Filtering SPDEs with
Spatio-Temporal Point Process Observations

Wilhelm Stannat

Institut fir Mathematik, Fakultat Il
TU Berlin

joint work with: J. Szalankiewicz, C. Martinez-Torres
arXiv:2408.15920

IMSI - U of Chicago, October 6, 2025

k™ SFB 1294
vta Assimilation


https://arxiv.org/abs/2408.15920

Motivation I. Statistics on intracellular wave dynamics

Example actin dynamics in D. Discoideum cells
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What do we really see?
Not actin concentration X(t) but photon count Y(t) (correlated with X(t))!



Motivation Il. From Actin Waves to Photon Counts

Confocal laser scanning microscopy (CLSM)
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» CLSM (Confocal Laser Scanning
Microscopy) records photon
counts, not direct actin
concentration

» Fluorescent biomarkers attached
to actin emit photons when
excited by laser

» Photon count Y(t) follows
Poisson distribution

» Poisson intensity parameter
A = f(X(t)) where X(t) is the
true underlying actin concentration
> Challenge Reconstruct X(t) from
noisy measurements Y(t)



Data analysis |

» analyzed images of Fluorescein solutions at varying concentrations and
microscope configurations to validate the assumption of
Poisson-distributed observation noise ("shot noise”) !

» assumed constant Fluorescein concentration during observations due to
minimal diffusion over short time periods and localized regions

» Example image:

1Krull et al., Image Denoising and the Generative Accumulation of Photons, preprint, arXiv:2307.06607, 2023



Data analysis |l

» data consists of sets of 10.000 images, every pixel treated as a sample of
the same Fluorescin concentration

» Blue: Bar plot over all pixels of one data set
Orange: Poisson pdf with intensity given by empirical mean

Sample 8, sample 10, Sample 26,
Pixel Dwell Time: 40.7, Physical size: 42.5; Pixel Dwell Time: 81.44, Physical size: 42.5; Pixel Dwell Time: 40.7, Physical size: 42.5;

Laser Power: 1 Laser Power. 1 Laser Power.
o Mean: 20.7086; Variance: 21.3012 010 Mean: 41.9737; Variance: 43.1793 o Mean: 44 2119; Variance: 45.4933
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main feature variance scales linearly



Mathematical modelling

focus on an area of interest (AOI) to eliminate cell boundary effects

CLSM cell image AOI

mathematical model: stoch. reaction-diffusion system
Oeu(t, x) = 9Au(t, x) + f(u, v)(t, x) + E(t, x)
Orv(t, x) = g(u, v)(t, x)

Agenda estimate X(t) = [u(t, -), v(t, -)] from fluorescence microscopy data

t
Y(t, x) ~ Poiss (/ )\(u(s,x))ds)
0
from u (only), to infer on ¥, f, g and p

G. Pasemann, et al., Diffusivity Estimation for Activator - Inhibitor Models, J

Nonlinear Sci ’21


https://link.springer.com/article/10.1007/s00332-021-09714-4
https://link.springer.com/article/10.1007/s00332-021-09714-4

Part I:

Filtering SPDE with

marked point process (MPP) observations



Mathematical framework

signal process SPDE in the variational setting

dX(t,x) = A(X(t, x)) dt + B(X(t, x)) dW(t, x), (s)
X(0,x) = £(x),
on H = LZ(D), D C R?, w.r.t. a Gelfand triple V < H = H’ < V' for some reflexive Banach

space V

standard ass. on A, B and W (Q - Wiener process with finite trace) (see [Liu, Réckner 2015])
imply unique variational solution X € L2([0, T] x Q, dt @ P; ) N L([0, T] x Q, dt @ P; V)

observation process MPP Y on [0, T] X K, K C R9% compact, directed by X with strictly
positive and bounded conditional intensity A : [0, T] X K x H — R, satisfying
0<C< [ Atx| X) e < T < oo
K

where pc denotes Lebesgue measure



On the observation process

Some properties of Y

- for measurable I C K, Yr(t) := Y/((0, t] x I') admits the semi-martingale decomposition

{dYr(t) = Ar(t | X(t)) dt + dNr(t), te (0, T],

Yr(0) =0, ©)

with
> Ar(t | X(1)) = fr At x | X(t))pxc(dx)
> Nr(t) = Yr(t) — fot Ar(s | X(s))ds

- the special case Y&(t) := Yic(t) leads to the ground process with ass cond. intensity

N (eI X(0) = [ Aex | X()rc ()
K



Kallianpur-Striebel formula

Consider the P-martingale
2(t) == exp{ — /Ot /}C log{\(s—, x | X(s))}Y(ds, dx)
+/ot/,< (A(s:x | X(5)) = 1) uxc(dx) ds}, £ €0, T,

then Xo.: and Yp.: are independent under QQ, where %\}} = Z

since Yp.7 under Q is a homogeneous Poisson point process

implies that for Z(t) := Z; ' = 5—5 |7

Eo[y(X(1))Z(8)|Y4]
Eq[Z(8)| V]
defines a regular conditional expectation of ¢)(X(t)) given Yo, t € [0, T]



Filtering equations

Theorem

P Zakai equation For v sufficiently smooth, p:(v) := Eq[¢)(X(t))Z(t)| V] solves

o) = o) + [ pa(Ly) ds

+/0 -/)c ps—((A(s—,x | -) = 1)Y)(Y(ds, dx) — pic(dx) ds), Q-a.s.
where i
£ =y (AC), D W)y + 3 trace(B()QB() D'}

Eg v (X(1)Z(t)|Vt]

T (O] solves

P Kushner-Stratonovich equation For 1 sufficiently smooth, n:(v)) :=

() = o) + / Cne(L) ds

Ms— (P As—=,x [ ) = ns—(¥)ns—-(A(s=>x | 1))
+/ / 57()‘(5_1X| )) )
X (Y(ds x dx) — ns—(A(s—, x | -)) pxc(dx)ds)




Finite dimensional observations

Let {Ki,...,Ku} be a meas. partition of C, then
YY) = (Vi (), -, Yy (£))

defines a multivariate M-dim point process with conditional intensities
AT X(0)) = A (£ ] X(1) = [y, At x | X(£))pac ()

Kallianpur-Striebel formula Let

iy e oo LSO [ iog J A EIXEN (ym
Z"(t) ._exp{g[/o log W dy;"(s)

— [T O 1 x() — (1) 0] }
0
then
Eq[p(X()) 2" (1)| V]
Eq[ZM (1) V]
defines a regular conditional expectation of 1 (X (t)) given Y M.



Filtering equations for finite dimensional observations

Theorem

> Zakai equation p!' () := Eq[v(X(t))ZM(t)| Yoa] solves

o) = o)+ [ o) as
0
m t
+3 / PO (s | ) = D)(YM(ds) — uxc(Ki) ds), Q-as.
i=1

Eglw(X()ZM (1)1 v

solves
EglzM (1) v

» Kushner-Stratonovich equation n () :=

n'w) = '@+ [l (ev)ds
0

M e (A (5= [ ) = me— ()0 (M (s | )
i Z/ P (= 1) x

x (VM (ds) = nl (A (s— | ) ds)



Convergence of finite dim observations

Prop Let
> kM= {K1M7 ey K,:‘f’n} be an increasing set of meas. partitions of K separating pts of I,

> kM € KM be representative pts of the set KV,
oM . M
> Y=k ZT,—EY’M([O,T]) 67—,-><kIM :

Then ~
Y™ — v|5, < Y(0, TI x K) - max diam(KM)
1<i<npy
where

llgei= s [ fd
0, TIxK—R J[0,TIxK
Il i+l oo <1

In particular, maxi<i<ny, diam(KiM) — 0 implies yM sy weakly.



Asymptotic consistency of posterior distribution |

Theorem Assume now A(t, x | X) continuous in (t, x, X) with

0 < A_ = inf A(t,x|X) < sup A(t,x | X)=: A4 < oo.
(t,x,X) (,%,X)

Let pM be the unnormalized conditional distribution of X(t) given Y. Then

(i) pr” — pt|ltv — 0 P-ass.
(it) K I, | u)lluip < Lx for all u € H and some deterministic Lipschitz constant Ly, then

- - g
sup_ 1pY = pelltv < Kp(A, Y) max {d.am(;c’”), diam(KM)” ‘(””}
0,

te(
with
1
Rp(h V) = S (L4 L ATHEOT) ),
cmax {ATTOT exp{ T (A — 1) pc ()},

AFOT exp{—T (A= = 1) e (K)} }.



Asymptotic consistency of posterior distribution Il

Corollary Let the assumptions of the previous Theorem hold true. Let n{w be the normalized
conditional distribution of X(t) given Yg. Then

(i) ”77?/’ — n¢lltv —> 0 P-ass.

(if) If X(t, x | u) is Lipschitz continuous w.r.t. (t, x) with Lipschitz constant Ly uniform in u
and w then

sup HTI:W —Nelltv < Ky(X, Y) max {diam(lCM), diam(ICM)Vg((O’T])}
te0,T]
with
KA, Y) i=((1+ Ly ATHYEOTD _q).
cmax (A0 ep—2T (A- - 1) e (K},

(£> YE((0.7])
P

2Y&((0,T])
)\+

exp{T (A +1—2X_) ux(K)},

Yexp{T (Ay — 1) uc(K)} }



Partial observations |

assume only partial observations from K,-M, i€y C{l,...nu}

likelihood in this case reduces to

M S S
ZIM (t) :=exp Z/ {LKXM()))} dY,.M(s)

iezy 0

= [ O 1 xX(6) (1) e}

using

z M M z
llpe = peMllvv < lloe = o¢ llv + 1oy — oM llTv

and controlling the second term yields error bounds



Partial observations: error bounds |

Proposition Let the assumptions from the previous Theorem hold true. Then
() .
e = piM Ity < p(A, ¥) max {diam(KM), diam(KcM) “‘”“}

+ 2 (X YV)(K(Z)),
with £,(X, Y) being the constant from the previous Theorem and
o (X, Y)(K(Zy)) =
1
5 max {,\Ig“"*”) exp{—T (A_ — 1) uxc(K)},
8
AFOTD exp{~T (A- = 1) e (K) }-
 ((exp { max {|log{A-}|, [ log{ A+ H}Y((0, T] x K™(T))+

+ Tuc(KM(Zg) max{|A- — 1], [As — 1]} } = 1).



Partial observations: error bounds |l

Proposition Let the assumptions from the previous Theorem hold true. Then
() .
e = pIM Ity < p(A, ¥) max {diam()CM), diam(KcM) “0*”’}
c
+ep(A, YIK(ZR)),
(i)
me — niM |1y < fon (A, Y) max {diam(lCM), diam(ICM)Yg((D’T])}
c
+en (X, YIK(ZW)),
with Ky, (X, Y) being the constant from the previous Corollary and
en(\ V)
Y((©,0x KMz )

= max{)\: ep{—2t(A_ — 1) pic(K)},

AZYE(O.8) V(0. KM(Zw)

cep{t (g + D (KM(ZM) — 22— ()},
A2YEOD ot (ay = ) M@}
- (exp { max {1 1og{A_} |, log{ x4 }I}Y(©, 1 x KM (zi)

+ g M) max{IAZ =11, 1AL — 113} 1),



Part 11

Numerical Experiments and Application



Synthetic data |

» Signal: Activator process u from SPDE system

du(t) = (Au(t) + e(u(t) — ca)(u(t) — a2)(as — u(t)) — v(t) + I)dt + BdWi(t), (1)
dv(t) = (Av(t) + v(Bu(t) — v(1)))dt + ddWs(t),
» Observations: Marked Cox processes with spatial resolutions
32 x32,...,1 x 1. Intensity of the form:
)\(t7 X) = e_at(CX)2 V Crmax (2)

» Particle filter with 20 particles. Initialization with correct parameters and
"close enough” initial condition.



Synthetic data Il

Comparison for a fixed time step (32 x 32 pixels)

Signal Observation Particle filter est.

Comparison for a fixed time step (4 X 4 plxels)

Signal Observation Particle filter est.




Synthetic data Ill

P> M := spatial resolution, L := ensemble size

wM
> XU () = 1 T X)) = X(1)

> MSE(XL, X)(t) = \/ rokar Spnes(XL (5, pixel) — X(t;, pixel))?
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Empirical spatial MSE between particle filter estimates and signal



Wrong noise assumption |

v

Assume: observation noise is Gaussian
Estimate the empirical variances 62 of Y

Poisson distributed observation leads to

&2dt ~ A (t, X(t))dt, k = pixel.
"Wrong" observation dynamics

dY*(t) = M (t, X(t))dt + 6dB*(¢)

with B being a k-dim. Brownian motion on [0, T].

Signal X(t) High intensity observation Yp,(t) Low intensity observation Y;(t)

Test for high and low intensity observations:




Wrong noise assumption |l

MSE comparison for high intensity obs. Yp,(t)
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Application to CLSM recordings |

» used reaction-diffusion SPDE with FitzHugh-Nagumo nonlinearity as
model for the signal, parameters calibrated to keep activator values
between 0 and 1, matching observed actin concentration data

» adjusted observation intensity to align simulated photon counts with the
data

Particle filter: (100k particles, 32x32, 1000 steps)

Particle filter run (Ensemble size: 1000) W|th SPDE signal and MPP observation
MPP Observation

True Signal

28
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08 16
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0.4 8

4
0.2

REBIGI6) (SR

Particle filter est.




Application to CLSM recordings Il

Ongoing work: state-parameter estimation

to test hypotheses on difference in wave mobility (e.g. spatial diffusivity) in
dependence of different substrates

State-Parameter Particle filter: (500k particles, 32x32, 1000 steps, run on HPC
cluster)

Comparison of sample n300_G6 rcu_ 2 and state estimation over time
=100

Observation: t=100.0000 State estimation: t=100.0000
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Thank you for your attention!
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