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Motivation

Many scientific/engineering problems involve multiscale phenomena:

@ Flow and transport in porous media
@ Structural mechanics in composites
@ Geodynamics (e.g. crystal-melt in earth mantel)

@ High-frequency waves in heterogeneous media
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Motivation

Many scientific/engineering problems involve multiscale phenomena:

@ Flow and transport in porous media
@ Structural mechanics in composites
@ Geodynamics (e.g. crystal-melt in earth mantel)

@ High-frequency waves in heterogeneous media

@ Coefficients vary on many (unseparated) scales in a complicated way,
often depending on time, the solution or a (high-dim.) parameter y

Ply with individual fibres  Coupon with defect wing spar
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@ How to set up a digital twin for such multiscale problems?
@ How to make it computational feasible?

@ How to deal with the inherent high dimensionality?

°

How to build reduced order models or surrogates with theory?
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Challenges and Aims (eg. for diffusion)

Challenges for classical FEs: e.g. for a(u,v) fQ (y; x)Vu-Vvdx
|u—unllpo) < Ca |nf |u—v|H(a) (Cea's lemma).

Accuracy depends solely on the approximation properties of the FE space V.
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Challenges and Aims (eg. for diffusion)

Challenges for classical FEs: e.g. for a(u,v) fQ (y;x)Vu-Vvdx
|u—unllpo) < Ca mf |u—v|H(a) (Cea's lemma).
Accuracy depends solely on the approximation properties of the FE space V.

But if coefficient A(y;-) € L°>°(Q) is strongly varying on fine scale, then
for a “geometric” coarse space Vy the constant C, may be very bad.

° Use fine mesh and solve efficiently, using a multilevel solver

robust w.r.t. mesh size h 4+ w.r.t. coefficient variation A(y;x)!
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Challenges and Aims (eg. for diffusion)

Challenges for classical FEs: e.g. for a(u,v) fQ (y;x)Vu-Vvdx
|u—unllpo) < Ca mf |u—v|H(a) (Cea's lemma).
Accuracy depends solely on the approximation properties of the FE space V.

But if coefficient A(y;-) € L°>°(Q) is strongly varying on fine scale, then
for a “geometric” coarse space Vy the constant C, may be very bad.

° Use fine mesh and solve efficiently, using a multilevel solver

robust w.r.t. mesh size h 4+ w.r.t. coefficient variation A(y;x)!

@ | Aim 2| Simulate on coarse mesh where A(y; x) is not resolved !

need to find bespoke (adapted) A-dependent space Vi (y)

Key Question (for both): Robust coarse space V(y) or V J
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Multiscale methods

Multiscale methods are effective techniques to reduce computational
cost by incorporating fine-scale information into coarse model/space.

Traditionally: Asymptotic homogenization (Lions, Oleinik, Allaire,...)
Various multiscale methods (focussing only on related ones):
© Multiscale Finite Element Method (MsFEM) (Hou, Wu, Efendiev,...)
© Generalized Multiscale FE Method (GMsFEM) (Hou, Efendiev,...)
© Localized Orthogonal Decomposition (LOD) (Peterseim, Malqyvist,...)

© Multiscale Spectral Generalized FE Method (MS-GFEM)
[Babuska & Lipton, Multiscale Model Sim (SIAM) 9, 2011], ...

Based on enriching FE space Vi with pre-computed multiscale basis fcts.
containing fine-scale information J
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Multiscale methods «— localized model reduction

Multiscale methods are effective techniques to reduce computational
cost by incorporating fine-scale information into coarse model/space.

Traditionally: Asymptotic homogenization (Lions, Oleinik, Allaire,...)
Various multiscale methods (focussing only on related ones):
© Multiscale Finite Element Method (MsFEM) (Hou, Wu, Efendiev,...)
© Generalized Multiscale FE Method (GMsFEM) (Hou, Efendiev,...)
© Localized Orthogonal Decomposition (LOD) (Peterseim, Malqyvist,...)

© Multiscale Spectral Generalized FE Method (MS-GFEM)
[Babuska & Lipton, Multiscale Model Sim (SIAM) 9, 2011], ...

Based on enriching FE space Vi with pre-computed multiscale basis fcts.
containing fine-scale information «—s | localized model order reduction | J
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Some context

Setup is expensive! Without reuse (multiple times) no clear gains
over efficient, scalable multilevel parallel solver!

For wave problems efficient solvers (w. theory) still hot topic!!

Can use MS-GFEM coarse space in multilevel iterative meth.

| Can use for localized model reduction | [smetana, Patera, 2016], ...

Embed all in efficient offline/online, parallel, adaptive scheme.
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@ Setup is expensive! Without reuse (multiple times) no clear gains
over efficient, scalable multilevel parallel solver!

e For wave problems efficient solvers (w. theory) still hot topic!!

@ Can use MS-GFEM coarse space in multilevel iterative meth.

° \Can use for localized model reduction\ [Smetana, Patera, 2016], ...

e Embed all in efficient offline/online, parallel, adaptive scheme.

THIS TALK: Localized model reduction via GFEM + new analysis!

Coefficient-robust theory for multiscale approximation (continuous & discrete),
wavenumber-explicit theory for Helmholtz + extension to nonsym./indef. PDEs
AND exponential convergence in space+parameter via Grassmann interpolation

Robert Scheichl (Heidelberg) Multiscale-Spectral GFEM IMSI, Chicago, 11/11/2025 6/31



Generalized Finite Element Methods (GFEM)

@ Developed by Babuska & Melenk [Melenk, PhD Thesis, 1995], - - -

@ Extension of standard FEMs based on a domain decomposition
technique and the partition of unity (POU) approach.

@ Generalised FE methods (GFEM) consist of three steps:
@ Construct local spaces with good approximation properties;
@ Glue together local spaces by PoU to form global approximation;

© Solve the problem over the global approximation space.
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Generalized Finite Element Methods (GFEM)

@ Developed by Babuska & Melenk [Melenk, PhD Thesis, 1995], - - -

@ Extension of standard FEMs based on a domain decomposition
technique and the partition of unity (POU) approach.

@ Generalised FE methods (GFEM) consist of three steps:

@ Construct local spaces with good approximation properties;
@ Glue together local spaces by PoU to form global approximation;

© Solve the problem over the global approximation space.

@ Global error fully determined by local approximation errors.

@ Can design special approximation spaces tailored to problem:

Multiscale-Spectral Generalized FE Method (MS-GFEM)
[Babuska & Lipton, 2011], [Ma, RS, Dodwell, 2022], [Ma, 2025],. ..
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Types of Problems — Abstract Formulation

Find u® € Ho(Q) C H(Q) C £(Q) Hilbert on Q C R¥ bdd. Lipschitz s.t.
a(u®,v) = F(v), Vv e H(Q).

with a : H(Q) x H(Q2) — C sesquilinear.
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Types of Problems — Abstract Formulation

Find u® € Ho(2) € H(Q) € £(Q) Hilbert on 2 C RY bdd. Lipschitz s.t.
a(u®,v) = F(v), Vv e H(Q).

with a : H(Q) x H(Q2) — C sesquilinear.

We assume
la(u,v)| < Gillullullvile  Yu,v e H(Q)  (Boundedness)

Cullull, — GollulZ < la(u, u)| VueH(Q)  (Garding Ineq.)

(If a coercive = Cp=0. If asymmetric = choose |ul|ly = v/a(u, u).)

In addition, we assume unique solvability and stability:
Julllag + Iwell < GaabllFllz  VF € L(Q)

where we € Ho(Q) is the adjoint solution s.t. a(v, w®) = F(v), Vv € Ho(Q).
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Types of Problems — Abstract Formulation

Find u® € Ho(Q) € H(Q) € L(Q) Hilbert on Q C RY bdd. Lipschitz s.t.
ay(u®,v) = F(v), YveHo(Q).

with a, : H(2) x H(2) — C sesquilinear depending on parameter y € R°.

We assume
la(u, v)| < Gillullx vl Yu,veH(Q)  (Boundedness)

Cullull, - Gollul2 < lau, u)] Vue H(Q)  (Gérding Ineq.)

(If a coercive = Cy =0. If asymmetric = choose ||u|ly = \/a(u, u).)

In addition, we assume unique solvability and stability:
[ufll2 + [welly < GaabllFllz  VF € L(Q)

where we € Ho(Q) is the adjoint solution s.t. a(v, w®) = F(v), Vv € Ho(Q).
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@ (High-Peclet) Convection-Diffusion:
ay(u,v) = / Axy)Vu-Vv+ vb(xy) - Vu dx
Q

@ (Non-)Linear Elasticity: a,(u,v) = / C(xy)€e(u) : e(v) dx
Q

@ (High-frequency) Helmholtz:
a,(u,v) = / (Ax)Vu - VV — k*V2(xy)uv) dx — ik / Bxy)uv ds
Q o0

@ Heterogeneous Stokes:

ay(u,v) = /QI/(X,y)VU'VV—l-’W/(X,y)diVU divv dx
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@ (High-Peclet) Convection-Diffusion:
ay(u,v) = / Axy)Vu-Vv+ vb(xy) - Vu dx
Q

@ (Non-)Linear Elasticity: a,(u,v) = / C(xy)€e(u) : e(v) dx
Q

@ (High-frequency) Helmholtz:

a,(u,v) = /Q (Ax)Vu - VV — k*V2(xy)uv) dx — ik /8 . Bxy)uv ds

@ Heterogeneous Stokes:

ay(u,v) = /QI/(X,y)VU'VV—l-’W/(X,y)diVU divv dx

Multiscale coefficients varying on many scaIesJ
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Global Approximation Theorem (coercive case)

Theorem (Ma, RS, Dodwell, 2022)

For each i = 1...N let u? € H(w}) be a particular function (satisfying BCs
& RHS on w) and let S, (w}) C H(w!) be an nj-dimensional subspace s.t.

N

N
P =" xiuP € Ho(Q), Sh(Q) = {Z Xi®i 1 @i € Sn;(w7)} C Ho().
il il

Assume that there exist ¢; € S, (w}) such that (local approximation)

Ixi(u® = uf = @i)lla,ewr < i llu®la,wr (1)

v
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Global Approximation Theorem (coercive case)

Theorem (Ma, RS, Dodwell, 2022)

For each i = 1...N let u? € H(w}) be a particular function (satisfying BCs

& RHS on w) and let S, (w}) C H(w!) be an nj-dimensional subspace s.t.
N

N
P =" xiuP € Ho(Q), Sh(Q) = {Z Xi®i 1 @i € Sn;(w7)} C Ho().
il il

Assume that there exist ¢; € S, (w}) such that (local approximation)
Ixi(u® = uf — i)lla,wp < i llUf]la,wr ()

i
Then, for uf = uP + > x,¢;
=il

"l

N
= uFlla < s maxe |16l
=

Here we assume that each point x € Q belongs to at most k subdomains w?.
v
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Global Approximation Theorem (coercive case)

Theorem (Ma, RS, Dodwell, 2022)

For each i = 1...N let u? € H(w}) be a particular function (satisfying BCs

& RHS on w) and let S, (w}) C H(w!) be an nj-dimensional subspace s.t.
N

N
P =" xiuP € Ho(Q), Sh(Q) = {Z Xi®i 1 @i € Sn;(w7)} C Ho().
il il

Assume that there exist ¢; € S, (w}) such that (local approximation)
Ixi(u® = uf — i)lla,wp < i llUf]la,wr ()

M
Then, for ut = uP + 3" xi¢; and the Galerkin solution u® € uP + S,(Q)
we have i=1

N
lu® = ulla < flu® = u” 2 < 5 maxe; [|uf]l.

Here we assume that each point x € Q belongs to at most  subdomains w?.
v
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Global Approximation Theorem (non-coercive case)

Theorem (Ma, FoCM, 2025)

For each i = 1...N let u? € H(w}) be a particular function (satisfying BCs
& RHS on w) and let S, (w}) C H(w!) be an nj-dimensional subspace s.t.

N

N
P =" xiuP € Ho(Q), Sh(Q) = {Z Xi®i 1 @i € Sn;(w7)} C Ho().
=il i=1

Assume that there exist ¢; € S, (w}) such that (local approximation)

”Xi(ue _ ull-) — (bi)Haﬁw," <e¢j ||UeHa+,w7 (T)

M
Then, for ut = uP + 3" x;¢; and the Galerkin solution u® € uP + S,(Q)
we have =1 e
Juf — e < K22

N
max & [|uc|5+.
i=1

with a suitable inner product a* (-, -) (+ under some resolution condition).
o
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Optimal Local Approximation (only interior w?)

@ Particular solution uf with artificial BC uf’|3w7 =0 s.t. locally

au: (U, v) = Fr(v) v eHo(w).

@ The 'remainder’ u|,~ — u? is locally a-harmonic and lies in
1

Ha(w) = {v e H(w]) : au:(v,p) =0 Yo € Ho(w)}-

@ Consider the PoU operator P; : H,(w;) — Ho(wi) s.t.

Piv(x) = xi(x)v(x), Vx€w;, VveH(w]),
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Optimal Local Approximation (only interior w?)

@ Particular solution uf with artificial BC U,P|aw,* =0 s.t. locally

au: (U, v) = Fr(v) v eHo(w).

@ The 'remainder’ ul,- — u? is locally a-harmonic and lies in
Ha(w) = {v e H(w]) : au:(v,p) =0 Yo € Ho(w)}-
@ Consider the PoU operator P; : H,(w;) — Ho(wi) s.t.
Piv(x) = xi(x)v(x), Vx€w;, VveH(w]),

Crucial observation: P; is compact. Optimal local approximation space
Sy (w¥) can be computed via SVD in the a*-inner product.

Key Tools: Cacciopoli inequality and a weak approximation property
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Local Particular Solution & Approximation Space

Theorem (Ma, RS, Dodwell, 2022; Ma, 2025)

Local particular solutions u,’-J & local approximation spaces defined as
Sp(w?) :=span{vy, -, vp},
where vj € H,(w;) denotes k-th eigenfunction of the eigenproblem
+

s (v, xip) = Aale (v, ), Vo € Ha(w)).

I

v
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Local Particular Solution & Approximation Space

Theorem (Ma, RS, Dodwell, 2022; Ma, 2025)

Local particular solutions u,’-J & local approximation spaces defined as
Sp(w?) :=span{vy, -, vp},
where vj € H,(w;) denotes k-th eigenfunction of the eigenproblem
+

3 (Xiv, Xip) = X al. (v, 0), Vo € Ha(w]).

I

similiar to GenEO-eigenproblem, but in H,(w}) and with suppx; C w?

=

[Spillane, Dolean, Hauret, Nataf, Pechstein, RS, 2014]

v
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Local Particular Solution & Approximation Space

Theorem (Ma, RS, Dodwell, 2022; Ma, 2025)

Local particular solutions u,’-J & local approximation spaces defined as
Sp(w?) :=span{vy, -, vp},
where vj € H,(w;) denotes k-th eigenfunction of the eigenproblem
+

aw.* (vaa XISO) - )‘ a:;*(va 99)7 VSO € Ha(w;k)'

I

similiar to GenEO-eigenproblem, but in H,(w}) and with suppx; C w?

=

[Spillane, Dolean, Hauret, Nataf, Pechstein, RS, 2014]

Then, there exist ¢; € S,(w?) such that

|‘X,‘(ue—uf—¢,‘)||a+7w;« < /\},fl ‘|U6Ha+,w7 (Kolmogorov n-width).
If suppxi C w? then )‘}7/+21 — O(e """) for all the examples above.

v
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Local Particular Solution & Approximation Space

Theorem (Ma, RS, Dodwell, 2022; Ma, 2025)

Local particular solutions u,’-J & local approximation spaces defined as
Sp(w?) :=span{vy, -, vp},
where vj € H,(w;) denotes k-th eigenfunction of the eigenproblem
+

aw.* (vaa XISO) - )‘ a:;*(va 99)7 VSO € Ha(w;k)'

I

similiar to GenEO-eigenproblem, but in H,(w}) and with suppx; C w?

=

[Spillane, Dolean, Hauret, Nataf, Pechstein, RS, 2014]

Then, there exist ¢; € S,(w?) such that | continuous & discrete |

1/2 .
|‘X,‘(ue—uf—¢,‘)||a+7w;« < /\nil ‘|U6Ha+,w7 (Kolmogorov n-width).

If suppx; C w¥ then )‘}7/+21 — O(e """) for all the examples above.

=

v

Robert Scheichl (Heidelberg) Multiscale-Spectral GFEM IMSI, Chicago, 11/11/2025 12/31



How to solve eigenproblems in discrete a-harmonic space?

Main computational cost in earlier works: Building (discrete) H/(w?)

@ [Babuska, Lipton '11] a-harmonic extension of all boundary hat functions
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How to solve eigenproblems in discrete a-harmonic space?

Main computational cost in earlier works: Building (discrete) H/(w?)
@ [Babuska, Lipton '11] a-harmonic extension of all boundary hat functions

@ [Calo et al '16; Chen et al '20] random sampling techniques

[Babuska, Lipton et al '20] subset of boundary functions with wider support

[Ma, RS, Dodwell '22] Steklov (DtN) eigenproblem to approximate H/(w?).
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How to solve eigenproblems in discrete a-harmonic space?

Main computational cost in earlier works: Building (discrete) H/(w?)
@ [Babuska, Lipton '11] a-harmonic extension of all boundary hat functions
@ [Calo et al '16; Chen et al '20] random sampling techniques
@ [Babuska, Lipton et al '20] subset of boundary functions with wider support
@ [Ma, RS, Dodwell '22] Steklov (DtN) eigenproblem to approximate H/(w?).

Idea [Ma, RS, 2022]: Eigensolver based on mixed formulation

Lagrange multiplier

—
Find AeR, ve Vy(w?) and p e Vho(w;) such that
2 (v, 0) +au (. p) =Xl (xiv.xiw) Y € Va(w)),
aur (v, ) =0 V€ € Vio(wy).

Note. The a-harmonic constraint is incorporated into the eigenproblem.
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Example 1: (Non-)linear elasticity

Carbon fibre aerospace composites (C heterog./anisotropic) [Benezech et al, 2024]

ey

Carbon fibres  inner ply scale (microscopic)  inner structure (mesoscopic)
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Example 1: (Non-)linear elasticity

Carbon fibre aerospace composites (C heterog./anisotropic) [Benezech et al, 2024]

a(u,v) ::/QC(X)s(u):5(v)dx:/ﬂf-vdx+/r(a-n)-vdx YWweV

beam under compression
(laminate: 3 layers + thin interlayers)
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Example 1: (Non-)linear elasticity

Carbon fibre aerospace composites (C heterog./anisotropic) [Benezech et al, 2024]

a(u,v) ::/QC(X)s(u):5(v)dx:/Qf-vdx+/r(0-n)-vdx YWweV

Theory [Ma, 2025]:
Il

lu—u mi+1\—1/2
< A7
P e
beam under compression

(can be extended to nonlinear case) (laminate: 3 layers + thin interlayers)

10

® |

0 50 100 150 200 250
O<i<m;
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Example 2: High-frequency heterogeneous Helmholtz

Marmousi benchmark model with A=/ and V! below [Ma, Alber, RS, 2023]

geenen m = 16, f =20Hz

~o 1 2 3 4 am ® 6 8 9

Noe
23000 basis functions — error < 103 (m=16, =09, ne. = 30)

Fully coefficient robust! No pollution effect!
(quasi-optimal convergence for H = O(1/k))
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Example 2: High-frequency heterogeneous Helmholtz

Marmousi benchmark model with A=/ and V! below [Ma, Alber, RS, 2023]

550400 m = 16~f :QOHZ
ylkm)
------ -.._,_-—k—'m——‘-.
~ Ty
‘\__‘H“*‘w
“-\:"‘n. Y =
s‘\.‘ -\“-.. -
‘\‘ \“\
\‘\._____\ \\_‘
Rt |
A0 Sb v

S tm S ¢ Nac

23000 basis functions — error < 103 (m=16, =09, ne. = 30)

Fully coefficient robust! No pollution effect!
(quasi-optimal convergence for H = O(1/k))

Crucial: Cacciopoli-ineq., generalized ‘Helmholtz’-harmonic eigenproblem )
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Corollary: Two-Level Hybrid Restricted Additive Schwarz

Robust and scalable preconditioner for (discretised) Au = b

P = RIAZ'Ry (1= Y RTXATIR) + 3 RTXATIR,

Theorem (Strehlow, Ma, RS, 2024; Ma, Alber, RS, Zhang, 2024)

Let N := & Ca max; Aiﬁl < 1. The sequence {uj}jzl of approximations
generated by preconditioned GMRES (in the b-inner product) satisfies

- (14N ,
IPA = )l <V (T7) ClPA =)l > 1

where C = 1 for b= a* and C = h™Yanax/amin for Euclidean inner product.
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Corollary: Two-Level Hybrid Restricted Additive Schwarz

Robust and scalable preconditioner for (discretised) Au = b

P : R Ay 'R (I_Z; R,-TX;AflRi) + Z; R,TX,AflR;

Theorem (Strehlow, Ma, RS, 2024; Ma, Alber, RS, Zhang, 2024)

Let N := & Ca max; Aiﬁl < 1. The sequence {uj}jzl of approximations

generated by preconditioned GMRES (in the b-inner product) satisfies

- (14N ,
IPA = )l <V (T7) ClPA =)l > 1

where C = 1 for b= a* and C = h™Yanax/amin for Euclidean inner product.

1/2 _cnl/d
Recall. )‘i/n+1 — O(e=="’") = Tuneable convergence rate!

see also [Chartier, Falgout et al, Spectral AMGe, SISC, 2003]
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Example 3: 3D convection-diffusion (high Peclet number)

Iterative MS-GFEM (parallel RAS preconditioner) [Bastian, Holbach, RS, 2025]

h||b
a(uav):/AVUVV+vaU dx with Pe = H HOO > 1
Q

dmin
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Example 3: 3D convection-diffusion (high Peclet number)

Iterative MS-GFEM (parallel RAS preconditioner) [Bastian, Holbach, RS, 2025]

h||b
Bl

dmin

a(u,v) = / AVu-Vv+vb-Vudx with Pe =
Q

i @ 64 subdomains,

2016 256 dofs
@ u=20o0n9N
@ 80 x40 x38

checkerboard
diffusion (amax = 1)

@ rotating velocity
field around holes
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Example 3: 3D convection-diffusion (high Peclet number)

Iterative MS-GFEM (parallel RAS preconditioner) [Bastian, Holbach, RS, 2025]

GAMG BoomerAMG | PoU (cst+lin) MS-GFEM
dmin #IT  total | #IT  tiotal | #IT tiotal | #IT tsetup  trotal
1072 [ 2061 527 | 165 57 | 179 70.9 13 78.1 81.6
10~4 - - - - | 365 134.3 13 77.1  80.7
107° ] - -l - - - -| 12 774 804
1076 - - - - - - 13 77.6 815

@ Preconditioned GMRES, MPI-parallel on dual AMD474 EPYC 7713

@ 2 layers overlap + 1 oversampling (3 overlap for PoU coarse space)
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Example 3: 3D convection-diffusion (high Peclet number)

Iterative MS-GFEM (parallel RAS preconditioner) [Bastian, Holbach, RS, 2025]

GAMG BoomerAMG | PoU (cst+lin) MS-GFEM
dmin #IT  total | #IT  tiotal | #IT tiotal | #IT tsetup  trotal
1072 [ 2061 527 | 165 57 | 179 70.9 13 78.1 81.6
10~4 - - - - | 365 134.3 13 77.1  80.7
107° ] - -l - - - -| 12 774 804
1076 - - - - - - 13 77.6 815

@ Preconditioned GMRES, MPI-parallel on dual AMD474 EPYC 7713

@ 2 layers overlap + 1 oversampling (3 overlap for PoU coarse space)

@ Setup cost can be significantly reduced by formulating eigenproblems
on rings instead of full subdomains ~» speed-up by factor 10!

[Alber, Bastian, Hauck, RS, 2025]
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IMSI, Chicago, 11/11/2025
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Offline—Online Method for UQ

Offline Full meso-scale model Online

GMs-FEM Meso-scale defect Local update of the

Massively parallel coarse space
i)/ Computational burden

/- . drastically reduced
* A-harmonic generalized \

Eigenvalue problem in

the Overlaps (GenEO) &)

— i — ez

- updated

Domain decomposition

S
Database

& Comprassive failure eriterion
Coarse approximation o060 \0er00 Updated coarse approximation
— ' —
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Offline—Online Method for UQ

Offline Full meso-scale model Online

GMs-FEM Meso-scale defect Local update of the
/- " A-harmonic generalized

Massively parallel coarse space
Eigenvalue problem in . \

i’/‘/ Computational burden
the Overlaps (GenEQ) - &)

drastically reduced
Overampling size
— Few local bases
T — . need to be

0
Local space F updated

S
Database

Domain decomposition

Compressive failure criterion
Coarse approximation 000100 108400 Updated coarse approximation
-_— ¥ o

Can use now to study localised wrinkling defects

Robert Scheichl (Heidelb Multiscale-Spectral GFEM IMSI, Chicago, 11/1



Studying Impact of Localised Wrinkling Defects

Strain field variations (pristine vs. defective)

On 1 CPU core: 2-3min to recompute local bases & 16s for coarse solve

Robert Scheichl (Heidelberg) Multiscale-Spectral GFEM IMSI, Chicago, 11/11/2025 20 /31



Parametric Setting — Localized MOR

BUT in a digital twin (or in many other target applications):

@ Do not want to compute V4 (y) again for each new value of y

(solving an eigenproblem in each w;

is very costly).

@ Instead would like the method to “generalise” to new parameters y
with theoretical guarantees (ideally retaining exponential convergence)

@ Utopian? Maybe not!
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Parametric Setting — Localized MOR

BUT in a digital twin (or in many other target applications):

@ Do not want to compute V4 (y) again for each new value of y

(solving an eigenproblem in each w;

* is very costly).

@ Instead would like the method to “generalise” to new parameters y
with theoretical guarantees (ideally retaining exponential convergence)

@ Utopian? Maybe not!

Localized Model Order Reduction

e.g., survey paper [Buhr, lapichino, Ohlberger, Rave, Schindler, Smetana, 2021]
[Maday, Ronquist, Hetmaniuk, Lehoucq, Efendiev, Galvis, Hou, Patera, Rozza,. . .|
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Parametric Setting — Localized MOR

BUT in a digital twin (or in many other target applications):

@ Do not want to compute V4 (y) again for each new value of y

(solving an eigenproblem in each w

* is very costly).

@ Instead would like the method to “generalise” to new parameters y
with theoretical guarantees (ideally retaining exponential convergence)

@ Utopian? Maybe not!

Localized Model Order Reduction (with optimal local spaces)

e.g., survey paper [Buhr, lapichino, Ohlberger, Rave, Schindler, Smetana, 2021]
[Maday, Ronquist, Hetmaniuk, Lehoucq, Efendiev, Galvis, Hou, Patera, Rozza,. . .|

[Patera, Smetana, 2016], [Buhr,Smetana, 2019]
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Parametric Setting — Localized MOR

BUT in a digital twin (or in many other target applications):

@ Do not want to compute V4 (y) again for each new value of y

(solving an eigenproblem in each w

* is very costly).

@ Instead would like the method to “generalise” to new parameters y
with theoretical guarantees (ideally retaining exponential convergence)

@ Utopian? Maybe not!

Localized Model Order Reduction (with optimal local spaces)

e.g., survey paper [Buhr, lapichino, Ohlberger, Rave, Schindler, Smetana, 2021]
[Maday, Ronquist, Hetmaniuk, Lehoucq, Efendiev, Galvis, Hou, Patera, Rozza,. . .|

[Patera, Smetana, 2016], [Buhr,Smetana, 2019]

+ Significantly reduce effective dimension + cost (locally active params.)

— One “average” space V (size?) + no full theoretical guarantees!
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Example Diffusion ay(u, v) fQ (y;x)Vu-Vvdx

A(y; X)‘wf -

maxy A = 10*, min, A=1

Robert Scheichl (Heidelberg) Multiscale-Spectral GFEM IMSI, Chicago, 11/11/2025 22 /31



Example Diffusion a,(u,v) = [, A

A(y; X)‘wf -

maxy A = 10*, min, A=1

Now vary parameter y = location of Gaussian bump:

Robert Scheichl (Heidelberg)

(y;x)Vu-Vvdx

Multiscale-Spectral GFEM

Eigenvalues

aaaaaaaaaa

IMSI, Chicago, 11/1



Example Diffusion a,(u,v) = [, A(y; x)Vu - Vvdx

Ay X)|wr =

maxy A = 10*, min, A=1

_ _ Eigenvalues
Now vary parameter y = location of Gaussian bump:
Coefficient Dominant eigenfunction E\A
g N /\/
/ M

............
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Example Diffusion a,(u,v) = [, A(y; x)Vu - Vvdx

Ay X)|wr =

maxy A = 10*, min, A=1

_ _ Eigenvalues
Now vary parameter y = location of Gaussian bump:
Coefficient Dominant eigenfunction E\A
g N /\/
/ M

............
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Comparison of Projection Errors (diffusion example)
How does S>(w?) vary with y? Can we approximate it from snapshots?

2 snapshots / interpolation points

PCA (dim=3) Grassmannian interpol. (dim=2)

1= Ng)valla/IIvalla = 0.908 10— Ng)valla/lIvalla = 0.951

[Nz = projection to approximate space S, vo, = exact 2nd eigenfunction

Robert Scheichl (Heidelberg) Multiscale-Spectral GFEM IMSI, Chicago, 11/11/2025 23 /31



Comparison of Projection Errors (diffusion example)

How does S>(w?) vary with y? Can we approximate it from snapshots?

4 snapshots / interpolation points

PCA (dim=5) Grassmannian interpol. (dim=2)

I(F = Ng)valla/l[valla = 0.304 I(F = Ng)valla/l[valla = 0.498

[z = projection to approximate space S, v, = exact 2nd eigenfunction

Robert Scheichl (Heidelberg) Multiscale-Spectral GFEM IMSI, Chicago, 11/11/2025 23 /31



Comparison of Projection Errors (diffusion example)
How does S>(w?) vary with y? Can we approximate it from snapshots?

6 snapshots / interpolation points

PCA (dim=7) Grassmannian interpol. (dim=2)

I(F = Ng)valla/[[valla = 0.077 I(1 = Ng)valla/l[valla = 0.134

Mz = projection to approximate space S, v, = exact 2nd eigenfunction
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Comparison of Projection Errors (diffusion example)

How does S>(w?) vary with y? Can we approximate it from snapshots?

8 snapshots / interpolation points

PCA (dim=9) Grassmannian interpol. (dim=2)

I(F = Ng)valla/[[v2lla = 0.010 I(1 = Ng)valla/l[valla = 0.017

[Nz = projection to approximate space § vo, = exact 2nd eigenfunction
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Comparison of Projection Errors (diffusion example)

How does S>(w?) vary with y? Can we approximate it from snapshots?

10 snapshots / interpolation points

PCA (dim=11) Grassmannian interpol. (dim=2)

1 = Ng)valla/lIvalla = 0.007 11 = Ng)valla/[Ivalla = 0.011

Exploiting holomorphic dependence on y ! J
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Grassmannian Interpolation of ROMs

[Amsallem, Farhat, AIAA Journal, 2008]

Parametric family M of all n-dimensional local approximation spaces is the
so-called Grassmannian manifold.

Main problem: M is not a linear vector space. How to interpolate on M?
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Grassmannian Interpolation of ROMs

[Amsallem, Farhat, AIAA Journal, 2008]

Parametric family M of all n-dimensional local approximation spaces is the
so-called Grassmannian manifold.

Main problem: M is not a linear vector space. How to interpolate on M?

X= logsu(5) 1y (S5) = xa

logs,(S1) =
Tsog(Nih Nf)

Solution: Use the tangent space
to M at a basepoint Sy to interpo-
late (use logs, / exps, to move between

them)
Robert Scheichl (Heidelberg) Multiscale-Spectral GFEM IMSI, Chicago, 11/11/2025 24 /31




Rigorous Error Analysis: A Roadmap (coercive case)

[Alber, Bachmayr, RS, Yang, 2025-+]

Assume gap in the spectrum A\,1/\, < o < 1 uniform in y.
@ In that case, extension to higher dimensions of perturbation theory in
[Kato, 2013] gives holomorphic dependence of S,(w;) on y.

@ Polynomial interpolation of holomorphic functions (in tangent space =
vector space) converges exponentially in 1D [Trefethen, 2019]
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Rigorous Error Analysis: A Roadmap (coercive case)

[Alber, Bachmayr, RS, Yang, 2025-+]

Assume gap in the spectrum A\,1/\, < o < 1 uniform in y.
@ In that case, extension to higher dimensions of perturbation theory in
[Kato, 2013] gives holomorphic dependence of S,(w;) on y.

@ Polynomial interpolation of holomorphic functions (in tangent space =
vector space) converges exponentially in 1D [Trefethen, 2019]

© and nearly exponentially/algebraically in higher dimensions using
anisotropic sparse grids [Nobile, Tempone, Webster, 2008].
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Rigorous Error Analysis: A Roadmap (coercive case)

[Alber, Bachmayr, RS, Yang, 2025-+]

Assume gap in the spectrum A\,1/\, < o < 1 uniform in y.

@ In that case, extension to higher dimensions of perturbation theory in
[Kato, 2013] gives holomorphic dependence of S,(w;) on y.

@ Polynomial interpolation of holomorphic functions (in tangent space =
vector space) converges exponentially in 1D [Trefethen, 2019]

© and nearly exponentially/algebraically in higher dimensions using
anisotropic sparse grids [Nobile, Tempone, Webster, 2008].

@ Grassmannnian has nonnegative sectional curvature and thus the
interpolation error after retraction back to the manifold M (via exps )
is less than or equal the interpolation error on the tangent space
[Jacobsson, Vandebril, van der Veken, Vannieuwenhoven, 2025].
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Rigorous Error Analysis: A Roadmap (coercive case)

[Alber, Bachmayr, RS, Yang, 2025-+]

Assume gap in the spectrum A\,1/\, < o < 1 uniform in y.

@ In that case, extension to higher dimensions of perturbation theory in
[Kato, 2013] gives holomorphic dependence of S,(w;) on y.

@ Polynomial interpolation of holomorphic functions (in tangent space =
vector space) converges exponentially in 1D [Trefethen, 2019]

© and nearly exponentially/algebraically in higher dimensions using
anisotropic sparse grids [Nobile, Tempone, Webster, 2008].

@ Grassmannnian has nonnegative sectional curvature and thus the
interpolation error after retraction back to the manifold M (via exps )
is less than or equal the interpolation error on the tangent space
[Jacobsson, Vandebril, van der Veken, Vannieuwenhoven, 2025].

©@ Additional interpolation error can be estimated using cosine of angle
between subspaces [Lipton, Sinz, Stiibner, 2022].
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Local approximation error

Theorem (Alber, Bachmayr, RS, Yang, 2025+) [Informal]
Assume that A\p11/A, > 0 > 1 uniformly in y and let

au:(v, M2 v

cos’(B(y)) == inf M

VESn(y) aw;k(v’ V)
such that 57(y) is the angle (w.rt 2. ) between the interpolated and the
local approximation subspace. Then

”U -V 1/2 . »

sup inf (1+ . ))\ <1+e* ) .

u€Hu(y)(w}) veS(y) HuHaw w57 ) M1 S

where N is the number of interpolation points.
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Local approximation error

Theorem (Alber, Bachmayr, RS, Yang, 2025+) [Informal]
Assume that A\p11/A, > 0 > 1 uniformly in y and let

au(v,M2 v
cos®(B2(y)) :== inf —w’( 20 )7
veSh(y) aw,—*(Va V)
such that 3?(y) is the angle (w.r.t. 2. ) between the interpolated and the
local approximation subspace. Then
|lu—v

. 12 CNe\ ent/d
sup inf ————~ (1+ 3 ))\ <1+e )
u€H () (wy) vES(y) HuHaw cosﬁ(y) ntl S

where N is the number of interpolation points.

Note that for the theory we had to change the MS-GFEM eigenproblem slightly
and use P; : HY/2(0w?) — H(w;) defined by u + x;E,u, where E, is the
a-harmonic extension from H/2(0w?) to Ha(w?).
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Numerical Experiment (diffusion example with cross point)

. ) | 1-0.99y, in red squares,
with  Aly; Xl = { 1+0.99y, in blue squares.

w(-1) =

Robert Scheichl (Heidelberg) Multiscale-Spectral GFEM



Numerical Experiment (diffusion example with cross point)

10t — —
=X, 1.5 —5
_As —Zz
—A, 3
/\5h By
s,
)‘6 5
e
9 A7 1 s
El Ag 0 —Bg
2 10° A =
z 10 9 [} —0
[ N e} —
(=2
K7}
0.5
1 . . . 0 A
1o -1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
y (parameter) y (parameter)

Angles for So(w?) (uniform gap between A\g and A1g)
(base point Sp(w?) at y = —1)
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Numerical Experiment (diffusion example with cross point)

10t

_)\2 1.5 —58,

g —5,

_)\4 —73

X 54

B,

’\6 3

Be

[0} )\7 al 1 B

] A 7

E 8 Py

2 100 A 8

g ° o
2 *)‘10 —P10)
107 ‘ ‘ ‘ MV VAN A
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

y (parameter) y (parameter)

Angles for Sip(w;) (no uniform gap between Aip and A1)
(base point Sp(w?) at y = —1)
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Numerical Experiment (diffusion example with cross point)

To deal with eigenvalue crossings use multiple base points

102
=,
3
/\4
)\5
)\6
4
3 8 2 8
210" g g b
@ 2 2 2
S
)
0.5- 0.5-
0 ' 0 ' ! 0 '
00 0 1 -1 0 1 -1 0 1 -1 0 1
vy (parameter) y (parameter) y (parameter) y (parameter)

Angles for Sg(w?) (no uniform eigenvalue gap in middle)
(base points at y = —1,0,1)

Robert Scheichl (Heidelberg) Multiscale-Spectral GFEM IMSI, Chicago, 11/



Numerical Experiment (diffusion example with cross point)

To deal with eigenvalue crossings use multiple base points + variable n:

betas
betas
betas

eigenvalues

0.5-

0.5-

10"/\
! 0

-1 1 -1 0 1 -1 0 1

0 1 -1 0
vy (parameter) y (parameter) y (parameter) y (parameter)

Angles for Sg(w?), S7(w?), Se(w) (uniform eigenvalue gaps)
(base points at y = —1,0,1)

Multiscale-Spectral GFEM IMSI, Chicago, 11/11/2025 29 /31
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Numerical Experiment (two parameter cross point)

with

B .

1 1 1 2
05 05
o S0
05 05
1 1
10 1 1

Vi Y1

B, B,

1 > 1 °
05 05
o S0
05 05
1 1

1 0 1 1 0

Y1 Y1

Robert Scheichl (Heidelberg)

L
Aly; x)|w’* =< 140.99y,
14 0.99y»,
1 ’s 1 i
0.5 0.5 1.5
S o &0
-0.5 -0.5
1
1 1
1 B 1 10 1
Y1 Y1
1 — Lt
0.5
0.5 0.5
;‘ 0|“‘|\:$ Ol“‘l‘
-0.5 -0.5
0
1 1
1 g 0o 1 1 1

Multiscale-Spectral GFEM

in red squares,
in top right,
in bottom left.

E Py
£l 05 v [

Clenshaw-Curtis
sparse grid

Sg(wfﬂ)

1
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Numerical Experiment (two parameter cross point)

~
>

Robert Scheichl (Heidelberg)

L,

with  A(y; x)|wr = ¢ 1+ 0.99y1,

1+0.99ys,

2

Multiscale-Spectral GFEM

15

in red squares,
in top right,
in bottom left.

a1 Py
£l 05 v [

Clenshaw-Curtis
sparse grid

Sg(wfﬂ)

1
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Numerical Experiment (two parameter cross point)

1, in red squares,
with  A(y;x)|wr = 1-+0.99y1, in top right,
1+ 0.99y5, in bottom left.

B. B B B,
1 H 1 2 1 2 1 -
08
[
0.5 0.5 0.5 0.5 15 o8 *
o L
Lo S0 S0 S o :
0.5 0.5 0.5 0.5 02 L4
1 . L ]
1 1 1 1 06 [
1 0 1 10 1 -1 1 ‘10 1 0 ®
Y1 Y1 Y1 Yy | ‘ |
B, B, B B, E !
1 > 1 ° 1 7 1 L
0.5 i
05 05 05 05 Clenshaw-Curtis
SN Lo o o sparse grid
0.5 0.5 0.5 0.5 0
*
1 1 1 -1 58(wi )
10 1 1 0 1 1 0 1 1 0 1
Y1 Y1 Y1 Y1
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Numerical Experiment (two parameter cross point)

L,
with  A(y; x)|wr = ¢ 1+ 0.99y1,
1+ 0.99y2,

1.5

0

Robert Scheichl (Heidelberg) Multiscale-Spectral GFEM

in red squares,
in top right,
in bottom left.

Clenshaw-Curtis
sparse grid
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Numerical Experiment (two parameter cross point)

1, in red squares,
with  A(y;x)|wr = ¢ 1+0.99y1, in top right,
1+ 0.99y5, in bottom left.

8 8 8 8,
1 L 1 2 1 3 1 4
0.5 0.5 0.5 0.5 1.5
S0 £ 0 20 20
0.5 0.5 0.5 0.5
1
1 1 1 1
1 0 1 -1 0 1 1 0 1 1 0 1
Y1 Y1 Ya Vi
8 8, B
1 5 1 6 1 7
0.5
0.5 0.5 0.5 .
Clenshaw-Curtis
Y0 N0 (NI .
2 2 0
sparse grid
0.5 -0.5 0.5
0
«
h L0 N S7(w?)
-1 0 1 -1 0 1 -1 0 1 1
Y1 Y1 Ya
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Conclusions and Further Comments

@ Robust multiscale coarse space via generalised FEM and optimal
spectral local approximation spaces (w/o a priori regularity assumptions)

@ Crucial to use oversampling and a-harmonicity (weakly enforced)

@ Rigorous analysis for many generic heterogeneous PDEs, incl.

(non-)linear elasticity in composites [Benezech et al, 2024 & 2025+]
(high-Peclet) convection-diffusion [Bastian, Holbach, RS, 2025+]
(high-frequency) heterog. Helmholtz ~ [Ma, Alber, RS, 2023 & 2024]
heterogeneous Stokes [Alber, Ma, RS, 2025+]

@ General abstract framework in [Ma, FoCM, 2025]
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Conclusions and Further Comments

@ Robust multiscale coarse space via generalised FEM and optimal
spectral local approximation spaces (w/o a priori regularity assumptions)

@ Crucial to use oversampling and a-harmonicity (weakly enforced)

@ Rigorous analysis for many generic heterogeneous PDEs, incl.

(non-)linear elasticity in composites [Benezech et al, 2024 & 2025+]
(high-Peclet) convection-diffusion [Bastian, Holbach, RS, 2025+]
(high-frequency) heterog. Helmholtz ~ [Ma, Alber, RS, 2023 & 2024]
heterogeneous Stokes [Alber, Ma, RS, 2025+]

@ General abstract framework in [Ma, FoCM, 2025]

Current and Future Work
@ Nonlinear problems [Benzech et al, 2025-+]

o Efficient Offline/Online implementation (e.z. for UQ) and adaptivity
@ Complete theory for Grassmann interpolation [Alber et al, 2025+]

@ Operator learning-based surrogates (again enforcing geometry)
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