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1. Motivation from Inverse Problems



EIT Inverse Problem: Likelihood Shift in Forward Data

(3) {(gm> Ay gm)}2 4 (b) A : Neumann > Dirichlet (c) ~

¢:g on 0N

{v S(YVé)=0 in Q
9
Ton

Ym = Aygm + Om, where gm ~p

N. H. Nelsen (Cornell) Training Distribution Optimization October 2025



Neural Inverse Operators! and Covariate Shift

Ideal continuum measurements: Y = A, (practically inaccessible)

M(~)
m=1

Finite measurements: Y™ := {(gm, ym)

Ym = Aygm, where gm ~p

R Molinaro, Y. Yang, B. Engquist, S. Mishra '23; N. Guerra, N., Y. Yang '25; N., Y. Yang '25
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Neural Inverse Operators! and Covariate Shift

Ideal continuum measurements: Y = A, (practically inaccessible)

Finite measurements: Y = {(gm,ym)}ffgl)

Ym = Aygm, where gm ~p

Neural operators on the space of probability measures

(flagl) WDON((flygl))

(for92) \__ | DeepONet | J ¢pon((f2r02)) \__, f .| ENO g
Ypon $rrno

(vagL) ‘PDON((vagL))

R Molinaro, Y. Yang, B. Engquist, S. Mishra '23; N. Guerra, N., Y. Yang '25; N., Y. Yang '25
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Neural Inverse Operators! and Covariate Shift

Ideal continuum measurements: Y = A, (practically inaccessible)

M(~)

Finite measurements: Y™ := {(gm, ym) }rnel

Ym = Aygm, where gm ~p

Neural operators on the space of probability measures

Unio: Z(L*(09) x L*(89Q)) — L*(Q)

1 < 1 M
M mz::Ifs(gm,ym) — PFNO <M > SODON((gm,ym))> .

m=1

R Molinaro, Y. Yang, B. Engquist, S. Mishra '23; N. Guerra, N., Y. Yang '25; N., Y. Yang '25
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Neural Inverse Operators! and Covariate Shift

Ideal continuum measurements: Y = A, (practically inaccessible)

M(~)

Finite measurements: Y™ := {(gm, ym) }rnel

Ym = Aygm, where gm ~p

Neural operators on the space of probability measures

Unio: Z(L*(09) x L*(9Q)) — L*(Q)

(Id, Ay)#p — ¢rrno <E9~p ¢pon (g, Avg)))

Covariate Shift Problem: What if new test input Y Mtest comes from piest # p? J

R, Molinaro, Y. Yang, B. Engquist, S. Mishra '23; N. Guerra, N., Y. Yang '25; N., Y. Yang '25
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Choice of Boundary Data Distribution Matters

true conductivity V1 Vo V3 Vs

(top row) in-distribution pirain = v4; (bottom row) out-of-distribution ptest
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2. Mathematical Setup



A General SciML Setting

Regression: Find G ~ G*: U — Y from data

Up, ~v and y, = g* (un) (noisy yn also possible)

Input primitive: For any v, generate samples u,, ~ v
Output primitive: Query the black-box oracle u — G*(u)

Goal

What distribution v should training data be sampled from to best approximate G*? )
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Warm Up: Test Errors and Covariate Shift

Test accuracy: For fixed v € P(U), define

Acc(G; 1) =By |GF (') — G()|3

Training data design: Free to choose training distribution v for ERM on u,, ~ v:

N

~ Nt % 2

G" = argmin — G (un) — G(un
gmin 3y D10" (un) — 613

What v minimizes Acc(G™);1')? J
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Warm Up: Test Errors and Covariate Shift

Test accuracy: For fixed v € P(U), define

Acc(G; 1) =By |GF (') — G()|3

Training data design: Free to choose training distribution v for ERM on u,, ~ v:

N

~ Nt % 2

G" = argmin — G (un) — G(un
gmin 3y D10" (un) — 613

What v minimizes ACC(QA(”); V') ? Fact: vopt # V' J
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Training on the Test Distribution is Suboptimal with Finite Data

Christoffel sampling:2 With finite data, minimizing an Acc upper bound gives

Vopt (du) = #l/l (du)

Wopt ()

(wopt depends on both H and v/, and estimator is from weighted least squares ERM)

Linear operator learning:®* v should be less regular than v/, so supp(v’) C supp(v)

/\~VW

(a) Smooth (b) Rough

2B. Adock '25 (review paper); A. Cohen and G. Migliorati '17
3M. de Hoop, N. Kovachki, N., A. Stuart '23
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Training on the Test Distribution is Suboptimal with Finite Data

Christoffel sampling:> With finite data, minimizing an Acc upper bound gives

Y Jdw

Wopt ()

Vopt (du) =
wopt depends on both H and v/, and estimator is from weighted least squares ERM
P

Linear operator learning:® v should be less regular than v/, so supp(v’) C supp(v)

(a) Learned (smooth) (b) Learned (rough)

(uncertainty sampling, ridge leverage scores, RPCholesky, etc)

2B. Adock '25 (review paper); A. Cohen and G. Migliorati '17
3M. de Hoop, N. Kovachki, N., A. Stuart '23
N. H. Nelsen (Cornell)
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Today: Beyond One Task Via Meta Test Distributions

A probability measure over probability measures: Q € Z(Z2(U))
Example: A typical single task setup involves just one test distribution v/, so Q = §,

Example: 6 test distributions (e.g., different classes [airplane, chair, lamp, etc|, experiments)

e © e o (OF
e e B
.? .
]
@ @
Family of Test Distributions Q Ideal: .A broad training distribution (bllue) In practice: constrained
covering the support of all test scenarios

Q=

D=

6
> 0y
k=1
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Average Out-of-Distribution Prediction Accuracy

E0(0) = Burmg Burour |G () — ()]} J
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Average Out-of-Distribution Prediction Accuracy

&@(g) = Eu’~uQ ||g*(u/) - g(U/)H;, where v = Eu’m«(@ yl

Access model: Not Q itself, but K empirical measures {(v}) ™)} X | where

My,
1
)M = e D b . where ul v~ Q
m=1

(fixed data sizes K and {M} K )

Now: What v minimizes 5Q(§(")) ?
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3. Designing Algorithms



Deriving Algorithms: An Optimize-Then-Empiricalize Approach

(Un, i‘i\.‘d. l/)

Practice (finite validation, finite train)

. 1K1Mk*k/\(u)k2/\(y) 1 2
lgf{K;Mk;HG (um) = G (um)|[3, | GF earggergmﬁgllg (un) = Glun)l5
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Deriving Algorithms: An Optimize-Then-Empiricalize Approach

(Un, i‘i\.‘d. V)

Practice (finite validation, finite train)

1gn 1 & Wy
. * k: Au
ot B -se

Ideal (infinite validation, finite train)

N
G\;\lf’) S arg mln Z

g {6 -0
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Deriving Algorithms: An Optimize-Then-Empiricalize Approach

(Un, i‘i‘.‘d. V)

Practice (finite validation, finite train)

1ea 1 & , 2
. *(k ~(v k
i S

N
51(\7) € argger%in % ;Hg*(un) - g(“”)H;}

Ideal (infinite validation, finite train)

g {6 -0

N
Q\}\lf’) S arggerzin % ;Hg*(un) - g(u")”;}

Continuum  (infinite validation, infinite train)

Lt (BBl 890

G» e argmin By, ||G* (u) — g(U)H;}
GeEH
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Adaptive Algorithm 1: Bilevel Minimization

Continuum: When H is Hilbertian, can directly minimize as a bilevel problem

. s, AW 12 | AW . * - 2
Veg}zf(u) {IEV/NQIEH/NU/HQ (w')—¢6 (u)”y G Gargerqn{mIEuNVHQ (u) Q(u)Hy}

Bilevel minimization: Gradient descent in the space of probability measures
> Adjoint state methods in H  (e.g., RKHS for kernel methods)

» Gradient V,, or Vg if v =1y  (parametric families)
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Adaptive Algorithm 1: Bilevel Minimization

Continuum: When H is Hilbertian, can directly minimize as a bilevel problem

. (N S(w) 12 | Av) . * _ 2
Veg}g(u) {IEV/N@IEH/NV/HQ (u) -G (u)||y g Gargergl{mEMNUHg (u) g(u)Hy}

Bilevel minimization: Gradient descent in the space of probability measures

(Vo)) (@) = = (G (w) = G" () (K, 'Ka(G”) — ")) (w)  (RKHS) J

residual reweighted residual
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Adaptive Algorithm 2: Alternating Minimization

Upper bound: Alternatively, under Lipschitz assumptions,

¥G: £0(0) < inf|[Euvs 6" () = G0 + /B (G, 0o ) B o W )|

(strength)
o) * g
— inf &(G") < (ingf)[]EWHg (u) = G5, +3(:6",Q) M@W%(u,v')]
training error penalization on distribution misfit
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Adaptive Algorithm 2: Alternating Minimization

Upper bound: Alternatively, under Lipschitz assumptions,

VG: 6o(9) < igf [EUNMHQ*(U) — g(u)”; + \/IEV/N@ c2(G*, G, u, y/)\/IEl,/NQ W2 (u, l,/)]

(strength)

. S(v) . * 2
= inf &p(G") < (mgf) Eunw ||GF (1) — ||y+5 v;G*, Q) \/Eur g W2(1, 1)
training error penalization on distribution misfit

Alternating minimization: Alternating descent on upper bound:

I/(O) train g\(o) optimize () train g(l) optimize V(Q)...

> Objective J always nonincreasing as iterations progress

» Scalable: applicable to neural networks, neural operators, ...
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Adaptive Algorithm 2: Alternating Minimization

Upper bound: Alternatively, under Lipschitz assumptions,

¥G: £5(9) < inf [EWHG*@) =G + \/Eurng (6", G, 1)\ Eur g W3, w)]

(strength)

. S(v) . * 2
= 113f 60(G") < (lngf) B |G (u) — ||y +6(v;G%,Q) \/Evr g W3 (v, V)
training error penalization on distribution misfit

Alternating minimization: Alternating descent on upper bound:

V(o) train é\(o) optimize V(l) train 6(1) optimize V(g).”

2 2
V. They (@) = 9" — G+ Mo e b (I g g, )
————— ?

residual .
moments OT potential
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Some Takeaways

» Optimal v depends on target G*

» Information available for experimental design:
1. Query access to u — G*(u)

2. Samples for candidate v

3. Fixed validation set of empirical measures {(v},)(M*)}<  from Q

> Write down algorithms, then empiricalize
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4. Numerical Results



Bilevel Minimization Example: Sobol-G Function Approximation

Goal: Optimize (m,C) in x ~ N (m,C) € P2(R?) to learn the Sobol-G function

with kernel ridge regression under 10 Gaussian atoms empirical measure Q with normal
means and Wishart covariances

100 — M~y
=e| e
LY ~

i
2 ¥,
= e
(] 10-1{—@ = Optimized .\ V\V
2 «+ 4=+ Normal »
= Barycenter A
Mixture ‘\.
— %~ Uniform ‘999
0 250 500 750 1000 10? 10° 10 0 10000 20000 30000
Iteration Sample Size Total Function Evaluations

(Left) Meta validation error over 1000 iterations. (Center) After design is found, meta test error as
sample size grows. (Right) Same as center, but versus number of function evaluations.
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Bilevel Minimization Example: Friedmann Function Approximation

Goal: Optimize (m,C) in x ~ N (m,C) € P2(R?) to learn the function
G*(z) := 10sin(rz1x2) + 20(x3 — 1/2)° 4 1024 + 55

with kernel ridge regression under 10 Gaussian atoms empirical measure Q with normal
means and Wishart covariances

10 - 100 100
= Seen
CP — == Unseen
<3} X
% 6x 107 —@ ‘\ S |
S . = Optimized 1
Ssx10 S~ e Nommal "-‘ l 6 107!
3 - ™,
£ CeNm—.s — -+ Barycenter ‘e
T 75 10! 4% 1071 ==+ Mixture f
X — %~ Uniform
- g 1x 107!
0 20 40 10° 108 10 0 10000 20000 30000
Iteration Sample Size Total Function Evaluations

(Left) Meta validation error over 50 iterations. (Center) After design is found, meta test error as
sample size grows. (Right) Same as center, but versus number of function evaluations.
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Optimal Distributions are Interpretable

G*(z) == 10sin(rx172) + 20 (x5 — 1/2)2 +10x4 + 525
—_———

largest term

Optimized Barycenter Mixture

10
5
0

Learned (left) vs. empirical Q-barycenter (center) vs. empirical Q-mixture covariance (right)




Bilevel Minimization Example: RBF Function Approximation

Goal: Optimize (m,C) in 2 ~ N(m,C) € P5(R%) to learn a sum of 1000 RBFs with
random coefficients with kernel ridge regression under 10 Gaussian atoms empirical
measure Q with normal means and Wishart covariances

- Secn t
e = == Unseen . .
a0t 107! Sl ott S SE L Y 10!
a 2 n
g —@ - Optimized * g
2 102 10-244p++ Normal pasl 1072
= 6 x =+ Barycenter .'.
j; —W¥=: Mixture -
T %102 10734 = %=+ Uniform \' 10-3
0 20 40 10 10° 10 0 10000 20000 30000

Tteration Sample Size Total Function Evaluations

(Left) Meta validation error over 50 iterations. (Center) After design is found, meta test error as
sample size grows. (Right) Same as center, but versus number of function evaluations.
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Alternating Minimization Example: Darcy Flow Operator Learning

Goal: Optimize the mean function m in random field a ~ N (m,Co), where Cy is fixed, to
learn the map G*: a — u implicit in

-V (aVu)=1 inQ,
u=0 on 9Q2

with DeepONet under 20 GP atoms empirical measure Q with Matérn covariances

JUE RN

Iteration 1 Iteration 2 Iteration 3 Iteration 8

o o o
[ VI

Absolute Error

o
°

Evolution of solution errors as alternating minimization progresses
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Alternating Minimization Example: Darcy Flow Operator Learning

Goal: Optimize the mean function m in random field a ~ N (m,Co), where Cy is fixed, to
learn the map G*: a — w implicit in

-V (aVu)=1 inQ,
u=20 on 9N

with DeepONet under 20 GP atoms empirical measure Q with Matérn covariances

10° 4 v

Average Relative OOD Error

Iteration

Evolution of average OOD test errors as alternating minimization progresses
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Nonparametric Particle Design (1D illustration)

Sobol G Function Initial Design Final Design

150
2 -
100
0 -
T T T 0
0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5
Step 600, Loss: 0.0415 Test Samples
m 6x1077 . . .
|7 m==== Train on Particle Design 100 A
% === Train on Test Distribution
-
= —2
% 5x 10 50 4
[a=1
=
IS
5]
T T T T T T T 0-
0 100 200 300 400 500 600 0.0 0.5

Iteration

Gradient-based distribution design with Wasserstein gradient flows
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Summary

> Bilevel and alternating optimization over
training distributions

» Optimal v depends on target map G*

Future work

> Scalable nonparametric distribution families

> Cost vs. accuracy tradeoffs

Paper: arXiv:2505.21626 cs.LG

Code: github com/nicolas-guerra/learning-where-to-learn
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Nonparametric Particle Design (1D illustration)

Sobol G Function Initial Design Final Design
27 200
100
0 -
T T T 0
0.0 0.5 1.0 0.0 0.5 1.0 0.5 1.0
Step 100, Loss: 0.0664 Test Samples
-2
E}J) 9> 10 === Train on Particle Design
% == Train on Test Distribution 300 1
2
= 200 A
o)
[a=1
= 100 1
IS
5]
T T T T T T 0-
0 20 40 60 80 100 0.0 0.5

Iteration

Gradient-based distribution design with Wasserstein gradient flows
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Forward Darcy

Iteration

e e e e S

\.

10-1 4
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Iteration
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Forward NtD Map from EIT

100 1 e-

Lls

1074 R

Average Relative AMA Loss

.
-t e-ee-0-0-0

o 1 2 3 4 5 6 7 8 9 10
Iteration

1001 &

1071 =

Average Relative OOD Error
Y
—¥—
;
|
+
|
1
F——
/
/
/
I
I
i
1
!

Iteration
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EIT Inverse Problem: Likelihood Shift in Forward Data

V2 V3 Vg

true conductivity V1

(top row) in-distribution; (bottom row) out-of-distribution
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AMINO vs. NIO

5 — NO |
i ~— AMINO |
o
210
s A A A A oo
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l T
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© -4 -
: B T ~—
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