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Practical Decisions require Dealing with Uncertainty and Data

Optimal Power Flow (roald et al., 2015)
» minimize: operation cost
P decide: generation commitment

P uncertain: forecast error
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Data-Driven Decisions

Classical approaches for decisions in the face of uncertainty
min Ep [£(6, €)]

use the distribution P of £ € = as a primitive.

Modern approaches try to learn good decisions with data

Data: £,..., ¢ Decision : Oy
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Empirical Risk Minimization (ERM/SAA)

» Empirical distribution Py = & Z,N:l O¢i.

> Empirica| risk minimization (Birge and Louveaux, 2011)
6y cargminEs [¢(0
v CorgminEs, [16.6)]

€arg gneig % SV 0,6,
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Empirical Risk Minimization (ERM/SAA)

» Empirical distribution Py = & Z,N:l O¢i.

> Empirica| risk minimization (Birge and Louveaux, 2011)
6y cargminEs [¢(0
v CorgminEs, [16.6)]

€arg gneig % SV 0,6,

» “Overfitting”, “Error Maximization Effect”, “Optimizer's
Curse” (Michaud, 1989)

Ep [0, 6)| > 5, [0, 0)]

actual cost predicted cost
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Worst-Case Formulations

Worst-case formulations

Oy € argmin  max Eo [4(6,&)]
9€0 Qeuy(Py)

and guard against overfitting, i.e.,

Pely(Py) = max Eg [z(ﬁ,v,g)} > Ep [z(éN,g)}.
Q€UN(Py) _—

. actual cost
predicted cost

— Un(Py)
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Worst-Case Formulations

Worst-case formulations

~ — Uy (P

Oy € argmin - max Eq[£(0,&)] ()
0€0 Qeuy(Py)

and guard against overfitting, i.e.,

Pely(Py) = max Eg [z(ﬁ,v,g)} > Ep [z(éN,g)}.
Q€UN(Py) _—

. actual cost
predicted cost

Tractability depends on whether the distributional optimization problem

maXQG(/{N(E’N) EQ [E(O, f)]

can be solved efficiently.
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Example: Power Grid Safety (roaid et al. 2015)

Power Flow Problem:

» Generators () generate power to satisfy demand (¥)
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Example: Power Grid Safety (roaid et al. 2015)

Power Flow Problem:
» Generators () generate power to satisfy demand (¥)

» Power through every line is limited

Pk = Pnom,k < Pmax,k vk
N—— N——
nominal trip limit

if generators honor their power commitment
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Example: Power Grid Safety (roaid et al. 2015)

Power Flow Problem:
» Generators () generate power to satisfy demand (¥)

» Power through every line is limited

Pk = Pnom,k + aka < Pmax,k vk
—— ~~ ——

nominal correction trip limit

» Renewable generators suffer forecast errors &

7/36



Example: Power Grid Safety (roaid et al. 2015)

Power Flow Problem:
» Generators () generate power to satisfy demand (¥)

» Power through every line is limited

P = {5 " Prom,k + a;rg < Pmax,k Vk}
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nominal correction trip limit
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Example: Power Grid Safety (roaid et al. 2015)

Power Flow Problem:
» Generators () generate power to satisfy demand (¥)

» Power through every line is limited

P = {5 " Prom,k + a;rg < Pmax,k Vk}
—— ~~ ——

nominal correction trip limit

» Renewable generators suffer forecast errors &

Probability of a line tripping is P(§ & P) :

» Distribution £ ~ P is not known

50 &1 &n

0 0
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Example: Power Grid Safety (roaid et al. 2015)

Power Flow Problem:
» Generators () generate power to satisfy demand (¥)

» Power through every line is limited

P = {5 " Prom,k + a;rg < Pmax,k Vk}
—— ~~ ——

nominal correction trip limit

» Renewable generators suffer forecast errors &

Probability of a line tripping is P(§ & P) :
» Distribution £ ~ P is not known

» P is normal may underestimate trip probability

50 &1 &n

0 0
-10 0 10 20 50 0
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Uncertainty Quantification Problems with Moments

Worst-Case Probability:

max Q(¢£ & P)
s.t. Qe P,
J €dQ = fiw,
JegTdQ = Su
Properties:

» Reduces to a tractable convex optimization problem (gertsimas and Popescu, 2005)
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Uncertainty Quantification Problems with Moments

Worst-Case Probability:

max Q(¢£ & P)
st. Qe P,
J €dQ = fiw,
JegTdQ = Su
Properties:

» Reduces to a tractable convex optimization problem (gertsimas and Popescu, 2005)
» Pathological worst-case distribution Q*

» Unimodal distribution Q* (van Parys, P. J. Goulart, et al., 2016)

£1 &1

-10 0 10 20
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Generalizations

max Q(¢ ¢ P)
st.Q€S, [€dQ = jin, [6¢7dQ = Sy
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Generalizations

max Eq [£(6, £)]
st.Q€S, [€dQ = jin, [6¢7dQ = Sy

» conditional value-at-risk quantification in financial risk management

» distributions with common tail properties (van Parys, P. Goulart, and Morari, 2019)

f
AR"
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Generalizations

max Eq [£(6, £)]
st.Q€S, [€dQ = jin, [6¢7dQ = Sy

» conditional value-at-risk quantification in financial risk management

» distributions with common tail properties (van Parys, P. Goulart, and Morari, 2019)
f
Rn

+ Transfer information to tail regions where little data is observed
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Generalizations

max Eq [£(6, £)]
st.Q€S, [€dQ = jin, [6¢7dQ = Sy

» conditional value-at-risk quantification in financial risk management

» distributions with common tail properties (van Parys, P. Goulart, and Morari, 2019)
f
Rn

+ Transfer information to tail regions where little data is observed

- Learns from data indirectly through its moments

9/36
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Divergence Balls Uy(Py) = {Q : D(Pw,Q) < r}

Formulations

Oy € arg min max  Eq [£(6,¢)]
0€9 p(Py,Q)<r

based on tractable statistical distances can learn directly from data.

Examples:

» \Wasserstein distance is defined as

W(p,v):= inf /Hf ¢ HdT

TeET (1,v)
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Divergence Balls Uy(Py) = {Q : D(Pw,Q) < r}

Formulations

Oy € arg min max  Eq [£(6,¢)]
0€9 p(Py,Q)<r

based on tractable statistical distances can learn directly from data.

Examples:

» \Wasserstein distance is defined as

W(p,v):= inf /Hf §Hd7—

TeET (1,v)

» KL-Divergence is defined as

KL(1, ) = /Iog <%> dy
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Sizing Ambiguity Sets

Example: Wasserstein DRO

Oy € argmin  max  Eo[l(6,€)].
IO WPy, <r
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Sizing Ambiguity Sets

Example: Wasserstein DRO

Oy € argmin  max  Eo[l(6,€)].
00 w(Py,Q)<r

» Assume data {&' € R"}Y, is drawn independently from P.
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Sizing Ambiguity Sets

Example: Wasserstein DRO

Oy € argmin  max  Eo[l(6,€)].
IO WPy, <r

» Assume data {&' € R"}Y, is drawn independently from P.

» For Wasserstein balls we can show the concentration inequality (Fournier and Guiliin, 2015)

Probp [W(Is/v, P) < r]z 1 —ci exp(—cNrm(m2)y

with ¢; > 0 and ¢; > 0 positive constants.
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Sizing Ambiguity Sets

Example: Wasserstein DRO

Oy € argmin  max  Eq[(6,¢)].
0O WPy <r

» Assume data {&' € R"}Y, is drawn independently from P.
» For Wasserstein balls we can show the out-of-sample (OOS) guarantee

Probp [ max
W(Pn,Q)<r

Eol(6,€)] > Er[((6,€)] V0 € ©]> 1 —ci exp(—caNr ™)
N———

actual cost

predicted cost

with ¢; > 0 and ¢ > 0 positive constants.
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Why Robust Optimization?

There are many ways to protect decisions against overfitting:
» OR: Robustification,
» Statistics : Regularization,

» Deep Learning: Early stopping, drop out, ...
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Why Robust Optimization?

There are many ways to protect decisions against overfitting:
» OR: Robustification,
» Statistics : Regularization,

» Deep Learning: Early stopping, drop out, ...

Why should we use robust optimization?
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Kullback-Leibler Robust Formulation

Kullback-Leibler (KL) formulation:

EKL(G, |/5) = max EQ [6(97 5)]
s.t. Q S ,Pa
KL(P,Q) < r.

Es [£(0,€)]
0,P

Thm (Van Parys, Esfahani, et al., 2020): = C R" is compact, {£ > ((0.&)}oco i
equicontinuous.

» (OOS Guarantee) we have

Probe [E’“(a, Pn) > Ep [£(6,€)] VO € e] >1 — exp(—rN + o(N)) VP.

S
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Kullback-Leibler Robust Formulation

Kullback-Leibler (KL) formulation:

EKL(G, |/5) = max EQ [6(97 5)]
s.t. Q S ,Pa
KL(P,Q) < r.

Es [£(0,€)]
0,P

Thm (Van Parys, Esfahani, et al., 2020): = C R" is compact, {& > ((0.&)}oco is
equicontinuous.

» (OOS Guarantee) we have

Probe [E’“(a, Pn) > Ep [£(6,€)] VO € e] >1 — exp(—rN + o(N)) VP.
» (Efficiency) Furthermore, let ¢ satisfy

Probp [ (6,Pn) > Ep [£(0,6)] VO € e} >1— exp(—rN + o(N))  VP.

Then, (6,P) > ¢“/(,P) for all € © and P € P.
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Meta Optimization Problem

Data driven formulations

On € arg g‘leig 2(6,Py)

Es [4(0.€)]

Feasibility: Consider formulations who enjoy OOS guarantee

Probp [ (6,Pn) > Ep [£(6,€)] V0 € e} >1— exp(—rN + o(N)) VP.
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Meta Optimization Problem

Among all predictors with out-of-sample guarantee find the least conservative one

min[<] ©
{ s.t. Probp [a(e,ﬁ,v) > Ep [(0,6)] VO € e] > 1— exp(—rN + o(N)) VP
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Meta Optimization Problem

Among all predictors with out-of-sample guarantee find the least conservative one

min[<] ©
c

s.t. Probp [6(9, Pn) > Ep [£(0,6)] VO € e] > 1— exp(—rN + o(N)) VP

L 7
0,P

Pareto optimal solution
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c
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L
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Meta Optimization Problem

Among all predictors with out-of-sample guarantee find the least conservative one

min[<] ©
c

s.t. Probp [6(9, Pn) > Ep [£(0,6)] VO € e] > 1— exp(—rN + o(N)) VP

L

0,P 0,P 0,P

Pareto optimal solution Minimax solution Pareto dominant solution

2
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Pareto Dominant Solution

Thm (Van Parys, Esfahani, et al., 2020): The meta optimization problem
min[=<] ©

s.t. Probp [8(0, Pn) > Ep [4(0,6)] VO € e} >1— exp(—rN + o(N)) VP

admits the Pareto dominant solution <.

Proof Crux: Indirect consequence of Sanov's theorem.
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Pareto Dominant Solution

Thm (Van Parys, Esfahani, et al., 2020): The meta optimization problem
min[=<] ©

s.t. Probp [8(0, Pn) > Ep [4(0,6)] VO € e} >1— exp(—rN + o(N)) VP

admits the Pareto dominant solution <.

Proof Crux: Indirect consequence of Sanov's theorem.

Generalizations:
» |ID data assumption can be relaxed to account for dependence (sutter et al., 2020)

» Qut-of-sample guarantee can be relaxed (Bennouna and Van Parys, 2021)
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A Paradoxical Observation

Observation: KL-divergence lacks continuity

KL(u, ) =0

o
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A Paradoxical Observation

Observation: KL-divergence lacks continuity

KL(p,v) = o0

;L v

Remarks:

» KL robustness offers no protection against data corruption
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A Paradoxical Observation

Observation: KL-divergence lacks continuity

KL(1,v) = 00

;L v

Remarks:
» KL robustness offers no protection against data corruption

» Wasserstein distance does not suffer this shortcoming!

19/36



Practical Overfitting

Statistical Error

Randomness of the sampled
data
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Practical Overfitting

Statistical Error

Randomness of the sampled
data

E~P

4

... "}

Noise

Small e-perturbation on each
sample

e eM

4

{ehrot,.. g%y

[ < e 10V <

Contamination
(Huber, 1964)

Small fraction « of all
samples is wholly corrupted

..M
N8

ey
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Existing Formulations Protect Against a Specific Overfitting Source

Statistical Error
KL DRO max{EQ [0(0,€)] : KL(P, Q) < r}/

Noise

Contamination
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Existing Formulations Protect Against a Specific Overfitting Source

Statistical Error
KL DRO max{EQ [0(0,€)] : KL(P, Q) < r}/

Noise
max {EQ [e(, )] - W(Py,Q) < e}/

WDRO . - :
= max { AN 060,6'+6) : F 0 <e}

Contamination

[¥] Assuming & — £(0,€) is concave for all 0.
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Noise
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Kullback-Leibler Distance

E~P
|} Statistical Error

{eh,er.... ey Qw

Thm: (sanov, 1958) If 6,\, is an empirical distribution of independent samples from P then

Probp [KL(@N, P) < r] =1—exp(—rN + o(N)).
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Lévy-Prokhorov Distance

E~P
|y  Statistical Error
{¢.e....e% Qw
| eNoise

{&4+04,8+0%,...,6"N+"}
|}  a-Contamination

{£1+617 7"'7£N+6N} /F;N

Prop: If ﬁN and QN differ by e-norm bounded noise and a-contamination. Then

LP(Pu,Qn) == inf, e, 0y S LIE =€l > €} dT < o
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Lévy-Prokhorov Distance

E~P
|l  Statistical Error
{¢.e....e% Qw
| eNoise
{61+(§\’£2+‘52’”.’§N+0—/\/}
|}  a-Contamination
(Lot c? e s By

Prop: If ﬁN and QN differ by e-norm bounded noise and a-contamination. Then

LP.(Pn,Qn) == inf, ey, 0, S 1LIE = €] > €} dT <a.

¥
Distributions with marginals P and Q
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Lévy-Prokhorov Distance

E~P
|y  Statistical Error
{¢.e....e% Qw
| eNoise

{&4+04,8+0%,...,6"N+"}
|}  a-Contamination

{£1+617 7"'7£N+6N} /F;N

Prop: If ISN and QN differ by e-norm bounded noise and a-contamination. Then

LP(Pu,Qn) == inf, e, 0 S LIE =€l > €} dT < a.
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Intermezzo : Lévy-Prokhorov Distance

» Prokhorov in 1956: Metrize the topology of weak convergence on metric space using

{Q : LPE(ﬁ,Q)<a}:{Q . Q(S) <P(S) +a vs}

where ST :={¢' €= : I eSS, |¢€ —¢|<c}anda=c¢
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Intermezzo : Lévy-Prokhorov Distance

» Prokhorov in 1956: Metrize the topology of weak convergence on metric space using
{Q . LP.(P,Q) < a} :{Q . Q(S) <P(S) +a vs}
={Q: 3T eT(P,Q), [1{lE~&Il > }dT(E) <a}.
where ST :={¢' €= : I eSS, |¢€ —¢|<c}anda=c¢

» Strassen in 1965: Established an optimal transport characterization

24/36



Holistic Robust Formulation
Holistic Robust (HR) Formulation:
c"R(0,P) = max Eps [€(6,€)]
s.t. Q,P € P,

LP.(P,Q) < a, -
KL(Q,P)<r. -

S Noise and contamination

Statistical error
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Holistic Robust Formulation
Holistic Robust (HR) Formulation:
c"R(0,P) = max Eps [€(6,€)]
s.t. Q,P € P,

LP.(P,Q) < a,
KL(Q,P') < r.

Thm (Bennouna and Van Parys, 2022): Consider e-norm bounded noise and a-
contamination. Then,

» (OOS Guarantee) we have

Probp [EHR(e,ﬁN) > Ep [0(0,€)] VO € e} > 1 — exp(—rN + o(N)) VP.
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Holistic Robust Formulation
Holistic Robust (HR) Formulation:
c"R(0,P) = max Eps [€(6,€)]
s.t. Q,P € P,

LP.(P,Q) < a,
KL(Q,P') < r.

Thm (Bennouna and Van Parys, 2022): Consider e-norm bounded noise and a-
contamination. Then,

» (OOS Guarantee) we have
Probp [EHR(G,ISN) > Ep [0(0,€)] VO € e} > 1 — exp(—rN + o(N)) VP.
» (Efficiency) Furthermore, let ¢ satisfy
Probp [ (6,Pn) > Ep [0(0,6)] VO € e] > 1 — exp(—rN + o(N)) VP.

Then, <(6,P) > ¢?(6,P) for all 6 and P.
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Tractability

Even for r =0, @ = € > 0 no exact algorithm was known (erdogan and Iyengar, 2006).
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Tractability

Even for r =0, @ = € > 0 no exact algorithm was known (erdogan and Iyengar, 2006).

[ HR Robust formulation is as tractable as Wasserstein robust formulation. ]
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Tractability

Even for r =0, @ = € > 0 no exact algorithm was known (erdogan and Iyengar, 2006).

HR Robust formulation is as tractable as Wasserstein robust formulation.

Thm: We have
R (9,P) = max YN, plte(0, ") + pst>(6)
st. p € R g e RI, s e RY,
SNpi =N g=1q+s=P¢) Vi=1,...,N,
Yihoailog(F) <r, T s <o
with

> Inflated loss £°(6, &) = max)e/—¢|<e, e7e= £(6, E").
» Worst-case loss £°°(0) = maxgs = £(0, &)
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Huber's TV Contamination

Contamination

Small fraction « € [0, %) of probability mass can be shifted

55 ~ CBAL

U

£~ Pt

TV(G,,P) = 3 [ 1gu(€) — p(€)|dé <

Statistical Error

Randomness of the sampled
data
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Location Estimation (muber, 1064)

Let {& ~ PN,

» Classical location estimate is
~ave (D N 1 i
EE(PN) =301 5 €

» Very sensitive to corruption, i.e., mapping P — 1*"¢(P) is discontinuous.
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Location Estimation (muber, 1064)

Let {& ~ PN,

» Classical location estimate is
’\an(/F; ):ZN 151 N 1 i _ mavg ’FS =0
H N i=1 7 = i g (& —EE(Pw)) .

» Very sensitive to corruption, i.e., mapping P — 1*"¢(P) is discontinuous.
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Location Estimation (muber, 1064)

Let {fi ~ PC},N:L
» Classical location estimate is

EEPh) =N, Lg = SN L (€ - E(Py)) = 0.

» Very sensitive to corruption, i.e., mapping P — 1*"¢(P) is discontinuous.

» Huber's proposes instead

SN W(E - @M (Py)) - (€ — B (Pn)) = 0.

— W(E’nf )

AR

I
I
|

—a a P
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Error Margin

H r R
T T
2A

Take the error margin A(fif) of an estimator /i to be the smallest A > 0 for which
Probec[|i"(Pn) — p| < A] > 1 — exp(—rN+o(N))

for all 4 € R, P° € P such that TV(P,G,) < a.

30/36



Error Margin

woo R R
—
2A

Take the error margin A(fif) of an estimator /i to be the smallest A > 0 for which
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for all © € R, P € P such that TV(P°,G,) < a.

Remark: For o > 0 we get 400 = A(p?%) > A(ﬁme‘ﬁa")_
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Error Margin

H r R
T T
2A

Take the error margin A(fif) of an estimator /i to be the smallest A > 0 for which
Probec[|i"(Pn) — p| < A] > 1 — exp(—rN+o(N))
for all © € R, P € P such that TV(P°,G,) < a.

Remark: For o > 0 we get 400 = A(p?%) > A(ﬁmd’a")_

Thm: (Huber, 1969 We have that A(GE) > A(E"P) for all estimators fif.

» Huber's estimator yields “minimal” confidence intervals.

30/36



Confidence Set Estimators

Our holistic robust perspective suggests the confidence set
IPc e P,
S"Py)={ neRr : KL(Py,P¢) < r,
TV(P%,G,) <
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Confidence Set Estimators

a : §hr% R

Our holistic robust perspective suggests the confidence set
IPc e P,
§h'(|3;\/) =<¢pneR: KL(/FsN, P9) <,
TV(P%,G,) <
Thm (Informal):
» (OOS Guarantee) We have

Probpc[i € 5" (Pn)] > 1 — exp(—rN+o(N))
for all © € R, P° € P so that TV(P,G,) < a.
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Confidence Set Estimators

a : §hr% R

Our holistic robust perspective suggests the confidence set
IPc e P,
§h'(|3;\/) =<¢pneR: KL(/FsN, P9) <,
TV(P%,G,) <
Thm (Informal):
» (OOS Guarantee) We have

Probpc[i € 5" (Pn)] > 1 — exp(—rN+o(N))
for all © € R, P° € P so that TV(P,G,) < a.

» (Efficiency) Furthermore, let S satisfy

Probec[i € 5(Pw)] > 1 — exp(—rN+o(N))

for all 1 € R, P € P so that TV(P®,G,) < o. Then, §"(P) C 5(P) for all P.
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Meta Optimization Problem

Among all confidence sets with out-of-sample guarantee find the smallest one

min[C] s
5

s.t. Probpe[p € 5(Pn)] = 1 — exp(—rN + o(N))
Vu e R, P e P st TV(PS,G,) < a.

§hr

~

P

Pareto dominant solution
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min[C] S
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Meta Optimization Problem

Among all confidence sets with out-of-sample guarantee find the smallest one

min[C] S
5

s.t. Probpe[p € 5(Pn)] = 1 — exp(—rN + o(N))
Vu e R, P e P st TV(P,G,) < a.

§hr . S/mb

P 5 P

Pareto dominant solution Minimax solution
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Minimax Solution

Thm: There exists P* so that we have diam(gh’(ﬁ*)) = 2A(MP).
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Minimax Solution

Thm: There exists P* so that we have diam(?”’(ﬁ*)) = 2A(MP).

Remarks

> We may have §"(P) C u"*(P) + [~ A(E"™), A(E")] for P # P*.

» However, the estimator 5" may be hard to evaluate.
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Summary

1. Robust optimization can make data-driven decisions efficiently
2. Holistic robust optimization additionally protects decisions against corruption

3. Parametric DRO is intimately related to classical robust statistics
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Structured Moment Problems

Thm: Let P := {f ER" : ajE—bi <0 Yk=1,..., K} be a polytope. Then,

max Q(¢ & P)
s.t. Q€ Ua(ﬁ,\,, §N)

is a convex tractable optimization problem.
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Structured Moment Problems

Thm: Let P := {f ER" : ajE—bi <0 Yk=1,..., K} be a polytope. Then,

max Q(¢ & P) = max S5 M (1 — (bedi/a) zi) %)
P Z, z a Sp/a (a+1)fin/ o
s.t. Q € Ua(in, Sn)  sit. Zk’;( % ;k) < (Eaﬁ;%a( +/ )
(Zé jk)zo Vk=1,...,K
z Ak

is a convex tractable optimization problem.
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Proof Sketch

» We only need to optimize over extreme distributions
Z’{(y(ﬂ/\hg/\/)

max Q(§ € P) = max Q(§ € P)
st. Q € Ua(fin, Sn)  s.t. Q € exUa(fin, Sn)

» The set S, is a Choquet Simplex extreme points {ex : x € R"}.

» Via Caratheodory’s theorem we can establish that in fact

K
Q" = pxey with af x> b Yk =1,.... K. PiCa
k=0
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Meta Optimization Problem

Data driven formulations

Oy € arg min cn(0,Pn)

Feasibility: Consider formulations so that

Probe [ (6,Pn) > Ep [(0,€)] V0 € e} >1— exp(—an + o(an)) VP.

Bennouna, BvP (2023). “Learning and decision-making with data: Optimal formulations and phase transitions”. Mathematical Programming (Major
Revision)
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Meta Optimization Problem

Data driven formulations

Oy € arg min cn(0,Pn)

Feasibility: Consider formulations so that

Probe [ (6,Pn) > Ep [(0,€)] V0 € e} >1— exp(—an + o(an)) VP.

Conservatism: Formulation ¢’ is less conservative then ¢ if and only if

G i [EO.P)Es0.)]]
N 100, P)—Ep [0, )]

<1 v0,P

Bennouna, BvP (2023). “Learning and decision-making with data: Optimal formulations and phase transitions”. Mathematical Programming (Major
Revision)
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Meta Optimization Problem

Among all predictors with out-of-sample guarantee find the least conservative one

min[<] ©
c

s.t. Probp [av(eﬁ,v) > Ep [(0,6)] VO € e] >1— exp(—an + oan)) VP

Bennouna, BvP (2023). “Learning and decision-making with data: Optimal formulations and phase transitions”. Mathematical Programming (Major
Revision)
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min[<] ©
c

s.t. Probp [av(eﬁ,v) > Ep [(0,6)] VO € e] >1— exp(—an + oan)) VP

)

6,P 6,P

Pareto optimal solution Minimax solution
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Meta Optimization Problem

Among all predictors with out-of-sample guarantee find the least conservative one

min[<] ©
c

s.t. Probp [EN(e,ﬁN) > Ep [(0,6)] VO € e] >1— exp(—an + oan)) VP

/_ < e

9,P 0,P 0,P

Pareto optimal solution Minimax solution Pareto dominant solution

Bennouna, BvP (2023). “Learning and decision-making with data: Optimal formulations and phase transitions”. Mathematical Programming (Major
Revision)
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Pareto Dominant Solution

Thm: The meta optimization problem
min[<] ©
s.t. Probp [EN(a,ﬁN) > Ep [(0,6)] VO € e] >1—exp(—an + o(an)) VP

admits a Pareto dominant solution. We observe three regimes depending on rate ay.

Bennouna, BvP (2023). “Learning and decision-making with data: Optimal formulations and phase transitions”. Mathematical Programming (Major
Revision)
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Prescriptors without Predictors

Not all data driven prescriptors are of the form

On(Py) € arg (rpeig cn(0,Pn).

Assumption: 0 — £(0,£) is L-Lipschitz. Consider a prescriptor O : P(Z) — © which
enjoys some out-of-sample guarantee

Probp [gN(ﬁN) > Ep [e(éN(ﬁN),g)H >1—exp(—an + o(an)) VP.

for some function gy.
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Reduction

Any prescriptor 5N(§N) can be represented as minimizing the proxy cost function

n(0,Pn) := gn(Pn) + L[|0 — On(Pn)]|

Furthermore, observe that
gn(Pn) > Ep [6(5,\,(3,\,),5)} = gn(Pn) + L[| — On(Pn)|| > Ep [((0,€)] VO €O

and consequently

Probp [EN(e, Pn) > Ep [(0,8)] VO € e} >1—exp(—an + o(an)) VP.

17/20



Dominance

Recall the KL prescriptor
g ) ~
On" € arg min {ci™(0,Pn) := maxp, By, <an/n EQ [0, E)]}-

From the Pareto dominance of ¢ we have V0 € © and VP that en(0,P) > (0,P)
and in particular

gn(Pn)=Cn(On(Pn), Pn) > i “(On(Pn), Pn) > " (Ok(Pw), Pn)

The KL prescriptor 9\,'6" also dominates §N. That is,

Probp [gu(Pu) > &" (9 (Pw), Pn) > Ep [€(@k(Pn),€)] | > 1 — exp(—an+o(an)) VP
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Phase Diagram

0.8
0.6 k.,:-. A(/Lh“b) — +o00
0.4
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g

» Green: Mean is optimal.
> Blue: Median is optimal.

» Red: Error margin is unbounded.
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