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Motivation: Statistical Decision
Making for Complex Systems

1. Inference 2. Prediction 3. Decision
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Statistical Decision Making for Complex Systems

1. Inference
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Statistical Decision Making for Complex Systems

Uncertain
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1. Inference 2. Prediction 3. Decision
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Example |I: Deformation of Elastic Body

Material property m Solution u(m, )

V-o(u,m)+ f=0

o(u,m)-n=1t(z)

Traction boundary condition #(2)



Example IlI: Optimization of Fluid Flow

Uncontrolled Controlled

m: Random inflow velocity V.v=0

z: Suction boundary condition >
plv-V)v—puVv+Vp=f

+Inflow(m), Control(z) BCs

u(m, z): Velocity & pressure fields



Model Calibration via Inverse Problems

L Inference Given real world observational data d, find model

Tpost (1]d) o ke (d|m)7pr (1)

parameters m, so that the model is predictive.

1
mﬂibn §||Bu(m) = dH2 + P(m)

Given images of deformed elastic solids, can we determine their material properties?!

Tteration: 0 Displacement Io(z) — Lu(x))

1.J. Kirchhoff, D. Luo, T. O’Leary-Roseberry, et al., “Inference of Heterogeneous Material Properties via Infinite-Dimensional Integrated DIC,”

arXiv preprint arXiv:2408.10217, 2024



Transport Map Variational (Bayesian) Inference

Learn an invertible map T € 7 such that if z ~ Tpior then @ = T(2) ~ Tpost

Il'nel’gl’ Dy, (Tﬂﬂ-prior | |7Tpost)




PDE-Constrained Stochastic Optimization

Given calibrated uncertainty m ~ p, make risk-optimal decisions (design/control)

mzin pmNM[Q(u(mv Z))] + P(Z)

where the risk measure p,, specifies a risk preference e.g., Mean, CVaR

3-CVaR

Prob=1-4

Initial shape Optimal shape (credit Xindi Gong)



Statistical decision making often formulated as optimization

Inverse Problems

Tteration: 0 Displacement

Eg. min f(m) = F(u(m))

or min f(2) = pmnul@(m, 2)] . .

Solved via

Mmp+1 = my — ax PV f(my) PDE-constrained optimization
Zp1 = 2k — o PRV f(21)
until
Viim*) =0
Viiz")=0

Iteration 1



Surrogates are required at scale, need gradient consistency

Algorithmic Complexity = O (Sampling x Iterations x Model Evaluations)
e Need surrogates to overcome the computational costs

e Additionally require that the surrogate-approximated gradients converge to
true gradients
Vfw—=>Vf

10



Derivative-Informed Operator
Learning

11



Surrogates for Implicitly Defined Maps on Function Spaces

Input function m € M Output function u(m) € U

M., U separable Hilbert spaces.

L 2

Distributed m ~ p

Eg.,u=N(m,C)
m > u(m) such that R(u,m) =0 € U’

12



Notation for inner products and norms

e Hilbert spaces M, U are equipped with inner products (-, -) A and (-, )y,
respectively.
Eg., (w,v)y= / w(z)v(x)dx
Q
e These inner products induce norms

Eg. llwller = v (w, wpu

e For linear operators A : M — U, Hilbert—Schmidt norm

[Allms =

o0
> llAeill?
i=1

where {e;}7°, is an orthonormal basis for M, i.e., (e;, €j) m = 0ij
13



2

~ Formulation)

Neural Operator Learning (L},

Input function m € M Output function u(m) € U

Neural Operator
Uy M —=U

L;ZL training formulation

Distributed m ~ :
istributed m ~ 4t i Em~p [Hu<m) - Uw(nl)”z%{]

e Reduced basis architectures e Fourier Neural Operator? e DeepONets *
(e.g., PCANet?)

2J. S. Hesthaven and S. Ubbiali, “Non-intrusive reduced order modeling of nonli probl using neural networks,” Journal of Computational

Physics, vol. 363, pp. 5578, Jun. 2018. DOI: 10.1016/j.jcp.2018.02.037K. Bhattacharya, B. Hosseini, N. B. Kovachki, et al., “Model reduction
and neural networks for parametric PDEs,” SMA/ Journal of Computational Mathematics, Volume 7, 2021

3Z. Li, N. Kovachki, K. Azizzadenesheli, et al., “Fourier neural operator for parametric partial differential equations,” arXiv preprint,
arXiv.2010.08895, 2021. DOI: 10.48550/arXiv.2010.08895. eprint: 2010.08895

4L. Lu, P. Jin, G. Pang, et al., “DeepONet: Learning nonlinear operators for identifying differential equations based on the universal

14

approximation theorem of operators,” Nature Machine Intelligence, 2021


https://doi.org/10.1016/j.jcp.2018.02.037
https://doi.org/10.48550/arXiv.2010.08895
2010.08895

L? Formulation Not Suitable for Optimization Tasks

Motivation: Optimization for input parameter.

Consider a simple optimization problem for the input parameter m.

min f(m) = F(u(m)), e.g., %HU(m) |7

Solved by gradient methods:

Find m* suchthat Vf(m*)=0

Notation: D: infinite-dimensional (Fréchet) derivatives, V: gradients (via Riesz R.T.).

15



Approximate solution using a surrogate

Consider the surrogate approximated optimization problem

. 1 r
min f () = Flny(m)), e, ol (m) — a2

How close is the surrogate approximated solution to the truth?

16



Approximate solution using a surrogate

e Neural network approximation invariably introduces nonconvexity into f,

e NN approximation theory often establishes uniform convergence on compact sets.

e This guarantees convergence of minimization problems asymptotically
(epiconvergence)

N NS

There are no practical guarantees pre-asymptotically!

17



Approximate solution using a surrogate

Consider the surrogate approximated optimization problem

1
min fi, (m) = F(uw(m)), eg,  llww(m) —u=e|Z

How close is the surrogate approximated solution to the truth?

Bound of gradient error (informal)

Assume Du(m), Du,,(m) bounded in e.g., Hilbert=Schmidt norm, locally bounded F'.

IV£(m) = Vfu(m)lig < C1 (HU(m) = uw(m)|Z + [ Du(m) — Duw(m)II%S(M,m)

18



Optimization using a surrogate leads to systematic error

Find Vf,(m')=0  instead of  find Vf(m*) =0

Bound of optimality gap

Suppose f(m) is strongly convex in a ball containing m* and mf, then we have

Fmh) = fm*) < Ca (Ilu(m") = ("), + [ Du(m’) = Duy(m) s aaan)

Control surrogate Jacobian to

Optimality Gap control optimization error

f(ml) = f(m*)

19



Derivative-Informed Neural Operators (H, formulation®)

Input function m € M Output function u(m) € U
N M Derivative-Informed M

Neural Operator
Uy : M —U

H}L training formulation

min By, [lu(m) — wa(m)llg + 1 Du(m) — Daa(m) 355120 |

Are NOs universal approximations in H\?
How do we make it work in practice?

5T. O’Leary-Roseberry, P. Chen, U. Villa, et al., “Derivative-informed neural operator: An efficient fr k for high-di ional parametric 20

derivative learning,” Journal of Computational Physics, vol. 496, p. 112555, 2024



Reduced Basis Architecture [ UA

Output function u(m) € U

Input function m € M

Reduced Coefficient
Neural Network

e Empirical approximation of reduced bases
e E.g., PCA, derivative-informed subspaces etc.

e Restrictions on the activation function (smooth, ReLU-like activation functions)

21



Reduced Basis Architecture H), Universal Approximation®

Theorem 10 in Luo et al, informal
For any € > 0, 7, N € N there exists an RBNO wu,, = ®,. 0 ¢, 0 U with dy, layers simult. satisfying

2 0 in 0 out
En [|\u—uw||Li]g;wN+KM ;)\j—&—EM(N,r) + K ;Aj +Eu(N,7) | +Eu(I)
=T =T sampling

input basis truncation + sampling output basis truncation+ sampling

En [|U*Uwﬁ15] < ew + Ky ZX;+€M(N,T) + Ky Z)\;utJrgu(N’T)

NN j2r j>r

input basis truncation + sampling output basis truncation+sampling

consequently, we can pick r, N, w such that

lu = wwlzry = Emep [llu(m) — ww(m)lle + [|Du(m) — Duw(m)|somw] < e

D. Luo, T. O'Leary-Roseberry, P. Chen, et al., “Dimension reduction for derivative-informed operator learning: An analysis of approximation

errors,” arXiv preprint arXiv:2504.08730, 2025

22



Efficient Training Algorithms




Differentating through PDE solution

Derivative of PDE solution is a linear operator, given by implicit function theorem

L(M,U) 3 Du(m) = — [33(%”@)]‘1 OR(u, m)

ou om

= — =
A—1 for linear PDEs

Efficient Matrix-Free Approximation of Du(m)
e Can approximate Du(m) via its application (or adjoint) on functions.
e Can be done on random vectors, or on targeted subspaces

e Each application further amortizes linear algebra (e.g., A=1,0,R™1)

e Derivative data costs can be marginal relative to forward solves.

23



Full derivative training

Orthonormal bases (ONBs)
For a Hilbert space, M, ONB {¢;}°, spans M, and

(i, ) m = 04j

Generalizes canonical bases ¢; for R? to function spaces

Computational difficulty with derivative training

io: | (Du(m) — Dy, (m))i]|Z, {#:}2, an ONB for M
| Du(m)—Duy, (m)||4s = { ‘=t
> [(Du(m)* = Duy(m)*)6lkes  {6:}2y  2n ONB for U

is infeasible to evaluate.

24



Solution: subspace training

We can overcome this difficulty by approximating the Jacobian norm in subspaces.
If ®,. and W, are chosen wisely then:

1Du(m) — Duy(m)|fys = Y (¢i, (Du(m) — Duy(m))e;)i;

1<ry,J<ry

= ||@; (Du(m) — Duw(m)) . ||%

e This applies to any neural operator.

e Jacobian of neural network can be computed via forward or reverse mode AD.

23



Reduced Basis Architectures Lead to Efficient DINO Formulation

Input function m € M

Reduced Coefficient
Neural Network

\I/;'f H py : R™M — RU I q)r

Output function u(m) € U

Efficient Reduced DINO Training®
g(m) = 7o u(m)

Vg(m) = &% o Du(m) o W,
min By, [low — 83 + IVeow — VallZ]

6T. O'Leary-Roseberry, P. Chen, U. Villa, et al., “Derivative-informed neural operator: An efficient fr

derivative learning,” Journal of Computational Physics, vol. 496, p. 112555, 2024

k for high-di ional parametric

26



Hyperelasticity Parameter to Observable Problem

True parameter True state Observation
-0.61 035 008 019 046 () 0.5 1.0 1.5 0.0 0.5 1.0 1.5
e s —
Cost-accuracy comparison of construction
e L? and H} training e Reduced Basis architecture.

27



Comparison of generalization errors for 2

n

1 - .
H, training

—e— DINO (H, training) —— NO (L7 training)

Observable generalization error Jacobian generalization error
1071
01.98Y 10°
04,07 0.14
X - 99.18% . 86.07%
§ 10 2 é . 86.07
& 5 10 B e
96.46% 090
97.55%
1073 < 08.77%
. ~e_09.07%
S B N B S N 02 T !
125 250 500 1k 2k 4k 8k 16k 125 250 500 1k 2k 4k 8k 16k
Number of training samples Number of training samples

DINO training improves generalization accuracies per-unit compute.

28



Bayesian Inference with DINOs

1. Inference

Tpost (m|d) o< ke (d|m)mp(m)

28



Bayesian Inverse Problems: Statistically Infer m from Observations

e Observations
d= Bu(m) +e= Q(m) +€ €~ N(07 I‘noise)

B is the observation operator, € is Gaussian additive noise, ¢ is the
parameter-to-observable map
e Gaussian Prior o = N (2, Cprior)

Bayes Theorem

Bayes Theorem
7Tpost('mf‘d) X ﬂ'like(dlnl)ﬂpr("l)
dpipost(m|d) o< exp (=@ (m; d)) dpiprior(m)
—_——
the likelihood

1
where ®(m; d) ocin(m) - d”Q—,l

29



Bayesian Inference: Move Prior Samples to Obey Posterior

Prior Sample Posterior Sample

Methods

e Markov Chain Monte Carlo e Variational inference J
Difficulties

e High dimensionality e Likelihood evaluations (PDE solves) J

Formally intractable for high-dimensional expensive models.
30



Tractable Bayesian Inference via Subspace Decomposition

Subspace decomposition leads to efficient formulation of Bayesian inverse problems

Prior Sample Posterior Sample

White Noise Latent Posterior

A — |

Efficient Formulation
of BIP

‘ my = Iy —Dro&)m

When does it lead to a good approximation of the original problem?

31



Logarthmic Sobolev Bound for Approximation in Derivative-Informed Subspace

Bayes: dpipost(m|d) o< exp (—®(m; d)) dptprior(m)
e Approximate likelihood potential ® : M — R by ridge function

~ o~

o :Im(P) — R, P=D,0&,, doD,:R" =R
e Defines approximate posterior ,u/p;

Subspace Logarithmic Sobolev Inequality’
Using the derivative-informed subspace, there exists a ridge function potential such that

—_— 1
Ed [DKL(MpostHMpost)] < 5 z>: XZ'AS
i>r

7T. Cui and O. Zahm, “Data-free likelihood-informed dimension reduction of bayesian inverse problems,” Inverse Problems, vol. 37, no. 4,

p. 045009, 2021
32



Transport Map Variational Inference with Lazy Maps®

Learn an invertible map T € 7 such that if 2 ~ mpior then & = T(2) ~ Tpost
min Dk (T4 prior| |7
Ter KL ( f prlorH post)

Prior Sample Posterior Sample
White Noise Latent Posterior
Ty A
=il
~

‘ my =y —Dro&r)m

Full map is then Ty = D, 0 Ty o0 & + (I — P)

8 q . q q A o g 5 0
M. Brennan, D. Bigoni, O. Zahm, et al., “Greedy inference with structure-exploiting lazy maps,” Advances in Neural Information Processing

83



Transport Map Construction with PDE is expensive

Ty, parametrized by 6 € R% constructed via expensive stochastic optimization

mein Ed(ﬁ) = D (Top| |M§ost)

e Intractable when using PDE. e Surrogate necessary but leads to errors.

Transport Map Optimization Bounds (Informal)®

— 1
Eu [I90£4(6) ~ VoL2O] < OrEmesn [ — ol + 1V fo0 — VolI3]

:[opnmality Gap
1
E, [\/cd(m - cdw*)} < CoBameop [l — all3 + [V Foo — Vo[22

9L. Cao, J. Chen, M. Brennan, et al., “LazyDINO: Fast, Scalable, and Efficiently Amortized Bayesian Inversion via Structure-Exploiting and

Surrogate-Driven Measure Transport,” To be submitted, Journal of Machine Learning Research, arXiv preprint arXiv:2411.12726, 2024

34



Hyperelastic material inverse problem with Gaussian random field prior

True parameter True state Observation MAP estimate
-0.61 -0.35 -0.08 0.19 046 0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5 -0.62 -0.44 -0.26 -0.08 0.1
ey [ ———— C____——tmmme—

- o ———

Comparison of methods on cost-accuracy basis

We compare LazyDINOs with

e LazyNO (using LIQL NO) e neural posterior estimation (NPE)

e LazyMaps (using PDE) e Laplace approximation

85



LazyDINO produces superior mean and covariance estimates

Posterior Mean Error Posterior Covariance Error
300% 300%
200% 200% 1 > -
A
100% 100% | M :
=007 Y .
. 50% . 50%]
é 20% é .
10% 20%1 ff‘ ! : X
y <
5% 10%’ * 7 X - <
=07 ] X X b
2% s 5% * M
125 250 500 1k 2k 4k Sk 16k 32k 125 250 500 1k 2k 4k Sk 16k 32k
Number of training samples Number of training samples
Cost of PtO amortized over 4 BIPs Cost of PtO repeated over 4 BIPs
—— LazyDINQ (Ours) —=— LazyMaps
—— LazyN0O —— Laplace approximation
—— NPE

36



LazyDINO produces superior skewness and KL divergence errors

Posterior Skewness Error Shifted forward KL divergence error
300% ~ _ 10t
2
200% - £
:;/10
5 8
2 100% Z 10?
= =
9;’
6x 107! A 10
50% =
4 %107 =0
125 250 500 1k 2k 4k Sk 16k 3% 125 250 500 1k 2k 4k 8k 16k
Number of training samples Number of training samples
Cost of PtO amortized over 4 BIPs Cost of PtO repeated over 4 BIPs
—— LazyDINO (Ours) —=— LazyMaps
—— LazyNO —— Laplace approximation
—— NPE

37



Stochastic PDE-constrained
optimization with DINOs

37



PDE-constrained optimization under uncertainty

Once uncertainty is quantified in complex systems, we often want to make risk-optimal

decisions with respect to (finite-dimensional) optimization variable z.
min F(z) = pm~[Q(u(m, 2))] s.t. R(u,m,z) =0

e (Q is an optimization objective (e.g., drag)
e pis a risk measure on )

E.g., Mean: E,, [Q]

CVaRs[Q] B-CVaR

Prob=1-p

e Such problems are solved using gradient-based
optimization methods

E.g., zk+1 = 2z — a, V. F(2) until convergence

38



MR-DINO: Multi-input Reduced basis Derivative-Informed Neural Operator (SISC 2025)%°

MR-DINO : uxn(m, z) = &, 00 (V) m,z) +b

Random parameter

RAM
m e State u € R
Reduced basis Uy, Neural network ¢nN: Reduced basis @y,
e.g. PCA/KLE R™M x ]Rdz S RMU
RiM s RT™™ e.g. POD
R'v — Rdv
Optimization
variable Derivative-Informed Neural Operator
z € Riz ming By, e, (||t — unn|l3 + |0:u — O:unn|%g)

MR-NO : Same architecture, but without derivative training

IOD. Luo, T. O’Leary-Roseberry, P. Chen, et al., “Efficient PDE-constrained optimization under high-dimensional uncertainty using

39

derivative-informed neural operators,” SIAM Journal on Scientific Computing, arXiv preprint arXiv:2305.20053, 2025



Numerical example: flow control around bluff body

—vAu+Vp+ (u-Viu=0
V-u=0

U— Uy =0

u=20

u—¢(z)n =0

un=0 T(u,pn-t=0
T(u,p)n=0

x €
xz €
xz ey,
zel'p\T¢c
z €l
zely
zelp

Iy
Random
inflow

T'w Tangential flow

...... T's
s C ...... No slip

Control

I'yy Tangential flow

Uncertain inlet flow profile: u,, = e™e; where m ~ N (m,C)

Control flow profile over bluff body edge, parameterized by B-splines

$(2)(z) = Yir; zi¢i(z)n

To
Outflow

Viscous dissipation obj. := 2V/ sym(Vu) : sym(Vu) dz, Tracking obj. := / |lu— utarget|\2 dz
Q

Penalization: L2 norm of the controlled velocity P(z

DO

)= [ |¢ 2)|?ds

40



Optimal flow control

Viscous dissipation minimization: min, CVaRg[Q|(z) + P(z) with 3 = 0.95

Uncontrolled Optimal control

Flow field with no control and optimal control z{x by MR-DINO with 256 training

samples

41



Cost-accuracy comparison for OUU

Dissipation CVaR 8 = 0.95, P(z) a = 0.01

Training samples 2048

—a— PDE —— MR-NO —<+ MR-DINO

102 103 10
Number of state PDE solves

£ 10% 25¢ 2 10%
; Training ;
S samples 512 S
= 0 '_\J (YW
g % 20434035 SAA samples g 1%
2 256 (per opt. iter) 2
g . (4 EPU
Eo'l/ﬂ 12 oo 128 F0.1%
3} : [}
~ 2o

Tracking CVaR 8 =0.95, P(z) a =1

—a— PDE —— MR-NO —+ MR-DINO

10? 10° 104
Number of state PDE solves

Relative optimal cost errors (CVaR + penalty) computed at the optimal controls

MR-DINO up to 10x more sample efficient than SAA with PDE for the viscous

dissipation objective and over 100 x more sample efficient for tracking objective
42



A 3D Navier-Stokes flow control problem with MR-DINO

Optimization of viscous dissipation with CVaR, 3 = 0.95 with L?(I'¢) penalty
MR-DINO trained with 448 samples: 1.5% Li testing error

107 x faster than PDE solves, each solve taking 30mins, using 48 CPU cores.

Uncontrolled Controlled

Streamlines for a sample of the flow field with a random control (left) and an optimal control (right). The SAA
optimization problem with MR-DINO is solved in 53 seconds. 43



Towards Digital Twins

Model parameters m ~ 7

Observational data d

Quantity of interest

Decision variable z

1. Inference 2. Prediction 3. Decision
Tpost (M |d) o Tike(d|m)mpe (m) ™Q Assess Risk min Cost(Q,m)
PQ> 1)

43



DT-Ready Surrogates

Model parameters m ~ m 1. Inference 2. Prediction
Tpost (11| d) o Tiike (d|r2)mpr (m) T Assess Risk

Observational data d

PQ>7)

Quantity of interest @

Decision variable z

e DTs require surrogates ready to rapidly infer, predict and optimize in sequence.

e Must be parametrized by inference and decision parameter, and accurately capture
system dynamics.

44



Derivative-Informed Operator Learning for Transient Systems

with Lianghao Cao, Dingcheng Luo, Boyuan (John) Yao and Graham Pash

NOs for parametrized temporal systems

ou
e + R(u,m,z) =0

45



Preliminary results: random inflow

PDE H! HMM 2 HMM
e Reduced basis approach ° LZ training
e Hidden memory model (HMM) e Derivative training H,

46



Preliminary results: control problem

Time Dependent Inflow L2(©;[0,2]) Generalization Error

0%

aining Samples

ERG

#T

Uncontrolled

& HVM L
@~ Non HMM L* .
-4 HMM A
- Non HMM H'
B3 B EU 0%

512 021
Relative Errors

200

10%

arameter Jacobian Generalization Error

Controlled (with PDE)

Control Jacobian Generalization Error

100%
0%

60%

0%

ng Samples

k- HMM L 2% k- HMM L2

-*- Non HMM L? e~ Non HMM 17 .

4 HMMH 4 HMM H 3

-#- Non HMM H' b 10%| ~®= Non HMM H' ~
= Ed B 006 3 B W 3

Relative Errors

BY 021
Relative Errors
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Additional thoughts

Model parameters m ~ m 1. Inference 2. Prediction 3. Decision

Tpone (1) o Tite () (1)

. mQ Assess Risk min Cost(Q,m)
Observational data d

PQ>T)

Quantity of interest @

Decision variable z

e DA / Inference task can save surrogate from divergence over a fixed window.

e Distributional shift will be a huge issue.

48



Thanks for your attention!

Papers Code
N”’/ ——
PDE Optimal (West-East)
f}"?’"""} =
Vs —
R
Li NO Optimal (West-East)

H 1 NO Optimal (West-East)

Iteration 1

Thanks to NSF for support: RISE Award 2425922, OAC Award 2313033, DMS Award 2324643
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Upcoming preprints




Shape Derivative-Informed Neural Operators

with Omar Ghattas, Xindi Gong, Dingcheng Luo, Ruanui Nicholson

e Parametrized shape optimization

e Inversion for unknown geometry x

PDE Optimal (West-East)

e Shape design under uncertainty etc.

PDE-constrained optimization

Li NO Optimal (West-East)

H ‘1‘ NO Optimal (West-East)

Iteration 1

50



(Derivative-Informed) Fourier Neural Operators

with Boyuan (John) Yao, Lianghao Cao, Omar Ghattas, Nikola Kovachki, and Dingcheng Luo
Helmholtz Jacobian errors

0% e oI}
el H,

Helmholtz State errors

b - L3

- I} KLE-POD
- H! DIS

20%
2 0%

credit: Zongyi Li ‘:f::::‘:::::‘

10% 25%
8 256 512 021 E 1006 B3 756 512 1021 E 006

FNO C! UA on compact sets (informal)

Let s,s',6 > 0, and let M = H*(T%R%), My = H*t*(T% R?) and U = H* (T4 R%). Suppose

u: M —U and Du: M — HS(Ms,U) is continuous. Then for any K CC M and e > 0 there exists
cts. diff. FNO wy, s.t.

masx { sup,f1u(m) = (), sup, 1Du(m) ~ Do m)wsioss o | < ¢
meM meM

51



Material inversion using DIC + NOs

a study of architectures, formulations and distributions

with Joseph Kirchhoff, Boyuan (John) Yao, Josh Chen, Dingcheng Luo and Omar Ghattas

Distribution of Parameter Estimation Errors

composite DIFNO +

structure Diffusion

52
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