y, t,z,8] + Ep[hm(M, T,Z,G) | y, t,z g}
+s-hy(m,t,z,g) + hr(t,z,8,5) + hz(z,8,s) + hc(g,s) + hs(s)
thy € L3(Py\m,7,6): hm € L3(PmiT,2,6),

ht € L3(P1iz,6,5): hz € L3(Pz|6,5), hc € L3(Pg)s), hs € Lg(Ps)},



Characterizing the tangent space of P’

Lemma 4. Under no unmeasured confounding, i.e. U = (), the
tangent space of P? at P € P? takes the following form:

T(P,P%) = {0 — (1 —s){Ep[hy(Y,M,T,G) |y, t,z,8] + Ep[hm(M, T,Z,G) | y, t,z g}
+s-hy(m,t,z,g) + hr(t,z,8,5) + hz(z,8,s) + hc(g,s) + hs(s)
thy € L3(Py\m,7,6): hm € L3(PmiT,2,6),

ht € L3(P1iz,6,5): hz € L3(Pz|6,5), hc € L3(Pg)s), hs € Lg(Ps)},

In the absence of unmeasured confounding and when only M is
complete in Z, we now see how the conditional independence
involving the 1Vs and latent alignment in (Y, M) across data
sources restrict the tangent space.



Characterizing the tangent space of P’

Lemma 4. Under no unmeasured confounding, i.e. U = (), the
tangent space of P? at P € P? takes the following form:

T(P,P%) = {0 — (1 —s){Ep[hy(Y,M,T,G) |y, t,z,8] + Ep[hm(M, T,Z,G) | y, t,z g}
+s-hy(m,t,z,g) + hr(t,z,8,5) + hz(z,8,s) + hc(g,s) + hs(s)
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ht € L3(P1iz,6,5): hz € L3(Pz|6,5), hc € L3(Pg)s), hs € Lg(Ps)},

wNDE ¢NIE

We derive the canonical gradients of and relative to

PO
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