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Goal: Sample from π = 1
Z e
−V dx , where

▶ V : Rd → R is a potential,

▶ Z =
´
Rd e

−V (x) dx is the normalising constant.

Standard approach: Overdamped Langevin dynamics

dYt = −∇V (Yt)dt +
√
2dWt ,

Key observation:

LawYt → π as t →∞.
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Controlled dynamics
Annealing/tempering: Fix a curve (πt)t∈[0,1] with π1 = π, e.g.

πt =
e−thπ0

Zt
, t ∈ [0, 1]

prior t = 0 posterior t = 1

Idea: With ∇Vt := −∇ lnπt , find a control ∇ϕt such that

dYt = −∇Vt(Yt)dt +∇ϕt(Yt)dt +
√
2dWt , Y0 ∼ π0

reproduces (πt)t∈[0,1], i.e. Law(Yt) = πt .

▶ ∇ϕt enables transitions between local equilibria.
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Controlled Monte Carlo Diffusions

πt =
e−Vt

Zt
∝ π̂t , t ∈ [0, 1].

Consider

L(ϕ) =E

[̂
1

0

|∇Vt(Yt)|2dt− 1√
2

ˆ 1

0

(−∇Vt+∇ϕt)(Yt)·
←−
dWt − ln π̂1(Yt)

]
,

where the expectation is with respect to

dYt = −∇Vt(Yt)dt +∇ϕt(Yt)dt +
√
2 dWt , Y0 ∼ π0. (1)

Theorem:

The dynamics (1) with the (unique) minimiser ϕ = ϕ∗ satisfies

LawYt = πt , for all t ∈ [0, 1].
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Goals of this talk

1. Explain the construction of the
CMCD sampler.

2. More broadly, lay out a general
framework for constructing
controlled diffusions.



Match forward and backward path measures

L(ϕ) = DKL

(−→
P π0,a,

←−
P π1,b

)
+ const.,

dYt = at(Yt)dt +
−→
d Wt , Y0 ∼ π0 (2a)

dYt = bt(Yt)dt +
←−
d Wt , Y1 ∼ π1 (2b)

▶ If DKL

(−→
P π0,a,

←−
P π1,b

)
= 0, then π0 is transported to π1 by (2a),

and π1 is transported to π0 by (2b).

▶ connected to the ELBO in variational inference.
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Minimisers of DKL

(−→
P π0,a,

←−
P π1,b

)
are not unique:

= EY∼
−→P π0,a

[
ln

(
d
−→
P π0,a

d
←−
P π1,b

)
(Y )

]

We could

▶ fix the forward process ⇝ diffusion models

▶ fix the backward process ⇝ optimal control

▶ add an additional term ⇝ Schrödinger bridges

▶ parameterise a and b in a restrictive way ⇝ CMCD
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Minimisers of DKL

(−→
P π0,a,

←−
P π1,b

)
are not unique:

Theorem (Nelson’s relation)
Denote the time-marginals by

−→
P π0,a

t =: πt . If
−→
P π0,a =

←−
P π1,b , then

bt = at −∇ lnπt︸ ︷︷ ︸
score

, for all t ∈ (0, 1].

=⇒ L(ϕ) = DKL

(
−→
P π0,−

1
2∇V+∇ϕ,

←−
P π1,

1
2∇V+∇ϕ

)
+ const.

fixes all time marginals.
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Calculational tool: Girsanov theorem

To compute (e.g.) DKL(
−→
P π0,a|

←−
P π1,b) = EY∼

−→P π0,a

[
ln
(

d
−→P π0,a

d
←−P π1,b

)
(Y )

]
:

Theorem (Girsanov)

ln

(
d
−→
P µ,a

d
←−
P ν,b

)
(Y ) = ln

(
d
−→
P µ,a

d
−→
P Γ0,γ+

)
(Y ) + ln

(
d
←−
P ΓT ,γ

−

d
←−
P ν,b

)
(Y )

= ln

(
dµ

dΓ0

)
(Y0)− ln

(
dν

dΓT

)
(YT )

+

ˆ T

0

(
at − γ+

t

)
(Yt)·

(−→
d Yt − 1

2

(
at + γ+

t

)
(Yt)dt

)
−
ˆ T

0

(
bt − γ−t

)
(Yt)·

(←−
d Yt − 1

2

(
bt + γ−t

)
(Yt)dt

)
,

where
−→
P Γ0,γ

+

=
←−
P ΓT ,γ

−
is a reference process.

▶ Flexibility in
−→
P Γ0,γ

+

=
←−
P ΓT ,γ

−
allows us to cancel intractable terms.
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Up to an additive constant, LCMCD
DKL

(ϕ) is given by

E

[̂
1

0

|∇ lnπt(Yt)|2dt+ 1√
2

ˆ 1

0

(∇ lnπt−∇ϕt)(Yt)·
←−
dWt − ln π̂1(Yt)

]
,

where the expectation is with respect to

dYt = −∇Vt(Yt)dt +∇ϕt(Yt)dt +
√
2dWt , Y0 ∼ π0.

Normalising constants:

Z = E

[
d
←−
P π̂T ,−σ2∇ lnπ+∇ϕ

d
−→
P π0,σ2∇ lnπ+∇ϕ

]
︸ ︷︷ ︸

holds for any ϕ

=
d
←−
P π̂T ,−σ2∇ lnπ+∇ϕ∗

d
−→
P π0,σ2∇ lnπ+∇ϕ∗

(Y ),︸ ︷︷ ︸
zero variance estimator (holds for anyY )
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Other stuff: Score-based generative modelling

Set π0 = µdata, fix an ergodic drift at so that
−→
P µ,a

T ≈ πT for T →∞,

L(s) := DKL(

FIX!︷ ︸︸ ︷−→
P µ,a ||

←−
P ν,a−s)

= EY∼
−→P µ,a

ˆ T

0

(
1
2 s

2
t (Yt) + (∇ · st)(Yt)

)︸ ︷︷ ︸
score-matching objective

dt

+ const.
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Other stuff: optimal control and guidance

Singular backward drift bt(x) = x/t enforces π0 = δ0.

DKL(
−→
P δ0,a|

FIX!︷ ︸︸ ︷←−
P π1,b)︸ ︷︷ ︸

L(a)

=

EY∼
−→P π0,a


ˆ 1

0

a2(Yt)dt︸ ︷︷ ︸
running cost

+ln

(
dN (0, 1σ2)

dπ1

)
︸ ︷︷ ︸

terminal cost

(Y1)

+ c.,

Similar ideas: denoising diffusion samplers (Vargas et al, 2023), action

matching (Neklykudov, 2023), iterative proportional fitting (Vargas et al,

2021), other divergences (Richter and N., 2021).
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Schrödinger bridges

P∗ ∈ argmin
−→P µ,a

T = ν

EY∼
−→P µ,a

[
1
2

ˆ T

0

∥at − ft∥2(Yt)dt

]
.

The drift at should be determined such that

▶ the diffusion reaches ν at time T .

▶ at remains close to the prescribed (physically motivated) ft .



Schrödinger bridges

P∗ ∈ argmin
−→P µ,a

T = ν

EY∼
−→P µ,a

[
1
2

ˆ T

0

∥at − ft∥2(Yt)dt

]
. (4)

Theorem (Mean-field game formulation)
Assume that ϕ satisfies the following conditions:

1. dYt= ft(Yt)dt +∇ϕt(Yt)dt +
−→
dWt , Y0∼µ

satisfies the terminal constraint YT ∼ ν.

2. HJB-equation: ∂tϕ+ f · ∇ϕ+ 1
2∆ϕ+ 1

2 |∇ϕ|
2 = 0.

Then at = ∇ϕt provides the unique solution to (4).

Corollary Use LSchr(ϕ, θ) :=DKL(
−→
P µ,f+∇ϕ,

←−
P ν,f+∇θ)+λReg(ϕ),

where Reg(ϕ) =
´ T
0

E
∣∣∂tϕ+f ·∇ϕ+ 1

2∆ϕ+ 1
2 |∇ϕ|

2
∣∣ (Yt)dt.
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IPF for Schrödinger bridges

Given: Marginals µ and ν, reference drift ft
Goal: Find a diffusion that connects µ and ν, and that stays ”close to ft”

Our approach:

LSchr(ϕ, θ) :=DKL(
−→
P µ,f+∇ϕ,

←−
P ν,f+∇θ)+λReg(ϕ),

works for every λ > 0.

Iterative proportional fitting (IPF)

▶ Initialise ϕ0 = 0, i.e., start with the Schrödinger reference
−→
P µ,f .

▶ Alternately, solve

θi+1 ∈ argmin
θ

DKL(

FIX!︷ ︸︸ ︷−→
P µ,f+∇ϕi ,

←−
P ν,f+∇θ)

ϕi+1 ∈ argmin
ϕ

DKL(
−→
P µ,f+∇ϕ,

←−
P ν,f+∇θi︸ ︷︷ ︸

FIX!

)
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▶ Initialise ϕ0 = 0, i.e., start with the Schrödinger reference
−→
P µ,f .

▶ Alternately, solve

θi+1 ∈ argmin
θ

DKL(

FIX!︷ ︸︸ ︷−→
P µ,f+∇ϕi ,

←−
P ν,f+∇θ)

ϕi+1 ∈ argmin
ϕ

DKL(
−→
P µ,f+∇ϕ,

←−
P ν,f+∇θi︸ ︷︷ ︸

FIX!

)
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Selling points:

▶ One end-to-end training instead of multiple training runs.

▶ Schrödinger reference is enforced explicitly.

▶ Historical precedent: Expectation maximisation (EM) vs. variational
autoencoders (VAEs).
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Other divergences: log-variance
for optimal control, BSDEs

dXs = σ dWs , X0 = x0,

dY a
s =

1

2
|as(Xs)|2 ds − as(Xs) · dWs , Y a

T = g(XT ),

Lln
Var(a) = Var

(
ln

d
−→
P δ0,a

d
←−
P ν,b

)
︸ ︷︷ ︸
family of divergences

= Var(Y a
T − g(X v

T ))



Other divergences: log variance
for Controlled Monte Carlo diffusions, normalising flows

Llog-Var(ϕ) = Var


normalising flow objective︷ ︸︸ ︷

ln
πT (YT )

π0(Y0)
+

ˆ T

0

∆ϕt(Yt)dt + noise

 ,

where

noise = −
√
2σ

ˆ T

0

∇ lnπt(Yt) ◦ dWt − σ2

ˆ T

0

|∇ lnπt(Yt)|2 dt.

Continuous-time normalising flows:

If
dYt

dt
= vt(Yt), X0 ∼ π0,

then ∂t lnπt(Yt) = −∇ · vt(Yt).
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