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Tree Data



Phylogenetics

Phylogenetic reconstruction methods convert data from present-day taxa
Into trees that describe the evolutionary relationships between the taxa.
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Problems: Phylogenetic reconstruction Gene trees often disagree
methods often disagree, even with each other and with
with the same input data. species trees.




Phylogenetics

Phylogenetic reconstruction methods convert data from present-day taxa
Into trees that describe the evolutionary relationships between the taxa.
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Problems: Phylogenetic reconstruction Gene trees often disagree
methods often disagree, even with each other and with
with the same input data. species trees.

Question: How do we reconcile different reconstructed trees?



Time

Developmental Biology

Cell lineages trace the
development of an organism

starting from a single cell.
Each node in the tree
represents a cell of the

organism at a specific time.



Developmental Biology
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® ® development of an organism
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“Phylogenetic” Trees

A phylogenetic tree is a rooted, leaf-labeled,

R-weighted tree, with no degree 2 nodes
other than the root.
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“Phylogenetic” Trees

A phylogenetic tree is a rooted, leaf-labeled,

R-weighted tree, with no degree 2 nodes
other than the root.

The topology of a phylogenetic tree is the
underlying unweighted leaf-labeled graph.

Key assumption: We assume our trees are

equidistant, meaning the distance from the
root to each leaf is the same.

In phylogenetics, equidistant trees appear under
the molecular clock hypothesis, which assumes
that each lineage evolves at the same rate.
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Tree Metric Embedding

I’ defines a tree metric: Vi, € |n]

d,(i,j) = distance fromitojin T.

1213 14 23 24 34
d.=(2,3.5,3.5,3.5,35, 1)




Tree Metric Embedding

I’ defines a tree metric: Vi, € |n]

d,(i,j) = distance fromitojin T.
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Tree Metric Embedding

I defines a tree metric: Vi,j e |n] The set of all tree metrics on n

d,(i,j) = distance from itojin T. leaves forms a polyhedral fan.

b
1213 14 23 24 34/1"

—> d= (2, 3.5, 3.5, 35,35, 1)
5

ldentify 1" with
(dr(i, )1 <icicn € R

BHV space for (unrooted) trees on 5 leaves [BHV].



Tropical Geometry




Tropical Tree Spaces

12 13 14 23 24 34
(2, 3.5, 3.5, 35,35, 1)

What dependencies do
the entries of d have?



&P = max,

Tropical Tree Spaces __

12 13 14 23 24 34
(2, 3.5, 3.5, 35,35, 1)

Three-point condition: A pointd € | (5) IS
a tree metric if and only if

maxd(i, j), d(i, k), d(j, k) |

is achieved at least twice for all 7, j, k € [n].
These are tropical vanishing equations!




- &P = max,
Tropical Tree Spaces __ .

12 13 14 23 24 34
(2, 3.5, 3.5, 35,35, 1)

. .y : (n) _ The space of /(\\
Three-point condition: A pointd € R\2/ is equidistant trees TR

. : on 4 leaves [AK] is 1 4
a tree metric if and only |if the fan over the K«\
Petersen graph. Ao DB
maxd(i, ), d(i, k), d(j, k) }

is achieved at least twice for all i, j, kK € [n].
These are tropical vanishing equations!

Theorem (Ardila-Klivans ’06) The space K\“’ e ‘\%\
of equidistant trees on n leaves is the O\ A AN

tropical linear space Trop M(K,).



The Tropical Projective Torus R"/Rl

x~y &< x=A0y, IR = x=U+y,...,4+y), L ER
R"/R1 =~ R""!

1213 14 23 24 34 1213 14 23 24 34
d-=(2,35,3535235 1) ~ d.=(4,55,55,55,55,3)



Tropical Convexity

Tropical linear spaces are tropically
convex, meaning they are closed under

taking tropical linear combinations.

Exercise: the tropical sum (coordinate-wise max)
of two equidistant tree metrics is an equidistant

tree metric.



Tropical Convexity

Tropical linear spaces are tropically
convex, meaning they are closed under

taking tropical linear combinations.

Exercise: the tropical sum (coordinate-wise max)
of two equidistant tree metrics is an equidistant

tree metric.

A tropical line segment is a
concatenation of Euclidean line segments.

Theorem (Page-Yoshida-Zhang ’20) A tropical line segment in

In the relative interior of each segment, Trop M(K,), the space of
all trees have the same topology. equidistant trees on 4 leaves.



Tropical Line Segments

...INn the space of equidistant trees.

Theorem (C. ’22)

For sufficiently general edge weights, there are
two possible topology changes along the
tropical line segment:

1. A single NNI (three branches come together)

2. A 4-clade rearrangement (four branches
come together)

3 NNI

1 234 123 4 1234 132 4 1 32 4

A tropical line segment is a
concatenation of Euclidean
line segments.




Tropical Line Segments

...INn the space of equidistant trees.

Theorem (C. ’22)

For sufficiently general edge weights, there are

two possible topology changes along the
tropical line segment:

1. A single NNI (three branches come together)

2. A 4-clade rearrangement (four branches

3 NNI

1 2 3 4

come together)

1 23 4 1234 1 32 4

1 32 4

A tropical line segment is a
concatenation of Euclidean
line segments.

How does this compare to other tree spaces?
BHV

* geodesics in polynomial time
same as tropical line segments

* geodesics may pass through cones of
arbitrary codimension

codim < 2 for tropical line segments
NNI (graph)
e shortest path is NP hard to compute

» average distance is O(nlogn)

O(n(log n)*) NNI moves on a tropical line
segment (C. ’22)



A long tropical line segment

Not all tropical line segments in tree o l)qigf{n_af_{@j}_—_}_ vy =n(n—oming,ji)
space are well-behaved...
BN — 2) —— —— — - - - e m e e e e e e e e e — - ———— ——
The tropical line segment takes
n—1
) NNI moves (C. ’22). RN SN AP S

But in the NNI graph, the trees are

n — 2 NNI moves apart. 1 9 p_1 n 1 2 - p—1 n



Tropical Fermat-Weber Points



Fermat-Weber Points

Given data vy, ..., v, In @ metric space (X, d), a Fermat-Weber point or geometric median is
a point x* minimizing the average distance to the data.

x* € argmin 2 d(v;, x)

xeX i=1
® = data FOI'(\“’
® ®
| ®
o—00—9 9-00—O- - ®
X=R,d(x,y)=|x—y| X =R d(x,y) = \/(X1 —y)* + (= »)° X = R°/R1,d(x,y) = dy(x,y)

Median Fermat-Torricelli point Asymmetric tropical FW set



Symmetric Tropical Fermat-Weber Sets

(Symmetric) tropical distance v, x € R"/I

dp(v;, x) = max(v; — x;) — min(v; — x;)
j€[n] JE[n]

1
Vo =X
y max-tropical
hyperplane
V1 =X min(Vij — xj)
V3 — A3 jEln]
min-tropical
Vi—=d, V3 = X3 hyperplane
®

max(v;; — X;)
Vo =Ay  jelnl



Symmetric Tropical Fermat-Weber Sets

(Symmetric) tropical distance v, x € R"/R1
dp(v;, X) = max(v; — x;) — min(v; — x;) V) — X
JEIn] JEln] . max-tropical
hyperplane
 Theorem (Lin et al. ’17) In general, S Vi — X min(vlj - xj)
FW(v,,...,v ) € tconv(v,,...,V, ). 3743 JEIn]
e Theorem (Sabol et al. ’25+ ) FW(v,...,v )isa by min-tropical
region of the min- and max-tropical hyperplane Vi=4, | 73 73 hyperplane
arrangement centered at v, ..., v, . ® maX(sz — xj)

Vo — Xy jeE[n]

« Theorem (C.-Talbut-Sabol-Yoshida ’25+)
FW(y,...,v, ) Ntconv(vy,...,v, ) # D .



Symmetric Tropical Fermat-Weber Sets

(Symmetric) tropical distance v, x € R"/R1
d\(v;, x) = max(v;; — x;) — min(v;; — x;) _
’ : ] J ) 9 J V X
JE[n] JE[n] : ’ max-tropical

Median of tree Y hyperplane
* Theorem (Lin et al. ’17) In general, €— MEtrics Is not by Vi — X min(vij — xj)
3

always a tree

FW(,,...,v,) € tconv(v,...,Vv,). metric jEln]

e Theorem (Sabol et al. ’25+ ) FW(v,...,v )isa by min-tropical
region of the min- and max-tropical hyperplane Vi—=d, 3 73 hyperplane
arrangement centered at v, ..., v, . ® maX(Vij — xj)

Vo — Xy jeE[n]

« Theorem (C.-Talbut-Sabol-Yoshida ’25+)
FW(y,...,v, ) Ntconv(vy,...,v, ) # D .



Symmetric Tropical Fermat-Weber Sets

(Symmetric) tropical distance v, x € R"/R1

dp(v;, x) = max(v; — x;) — min(v; — x;)
j€[n] JE[n]
Median of tree

_ , metrics Is not
* Theorem (Lin et al. ’17) In general, — always a tree

FW(VI, XXX Vm) -,¢— tCOnV(Vl, AL Vm) . metric

e Theorem (Sabol et al. ’25+ ) FW(v,...,v )isa
region of the min- and max-tropical hyperplane

arrangement centered at v, ..., v, .
« Theorem (C.-Talbut-Sabol-Yoshida ’25+)
FW(y,...,v, ) Ntconv(vy,...,v, ) # D .



Symmetric Tropical Fermat-Weber Sets

(Symmetric) tropical distance v, x € R"/R1

dp(v;, x) = max(v; — x;) — min(v; — x;)
j€[n] JE[n]
Median of tree

_ , metrics Is not
* Theorem (Lin et al. ’17) In general, — always a tree

FW(Vla XXX Vm) -,¢— tCOnV(Vl, AL Vm) . metric

e Theorem (Sabol et al. ’25+ ) FW(v,...,v )isa
region of the min- and max-tropical hyperplane

arrangement centered at v, ..., v, .
* Theorem (C.-Talbut-Sabol-Yoshida ’25+) _ But some median
FW(®y,...,v,) Ntconv(v,,...,v, ) # @. ISatreemetric



Asymmetric Tropical Fermat-Weber Sets

Asymmetric tropical distance (Comaneci-Joswig 2024) v, x € R"/R1

d\(v;,x) =n max(vlj — xj) + Z Xj — V.
JEIn] il



Asymmetric Tropical Fermat-Weber Sets

Asymmetric tropical distance (Comaneci-Joswig 2024) v, x € R"/I
d\(v;,x) =n max(vlj — xj) + Z Xi— V. =1 maX(VU’ — X;), for
Jjeln] il i€[n]

1

x,v;e{zeR":z;+ -+ +7,=0} = R"/R1.

d(v, x) is linear on the regions of the
min-tropical hyperplane centred at v.

V3 — A3

V1—x1v
®

Vo — Xy

16



Asymmetric Tropical Fermat-Weber Sets

Asymmetric tropical distance (Comaneci-Joswig 2024) v, x € R"/R1

d\(v;,x) =n max(vlj — xj) + Z Xi— V. =1 maX(VU- — X;), for
jeln] . €[n]
e x,v;e{zeR": z;+--+2z,=0} =2 R"/R1.

Theorem (Comaneci-Joswig ’24) d(v, x) is linear on the regions of the

. FW(v,,...,v )is the central cell of the min-tropical hyperplane centred at v.

min-tropical hyperplane arrangement
centered at vy, ...,V

.
®
« FW(v,,...,v, ) C tconv™ (v, ..., v, ).
» Ifv,,..., v, represent equidistant trees »
I, ..., 1T ,then every FW point is also

an equidistant tree. o

16



(weighted)
Asymmetric Tropical Fermat-Weber Sets

Weighted Fermat-Weber Points

m
Given weights wy, ...,w, > 0, x* €& argminz w; dp(v;, x) .
xeX i=1

Theorem (C.-Curiel 2025+)

« FW(vy,...,v, , W) is a bounded cell” of w - dx(v, x) is linear on the regions of
the min-tropical hyperplane arrangement the tropical hyperplane centred at v.
centeredatvy,...,v, .

*generically a point w(v, — X;) w(v; — X3)

« FW(v,...,v ,w) C tconv™(v;, ..., v ). e

» Ifvy,...,v, represent equidistant trees w(vy, — X,)
I, ..., T ,then every weighted FW point

IS also an equidistant tree.

17



Good trees, quickly

Theorem (Comaneci-Joswig ’24) Every point in tconv™*(T, ..., T ) is Pareto and co-Pareto
on rooted triples. The tropical vertices of this set can be computed in strongly polynomial time.

— Every point in FW (v, ..., v, W) is Pareto and co-Pareto on rooted triples of v, ...,V .
median tree
1 J Kk . J K i J kK
i ] k
Every.sample tree Pareto The median tree co-Pareto At least one sample
contains the rooted — 5 (contains the rooted —m—m——» tree contains the

triple i | jk. triple i | jk. rooted triple i | jk.



Tropical Fermat-Weber Points

<=

7

The graph of

da(x,vy) + dr(x, vy).



Tropical Fermat-Weber Points

<=

oy

The graph of

The tropical hyperplane
da(x, vy) + da(x, vy). arrangement.



Tropical Fermat-Weber Points

/
N

The graph of L(e1 + e2)

The tropical hyperplane The Newton polytope of
dr(x,vi) + d\(x, V). polytop
A 1 A 2 arrangement. dA(x, Vl) | dA(x, Vz)-

19



Tropical Fermat-Weber Points &€ . w
I e SN
The envelope . B VE
EWp,....v,) CR" X R" > |~
The corresponding
l (£, %) = x Cayley polytope
subdivision
\ V1
3k
¢ +-—)
V2
The graph of
The tropical hyperplane The Newton polvtope of
dp(x,vy) + dp(x, vy). arrangement. WIOn POYIOR

da(x,v)) + da(x, vy).

19



(weighted) w;=1/3, w,=2/3
Tropical Fermat-Weber Points @ v
The envelope L | [
EWy,...,v,, W) C R" X R1e—> |~
| 0 e correspondng
subdivision

/
N "

The graph of

wie; + wae2

The tropical hyperplane '|ihe Newton p2C>|ytOpe of

] 2
—dA(x, v)+—dA(x, V,).
3 A 7T g FAV 12 arrangementz-o EdA(x’ v1)+§dA(X, 12)]



Back to the Data
Weighted data

Otophysi

Siluriformes (catfish) (some © ) ETETTRS
, T, < !I:‘:p‘

» Data collected may not align with
actual population proportions.

Gymnotiformes

T - -

Apteronotidae (ghost knifefishes) =

Hypopomidae (bluntnose knifefishes)

 Some data is higher quality than
other data.

Rhamphichthyidae (sand knifefishes)

Gymnotidae

LGymnotus (banded knifefishes) © «aggmrrmrs---—

* |n phylogenetics, reconstructed Electrophorus (electric eels) * / oy

trees can be weighted by a
function of bootstrap scores on N .
edges [M BX]. (piranhas, tetras, and allies) ™ eg

From the Wikipedia page on electric eels.

—Sternopygidae (glass knifefishes)

21



What’s Next?

Normal distributions on tropical tree space

Problems:

» If d;is a tree metric, then —d is usually not a tree metric.

e |f we write down the usual normal distribution formula on a tree space, the
normalizing constant depends on the center of the distribution.

What other statistics problems should be explored in tree space?



Thank you!
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