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Goal: Sample from m = e~V dx, where
> V:RY = Ris a potential,

> Z = [.,e”V® dx is the normalising constant.

Standard approach: Overdamped Langevin dynamics

dY, = —VV(Y,)dt +v2dW,,

Key observation:

LawY; — mas t — oo.
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Controlled dynamics
Annealing /tempering: Fix a curve (7¢)¢c[0,1) With m1 = 7, e.g.

prior t =0 posterior t =1

Idea: With VV; := —V Inm;, find a control V¢; such that

AY, = =VVi(Y:)dt + Vo, (Ye) dt + V2 dW,, Yo ~ mo

reproduces (7t):epo,1), i-e. Law(Y:) = 7.

» Vo, enables transitions between local equilibria.
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Controlled Monte Carlo Diffusions

O(%t, te [O, 1]

Consider
1 1 —

ﬁ(()) =K /\VVt(Yt)th—%/(—Vvt-l-VOt)(Yt)th —In %I(Yt) s
0 0

where the expectation is with respect to

dY, = —VV,(Y,) dt + Vo (Ye) dt + V2dW,, Yo ~m. (1)

Theorem:
The dynamics (1) with the (unique) minimiser ¢ = ¢* satisfies
LawY; = 7, , for all t € [0,1].



Goals of this talk

1. Explain the construction of the

CMCD sampler.

2. More broadly, lay out a general
framework for constructing
controlled diffusions.
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Match forward and backward path measures

L(¢) = Dk, (ﬁm’a, Fm’b) + const.,

artificial time artificial time

dY, = a:(Yy)dt + d W, Yo ~ 0 (2a)
aY, = b(Y,)dt + d Wi, Y.~ (2b)

%
» If Dki, (]P”“O’a, F”lvb =0, then mg is transported to w1 by (2a),
and m is transported to m by (2b).

» connected to the ELBO in variational inference.
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Minimisers of Dy, (]P”O"", F“l’b are not unique:

%
dP o2
= EY~?W0,3 [ln <d 771,b> (Y)

artificial time artificial time

We could
» fix the forward process ~~ diffusion models
» fix the backward process ~~ optimal control
» add an additional term ~ Schrédinger bridges

» parameterise a and b in a restrictive way ~» CMCD
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Minimisers of Dy, (]P’”O’a, F”l’b> are not unique:

artificial time artificial time

Theorem (Nelson's relatiorg
Denote the time-marginals by P 7% =: 7. If Broa — pmib , then

by = a; — Vinmy, for all t € (0,1].
——

score

- 1 1
= L(¢)=DxL ([Pﬂo,—2VV+VO’F7r172VV+V¢> + const.

fixes all time marginals.
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Calculational tool: Girsanov theorem
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Calculational tool: Girsanov theorem

To compute (e.g.) DKL(ﬁ”O’ﬂF“b) =Ey T [In <%) (Y)}:

Theorem (Girsanov)

= a _>u,a C Moy~
In (dw’ >(Y):|n (&) (Y)+1n ( T )(Y)

dPpwvb dPTlon™ v,b
[ ) - (A= 3 o) (v )
e 00 (T e o),

=2 ~ .
where PTo7 = (ﬁr“ ' is a reference process.

T =4 I .
» Flexibility in PTo7 = BT allows us to cancel intractable terms,



Up to an additive constant, £CMCD(¢) is given by

1 1
E /|V|n 7Tt(Yt)|2dt+%/(V|n 7Tt7V<)t)(Yt)~<EWt — |n ﬁl(Yl’) ,
0 0

71'0 YB) H N(Kk+1 vatk (V In Ty, + Vin ¢tk)(Kk)Atk7 2‘72Atk)
(YT N Yik |xk+1+ (VIn Tt Vin ¢tk+1)(Y2k+1)Atk5’ QJZAtk)

where the expectation is with respect to

AY, = —VVi(Yy)dt + Vo (Y,) dt + V2dW,, Y, ~mo.




Up to an additive constant, £CMCD(¢) is given by

1 1
O|VInﬁt(Yt)|2dt+\%/o(VInm—Vot)(Yt).gwt —In#(Ye)|,

71'0 YB) H N(Kk+1 Ilftk (V In Ty, + Vin ¢tk)(Kk)Atk7 2‘72Atk)
(YT N Yik |xk+1+ (VIn Tt Vin ¢tk+1)(Y2k+1)Atk5’ QJZAtk)

where the expectation is with respect to

dY, = =V Vi (Y,)dt + Vo, (Ye) dt + V2 dW;, Yo ~ .

Normalising constants:

Z=E

= (Y)7

dTII?Tro,o’ZV InT+Vp*

dprr—o?Vinrive APt Vinm Ve
d@_I.D)Trg,O'ZV In7m+Vo

holds for any & zero variance estimator (holds for anyY’)
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Other stuff: Score-based generative modelling
. . . _>u a
Set Ty = [idata, fix an ergodic drift a; so that P° =~ 71 for T — oo,

FIX!

—~—
£(s) := Dyt (B2 || P72)

;
=Ey 2u- / (3s2(Y:) + (V- s:)(Ye)) dt| + const.
0

score-matching objective

artificial time o 1
artificial time
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Other stuff: optimal control and guidance

Singular backward drift b:(x) = x/t enforces my = Jo.

)(Yl) +ec.,

FIX!
—~ 1 2
N dN(0,1
DKL(P50’3|FM’b) :EYNﬁ’fo:a a2(Yt) dt—Hn(Ei;rU)
1
L(a) - -
running cost terminal cost

Similar ideas: denoising diffusion samplers (Vargas et al, 2023), action
matching (Neklykudov, 2023), iterative proportional fitting (Vargas et al,

2021), other divergences (Richter and N., 2021).



Schrodinger bridges

P*€argminE, =.. |3
?‘7‘.’3 =v

]
L[ e (v e
0

The drift a; should be determined such that

» the diffusion reaches v at time T.

trajectories

» a; remains close to the prescribed (physically motivated) f;

DA



Schrodinger bridges

-
P*eargminE, 3., |%/ llas — f|[2(Ye)dt] .
0

ﬁf,‘.’a =v

Theorem (Mean-field game formulation)
Assume that ¢ satisfies the following conditions:
%
1. dYi= f(Ye)dt + Vo (Ye) dt + dW,, Yo~pu
satisfies the terminal constraint Y1 ~ v.
2. HJB-equation: 0, + f -V + L A¢ + 5| Vo[> = 0.

Then a; = V¢, provides the unique solution to (4).




Schrodinger bridges

.
P* e %rg mnE, .. [;/ lac — £|)2(Ye) de| -
ma _ o, 0
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Theorem (Mean-field game formulation)
Assume that ¢ satisfies the following conditions:

%
1. dYi= f(Ye)dt + Vo (Ye) dt + dW,, Yo~ i
satisfies the terminal constraint Y1 ~ v.

2. HJB-equation: 0;¢ + f -V + 2Ap + L[ Vo|> = 0.
Then a; = V¢, provides the unique solution to (4).

Corollary  Use Lo (6, 0) = Dyer. (B 156 BF9) L \Reg(6),

where  Reg(¢) = [y E|0io+f Vot LAo+1[VoP|(Yy)dt.
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IPF for Schrodinger bridges

Given: Marginals i and v, reference drift f;
Goal: Find a diffusion that connects 1 and v, and that stays "close to f;"”

Our approach:

Lsen(®,0) = Dy, (B 7750 P+9) 4 \Reg(®),

works for every A > 0.

Iterative proportional fitting (IPF)

> Initialise ¢9 = 0, i.e., start with the Schrodinger reference Pt

>
Alternately, solve FIXI

. = R
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IPF for Schrodinger bridges
Our approach:

Lsen(®, 0) = Dy (B 77+ P+9) 4 \Reg(®),

works for every A > 0.

Iterative proportional fitting (IPF)
» Initialise ¢g = 0, i.e., start with the Schrodinger reference Pwf.
» Alternately, solve FIX!

——
011 € argemin DKL(ﬁﬂfﬁLv@ﬁl@f«kVO)

. — ) .
(b,'+1 S arg¢m|n [)KL([ED wof+Vo F’ ,f+V0,)

FIX!



IPF for Schrodinger bridges
Our approach:
Lsenrlp,0) = Dic (B#1+5¢ B+57) L \Reg(9),

works for every A > 0.

Iterative proportional fitting (IPF)

» Initialise ¢g = 0, i.e., start with the Schrodinger reference Pwf.

> Alternately, solve FIXI
—N—
011 € argemin DKL(ﬁﬂfﬁLv@ﬁuﬁf«kVO)

Giy1 € argmin DKL(ﬁ“””’w F”’”Wf)
¢ FIX!
Selling points:
» One end-to-end training instead of multiple training runs.
» Schrodinger reference is enforced explicitly.

> Historical precedent: Expectation maximisation (EM) vs. variational
autoencoders (VAEs).



Other divergences: log-variance
for optimal control, BSDEs

dXs — a.d|/|/57 XO = Xp,
1
dyy = §|35(Xs)|2d5 — as(Xs) - dW, Y7 = g(X7),

d0,a
LY (a) = Var (In %) = Var(Y{ — g(X¥))

family of divergences




Other divergences: log variance

for Controlled Monte Carlo diffusions, normalising flows

normalising flow objective
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Other divergences: log variance

for Controlled Monte Carlo diffusions, normalising flows

normalising flow objective

™

(Y1) T _
o(Yo) +/0 Api(Y:)dt + noise |,

Liog-var(¢) = Var | In

where

T T
noise = —ﬁa/ Vlnﬂt(Yt)oth—azf IV In7:(Ye) 2 dt.
0 0

Continuous-time normalising flows:

then 815 In 7Tt(Yt) =-V- Vt(Yt)~



Contact: nikolas.nusken@kcl.ac.uk
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» Transport meets variational inference: Controlled Monte Carlo
diffusions (with F. Vargas, S. Padhy and D. Blessing).



