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Motivation:
Ź Two independent binary random variables X1 and X2

Ź Data from 100/1000 observations

u “

ˆ

70 9
20 1

˙ ˆ

919 16
63 2

˙

Ź Maximum likelihood estimate pp maximizes
ś

puii among all rank-one
joint distribution matrices p

pp “

ˆ

71.1 7.9
18.9 2.1

˙ ˆ

918.17 16.83
63.83 1.17

˙
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Motivation:
Ź Two independent binary random variables X1 and X2

Ź Data from 100/1000/10000 observations

u “

ˆ

70 9
20 1

˙ ˆ

919 16
63 2

˙ ˆ

9834 38
123 5

˙

Ź Maximum likelihood estimate pp maximizes
ś

puii among all rank-one
joint distribution matrices p

pp “

ˆ

71.1 7.9
18.9 2.1

˙ ˆ

918.1 16.8
63.8 1.1

˙ ˆ

9827.8 42.4
129.2 6

˙
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« N

ˆ

1 t2

t t4

˙

(small t)

Ź Maximum likelihood estimate pp maximizes
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Motivation:
Ź Two independent binary random variables X1 and X2

Ź Data from N observations

u “

ˆ

1 t2

t t4

˙

Ź Maximum likelihood estimate pp maximizes
ś

puii among all rank-one
joint distribution matrices p

pp “

ˆ

1 t2

t t3

˙

History:
2022 Agostini–BSKFT: tropical ML for linear models
2024 Ardila–Eur–Penaguiao: tropical ML for matroids
2024 Boniface–Devriendt–H.: tropical ML for toric models
2025 Friedman–Sturmfels–Wiesmann: tropical ML for squared lin. models
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Problem formulation

§ Toric maximum likelihood estimation:

1. Matrix A P Zdˆn full rank with rowpAq Q p1, . . . , 1q

Ñ Toric variety XA

XA “ V
`@

xα ´ xβ : α, β P Nn s.t. Apα ´ βq “ 0
D˘

Ă pC˚qn
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Problem formulation

§ Toric maximum likelihood estimation:

1. Matrix A P Zdˆn full rank with rowpAq Q p1, . . . , 1q

Ñ Toric variety cXA

cXA “ V
`@

cβxα ´ cαxβ : α, β P Nn s.t. Apα ´ βq “ 0
D˘

Ă pC˚qn
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Problem formulation

§ Toric maximum likelihood estimation:

1. Matrix A P Zdˆn full rank with rowpAq Q p1, . . . , 1q

Ñ Toric variety cXA

2. Data vector u P Qn
ě0 with

ř

ui “ 1

Ñ Affine subspace YA,u

YA,u “ u ` kerpAq
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Problem formulation

§ Toric maximum likelihood estimation:
1. Matrix A P Zdˆn full rank with rowpAq Q p1, . . . , 1q

Ñ Toric variety cXA

2. Data vector u P Rn
ě0 with

ř

ui “ 1
Ñ Affine subspace YA,u

Definition (Maximum likelihood estimate (MLE))

The maximum likelihood estimate (if D) for the data pair pA, uq is the
unique positive real point in cXA X YA,u.

Ź cXA X ∆n´1 “ log-affine statistical model
Ź cXA X YA,u “ complex critical points of the log likelihood function

Ap “ Au and p P cXA

Ź c generic ùñ degpXAq-many critical points
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Serkan Hoşten Tropical Toric MLE 6 / 20



Problem formulation

§ Toric maximum likelihood estimation:
1. Matrix A P Zdˆn full rank with rowpAq Q p1, . . . , 1q

Ñ Toric variety cXA

2. Data vector u P Rn
ě0 with

ř

ui “ 1
Ñ Affine subspace YA,u

Definition (Maximum likelihood estimate (MLE))

The maximum likelihood estimate (if D) for the data pair pA, uq is the
unique positive real point in cXA X YA,u.

Ź cXA X ∆n´1 “ log-affine statistical model
Ź cXA X YA,u “ complex critical points of the log likelihood function

Ap “ Au and p P cXA

Ź c generic ùñ degpXAq-many critical points
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Running example:
Ź Two independent binary random variables

X1 P t1, 2u

w.p. θ1, θ2
and

X2 P t1, 2u

w.p. ϕ1, ϕ2

ˆ

p11 p12
p21 p22

˙

“

ˆ

θ1ϕ1 θ1ϕ2

θ2ϕ1 θ2ϕ2

˙

ÝÑ A “

¨

˚

˚

˝

1 1 0 0
0 0 1 1
1 0 1 0
0 1 0 1

˛

‹

‹

‚

ù

¨

˝

1 1 1 1
0 1 0 1
0 0 1 1

˛

‚

with kerpAq “ spanp1,´1,´1, 1q

Ź XA “ V pxp11p22 ´ p12p21yq hypersurface of 2 ˆ 2 singular matrices
Ź YA,u “ u ` λp1,´1,´1, 1q with λ P C, an affine line

ù 2 critical points for generic u, c
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Puiseux Series and Valuations

1. Field of Puiseux series K :“ Ctttuu

K Q uptq “

8
ÿ

k“0

ckt
αk ,

with ck P C and αk P Q with bounded denominator.

E.g.

ˆ

1 t2

t t4

˙

P K 2ˆ2
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Puiseux Series and Valuations

1. Field of Puiseux series K :“ Ctttuu

K Q uptq “

8
ÿ

k“0

ckt
αk ,

with ck P C and αk P Q with bounded denominator.

2. Valuation val : K˚ Ñ R

uptq “

8
ÿ

k“0

ckt
αk ÞÝÑ minpαk : ck ‰ 0q

E.g. val

ˆ

1 t2

t t4

˙

“

ˆ

0 2
1 4

˙
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Tropical toric maximum likelihood estimation

1. Matrix A P Zdˆn

Ñ Toric variety XA Ă pK˚qn

2. Data uptq P Kn

Ñ Affine subspace YA,u “ uptq ` kerpAq

Definition (Tropical critical points)

The tropical critical points for the pair pA, uptqq are the valuations
valpcXA X YA,uq of the critical points, counted with multiplicity.
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Serkan Hoşten Tropical Toric MLE 9 / 20



Tropical toric maximum likelihood estimation

1. Matrix A P Zdˆn

Ñ Toric variety XA Ă pK˚qn

2. Data uptq P Kn

Ñ Affine subspace YA,u “ uptq ` kerpAq

Definition (Tropical critical points)

The tropical critical points for the pair pA, uptqq are the valuations
valpcXA X YA,uq of the critical points, counted with multiplicity.
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Running example:
Ź Two independent binary random variables

A “

¨

˝

1 1 1 1
0 1 0 1
0 0 1 1

˛

‚ uptq “

ˆ

1 t2

t t4

˙

Find critical points cXA X YA,u by solving a quadratic equation

pp1 “ p1 ` α,´α,´α, αq ` . . . and pp2 “ p1, t2, t, β ¨ t3q ` . . .

with α, β some function of c

Ź Tropical critical points:

pq1 “ valppp1q “ p0, 0, 0, 0q and pq2 “ valppp2q “ p0, 2, 1, 3q
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Serkan Hoşten Tropical Toric MLE 10 / 20



Fundamental theorem of tropical geometry

Ź Let f “
ř

αPZn cαx
α P K rx˘1

1 , . . . , x˘1
n s.

Then the following two subsets of Rn coincide:

1. tvalpxq : x P V pf q Ă pK˚qnu

2. tx P Rn : min
αPZn

pvalpcαq ` αT xq achieves min at least twiceu

This is the tropical hypersurface troppV pf qq.
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1. tvalpxq : x P V pf q Ă pK˚qnu

2. tx P Rn : min
αPZn

pvalpcαq ` αT xq achieves min at least twiceu

This is the tropical hypersurface troppV pf qq.

Example:

troppV pxp11p22 ´ p12p21yqq

“ tx P R4 : mintx11 ` x22, x12 ` x21u achieves min at least twiceu

“ tx P R4 : x11 ` x22 “ x12 ` x21u

“ rowpAq
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1 , . . . , x˘1
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1. tvalpxq : x P V pf q Ă pK˚qnu

2. tx P Rn : min
αPZn

pvalpcαq ` αT xq achieves min at least twiceu

This is the tropical hypersurface troppV pf qq.

Ź Let I Ď K rx˘
1 , . . . , x˘

n s. Then the following two subsets of Rn coincide:

1. tvalpxq : x P V pI q Ă pK˚qnu

2.
č

f PI

troppV pf qq.

This is the tropical variety troppV pI qq.
To remember: Tropical varieties are nice polyhedral complexes.
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Tropical intersections

Serkan Hoşten Tropical Toric MLE 12 / 20



Tropical intersections

Maclagan–Sturmfels: for generic c , this diagram commutes
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Corollary

The tropical critical points for data pA, uptqq are the points in the stable
intersection troppcXAq Xst troppYA,uq, counted with multiplicity.

Ź Tropical toric variety troppXAq “ rowpAq

Ź Tropical affine space LA,w :“ troppYA,uq “ polyhedral complex, with
combinatorics governed by the matroid of A:

MpAq “ tτ Ď rns : detpAτ q ‰ 0u
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Main result

§ Three definitions (1)

Definition (τ -operator)

To each τ P MpAq we associate the τ -operator p ¨ qpτq : Rn Ñ Rn, defined
entrywise as

x ÞÝÑ

#

x
pτq

j “ minpxi s.t. τ ´ j ` i P MpAqq for j P τ ,

x
pτq

i “ maxpx
pτq

j s.t. τ ´ j ` i P MpAqq for i P rnszτ
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Main result

§ Three definitions (1)

Definition (τ -operator)

To each τ P MpAq we associate the τ -operator p ¨ qpτq : Rn Ñ Rn, defined
entrywise as

x ÞÝÑ

#

x
pτq

j “ minpxi s.t. τ ´ j ` i P MpAqq for j P τ ,

x
pτq

i “ maxpx
pτq

j s.t. τ ´ j ` i P MpAqq for i P rnszτ

Running example: Let w “ valp1, t2, t, t4q “ p0, 2, 1, 4q and τ “ 123

$

’

’

’

’

&

’

’

’

’

%

w
pτq

1 “ minpw1,w4q

w
pτq

2 “ minpw2,w4q

w
pτq

3 “ minpw3,w4q

w
pτq

4 “ maxpw
pτq

1 ,w
pτq

2 ,w
pτq

3 q

ÝÑ

$

’

’

’

’

&

’

’

’

’

%

w
pτq

1 “ 0

w
pτq

2 “ 2

w
pτq

3 “ 1

w
pτq

4 “ 2
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Main result

§ Three definitions (1)

Definition (τ -operator)

To each τ P MpAq we associate the τ -operator p ¨ qpτq : Rn Ñ Rn, defined
entrywise as

x ÞÝÑ

#

x
pτq

j “ minpxi s.t. τ ´ j ` i P MpAqq for j P τ ,

x
pτq

i “ maxpx
pτq

j s.t. τ ´ j ` i P MpAqq for i P rnszτ

Running example: Let w “ valp1, t2, t, t4q “ p0, 2, 1, 4q and τ “ 234

$

’

’

’

’

&

’

’

’

’

%

w
pτq

1 “ maxpw
pτq

2 ,w
pτq

3 ,w
pτq

4 q

w
pτq

2 “ minpw1,w4q

w
pτq

3 “ minpw1,w3q

w
pτq

4 “ minpw1,w4q

ÝÑ

$

’

’

’

’

&

’

’

’

’

%

w
pτq

1 “ 0

w
pτq

2 “ 0

w
pτq

3 “ 0

w
pτq

4 “ 0
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§ Three definitions (2)

Ź Subdivision of A induced by h P Rn

Definition (Regular subdivision)

The regular subdivision ∆pA, hq of the point configuration A induced by
height function h P Rn is the collection of cells σ Ď rns for which
convp

`

ai
hi

˘

| i P σq is a lower face of convp
`

ai
hi

˘

| i P rnsq.

Ź Regular triangulation (write Σ) if ∆ is simplicial complex
Ź Kushnirenko: degpXAq “ volpconvpAqq “

ř

τPΣ volpτq

Ź Maximal simplex τ P Σ is a basis τ P MpAq
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convp

`

ai
hi

˘

| i P σq is a lower face of convp
`

ai
hi

˘

| i P rnsq.

Ź Regular triangulation (write Σ) if ∆ is simplicial complex
Ź Kushnirenko: degpXAq “ volpconvpAqq “

ř

τPΣ volpτq

Ź Maximal simplex τ P Σ is a basis τ P MpAq

Serkan Hoşten Tropical Toric MLE 15 / 20



§ Three definitions (2)
Ź Subdivision of A induced by h P Rn

Definition (Regular subdivision)

The regular subdivision ∆pA, hq of the point configuration A induced by
height function h P Rn is the collection of cells σ Ď rns for which
convp

`

ai
hi

˘

| i P σq is a lower face of convp
`

ai
hi

˘

| i P rnsq.

Ź Regular triangulation (write Σ) if ∆ is simplicial complex

Ź Kushnirenko: degpXAq “ volpconvpAqq “
ř

τPΣ volpτq

Ź Maximal simplex τ P Σ is a basis τ P MpAq
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§ Three definitions (3)

Definition (Compatible)

A vector w P Rn and regular triangulation Σ of A are called compatible if
for every τ P Σ we have τ Ď σ P ∆pA,´w pτqq.
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Serkan Hoşten Tropical Toric MLE 16 / 20



§ Three definitions (3)

Definition (Compatible)

A vector w P Rn and regular triangulation Σ of A are called compatible if
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Running example: w “ p0, 2, 1, 4q and Σ “ t123, 234u are compatible
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§ Main result

Theorem (Boniface-Devriendt-H)

If Σ and w are compatible, then the tropical critical points for the data
pair pA,wq are given by the vectors

pqpτq :“ AT pAT
τ q´1w pτq

τ with mult. volpτq,

where τ runs over maximal simplices in Σ.
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pair pA,wq are given by the vectors

pqpτq :“ AT pAT
τ q´1w pτq

τ with mult. volpτq,

where τ runs over maximal simplices in Σ.

Running example: Since w and Σ are compatible, we get

pqp q “

´

1 1 1 1
0 1 0 1
0 0 1 1

¯T´

1 0 0
1 1 0
1 0 1

¯´1´

0
2
1

¯

“ p0, 2, 1, 3q with mult. 1
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If Σ and w are compatible, then the tropical critical points for the data
pair pA,wq are given by the vectors

pqpτq :“ AT pAT
τ q´1w pτq

τ with mult. volpτq,

where τ runs over maximal simplices in Σ.

Sanity check:
1.

ř

τPΣmultppqpτqq “ degpXAq, by Kushnirenko’s theorem
2. pqpτq P rowpAq, by definition
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Running example:
Ź Two independent binary random variables

A “

¨

˝

1 1 1 1
0 1 0 1
0 0 1 1

˛

‚ w “

ˆ

0 2
1 4

˙

‚ Step 1: For some triangulation Σ check compatibility

‚ Step 2: If Σ ✓, compute tropical critical points:

pqp q “

´

1 1 1 1
0 1 0 1
0 0 1 1

¯T´

1 0 0
1 1 0
1 0 1

¯´1´

0
2
1

¯

“ p0, 2, 1, 3q mult=1

pqp q “

´

1 1 1 1
0 1 0 1
0 0 1 1

¯T´

1 1 0
1 0 1
1 1 1

¯´1´

0
0
0

¯

“ p0, 0, 0, 0q mult=1
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Running example:
Ź Two independent binary random variables

V P tv1, v2u and W P tw1,w2u

A “

¨

˝

1 1 1 1
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0 0 1 1

˛

‚ w “

ˆ
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˙
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Serkan Hoşten Tropical Toric MLE 18 / 20



§ When does our approach work?

Theorem (Boniface-Devriendt-H)

For any A and Σ, the compatible tropical data vectors w form a
polyhedral fan FA,Σ Ď Rn.

Thus, for a given A, the tropical data vectors
w for which our theorem finds all critical points is the support of a
polyhedral fan FA “

Ť

ΣFA,Σ. If MpAq is uniform, then this fan contains
a full-dimensional cone, but this is not true in general.

Ź We know how to find compatible Σ explicitly if:
1. w has many zeroes: zero-set rnsz supppwq contains a basis
ù any regular Σ and get pq “ 0 with mult degpXAq

2. MpAq is uniform and entries of w are ‘not too spread out’
ù any Σ that refines ∆pA, χpsupppwqqq
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§ Sketch of the proof:

Step 1: Main and most difficult technical result:

For every τ P MpAq, tropical affine space LA,w contains the cone

Cτ “ w pτq ` pospei | i P rnszτq.

Step 2: Magical but ‘easy’ technical result:

The cone Cτ intersects rowpAq in pqpτq iff τ Ď σ P ∆pA,´w pτqq.

Step 3: Rest follows by bookkeeping with Σ

degpXAq “ volpconvpAqq “
ř

τPΣmultppqpτqq.
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