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Projection-based intrusive model reduction
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LARGE
<latexit sha1_base64="e+tOVEzVYfki8Wx/nD/0r7hwLF8="></latexit>

d

dt
q(t) = f

(
q(t)

)
q(t) → Rnq

small
<latexit sha1_base64="+DgI4lB6hGCsqNXdE9zfTo/FvBg="></latexit>

d

dt
q̃(t) = h→(g(q̃(t)))f(g(q̃(t))) q̃(t) → Rr

Requirements
 1) Data to choose the projection map
 2) Direct access to original system dynamics

approximation decompression compression projection

<latexit sha1_base64="ZiFKTxlNtDt1Wsx+XOBIpU9AY34="></latexit>

q(t) → g
(
q̃(t)

)
g : Rr ↑ Rnq h : Rnq ↑ Rr g ↓ h : Rnq ↑ Rnq
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Projection-based intrusive model reduction
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LARGE

approximation decompression compression projection

<latexit sha1_base64="EOGMTXG4NeNdWI8xIkgc3NhqzoQ="></latexit>

VTV = I q(t) → g(q̃(t)) = Vq̃(t) h(q(t)) = VTq(t) (g ↑ h)(q(t)) = VVTq(t)

<latexit sha1_base64="CLzXnf3FFTVdtXxvmL78rQtC+Bo="></latexit>

d

dt
q(t) = f

(
q(t)

)
= Aq(t) +H[q(t)→ q(t)] q(t) ↑ Rnq

<latexit sha1_base64="EOGMTXG4NeNdWI8xIkgc3NhqzoQ="></latexit>

VTV = I q(t) → g(q̃(t)) = Vq̃(t) h(q(t)) = VTq(t) (g ↑ h)(q(t)) = VVTq(t)

POD Basis

<latexit sha1_base64="EOGMTXG4NeNdWI8xIkgc3NhqzoQ="></latexit>

VTV = I q(t) → g(q̃(t)) = Vq̃(t) h(q(t)) = VTq(t) (g ↑ h)(q(t)) = VVTq(t)
<latexit sha1_base64="KGYYyGwnGGDvcRYWjmPqY8AvOgA="></latexit>

A, H

small

Requirements
 1) Data to choose the matrix
 2) Direct access to matrices 

<latexit sha1_base64="2leXa411oQizruKdtnoXdd/1H3c="></latexit>

d

dt
q̃(t) = V

T
f
(
Vq̃(t)

)
= V

T
AVq̃(t) +V

T
H(V →V)[q̃(t)→ q̃(t)]

= Ãq̃(t) + H̃[q̃(t)→ q̃(t)]
q̃(t) ↑ Rr

projection
preserves
polynomial
structure
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Regression-based non-intrusive model reduction
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<latexit sha1_base64="e+tOVEzVYfki8Wx/nD/0r7hwLF8="></latexit>

d

dt
q(t) = f

(
q(t)

)
q(t) → Rnq

approximation decompression compression

<latexit sha1_base64="o/RgZMl+g5HVgL8xwSCA9hHB06I="></latexit>

q(t) → g
(
q̂(t)

)
g : Rr ↑ Rnq h : Rnq ↑ Rr

no direct access

Function space

Requirements
 1) Data to choose the projection and drive the regression
 2) Structure specification for the reduced-order model

regression
<latexit sha1_base64="EQzmfGqUpPCZy6kpNu6Y8kruNMI="></latexit>

d

dt
q̂(t) = f̂

(
q̂(t)

)
q̂(t) → Rr

<latexit sha1_base64="qIraFi1RL4hPdGw3L0EqmM+b+GA="></latexit>

f̂ = argmin
s→S






nt∑

j=1

∥∥∥ ˙̂qj → s
(
q̂j

)∥∥∥
2

2
+R(s)





<latexit sha1_base64="0Z8LYkFTKD0ZVI0NEjA541Jron4="></latexit>

q̂j = h(q(tj)) ˙̂qj =
q̂j → q̂j→1

tj → tj→1
↑ d

dt
h(q(t))

∣∣∣
t=tjstate data

time derivative data
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Regression-based non-intrusive model reduction
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<latexit sha1_base64="CLzXnf3FFTVdtXxvmL78rQtC+Bo="></latexit>

d

dt
q(t) = f

(
q(t)

)
= Aq(t) +H[q(t)→ q(t)] q(t) ↑ Rnq

approximation

Function space:
<latexit sha1_base64="CGhCBWajU486/SDTDfxxbyzvDRQ="></latexit>

S(Â, Ĥ) =
{
q̂ →↑ Âq̂+ Ĥ[q̂↓ q̂]

}

<latexit sha1_base64="k24LqawAxBY7kQMyUCygc7u1KJM="></latexit>

d

dt
q̂(t) = f̂

(
q̂(t)

)
= Âq̂(t) + Ĥ[q̂(t)→ q̂(t)]

<latexit sha1_base64="0uLgxbeD+kh3oEl1xWSx2Vo8LGQ="></latexit>

q(t) → g(q̂(t)) = Vq̂(t)

operator inference regression

<latexit sha1_base64="oKCQuXv5oY1R1Y+1OIimPvXTxKw="></latexit>

Â, Ĥ = argmin
Â,Ĥ

{
nt∑

j=1

∥∥∥ ˙̂qj →
(
Âq̂j + Ĥ[q̂j ↑ q̂j ]

)∥∥∥
2

2
+ ω2

1

∥∥Â
∥∥2
F
+ ω2

2

∥∥Ĥ
∥∥2
F

}



Kernel ROMs        Shane A. McQuarrie        shanemcq@mathematics.byu.edu

Regression-based non-intrusive model reduction
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approximation

<latexit sha1_base64="CLzXnf3FFTVdtXxvmL78rQtC+Bo="></latexit>

d

dt
q(t) = f

(
q(t)

)
= Aq(t) +H[q(t)→ q(t)] q(t) ↑ Rnq

<latexit sha1_base64="0uLgxbeD+kh3oEl1xWSx2Vo8LGQ="></latexit>

q(t) → g(q̂(t)) = Vq̂(t)

<latexit sha1_base64="EiIgbq9EJIvB6VjRj5efMO4Utvo="></latexit>

d

dt
q̂(t) = f̂

(
q̂(t)

)
= !TK

(
Q̂, q̂(t)

)

Reproducing kernel
Hilbert space (RKHS):

<latexit sha1_base64="4BH3Plk8f0RKbdToL8BIlSOlmZo="></latexit>

S = H
r
K = HK →HK → · · ·→HK

regularized kernel interpolation

<latexit sha1_base64="ZJhlmwHMZWHtmXMgMeYcIrjG3ag="></latexit>

f̂ = argmin
s→H

r
K

{
nt∑

j=1

∥∥∥ ˙̂qj → s
(
q̂j

)∥∥∥
2

2
+ ω

∥∥s
∥∥2
H

r
K

}
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Non-intrusive model reduction: comparison

6

Interpretable
ROM structure 

mirrors FOM

Flexible
approximate 

arbitrary structure

Error Estimates
certified ROM 

solutions

Neural networks No Yes No*

Operator inference Yes No No*

Kernel ROMs Yes Yes Yes*
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Regularized kernel interpolation

7

<latexit sha1_base64="pNrwqXwHe1KVYbVJ02Xz17bVlic="></latexit>

• K : Rnx → Rnx ↑ R
• K(x,x→) = K(x→,x)

• if X = [ x1 · · · xm ], then K(X,X) = [K(xi,xj)] positive semi-definite

Kernel function
<latexit sha1_base64="uNM6AjjWWpjrVMe5qS6G+5+x9wE="></latexit>

HK = span {K(x, · ) : x → Rnx}

Reproducing kernel Hilbert space (RKHS)

Representer Theorem
<latexit sha1_base64="8vxUjH8iuxyJN5jeyS26KRZFitI="></latexit>

X = [ x1 · · · xm ] → Rnx→m, Y = [ y1 · · · ym ] → Rny→m, xj ↑↓ yj

input data output data data pairs

<latexit sha1_base64="u7j1rb6MIp3IETwfh4vH7wfLG5A="></latexit>

min
s→H

ny
K






m∑

j=1

→yj ↑ s(xj)→22 + ω →s→2
H

ny
K





regularized kernel interpolation

<latexit sha1_base64="ZkimJL/7j9pJUjoX+enm4eAm4lM="></latexit>

s(x) = !TK(X,x)

where
(
K(X,X) + ωI

)
! = YT
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<latexit sha1_base64="xuVAhy6u4YCQUGak+5oNkI2pjpU="></latexit>m→m (          # of training points)<latexit sha1_base64="lWhVyfC1dW0zlyVC/ASThTyI3t0="></latexit>m =

Regularized kernel interpolation

8

<latexit sha1_base64="ZkimJL/7j9pJUjoX+enm4eAm4lM="></latexit>

s(x) = !TK(X,x)

where
(
K(X,X) + ωI

)
! = YT
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(precomputable)

Kernel selection to design interpolant structure

9

General purpose: radial basis function (RBF) kernel

RBF

<latexit sha1_base64="ejGluvx9JEpVKOsQAkSqUr+nT1I="></latexit>

K(x,x→) = ω(ε→x↑ x→→2) s(x) = !Tωω(x) = !T




ω(ε→x1 ↑ x→2)

...
ω(ε→xm ↑ x→2)





Known structure: feature map kernel

feature map

<latexit sha1_base64="OpSrI6HuIIJzjJNiEv+P3cB/iqw="></latexit>

K(x,x→) = ω(x)TGω(x→)

ω : Rnx → Rnω , G ↑ Rnω↑nω
s(x) = !Tω(X)TGω(x) = Cω(x)

weight matrix

Hybrid: feature map + RBF
<latexit sha1_base64="+Ts/9QmvDYRsFaAezK2IM30ED6s="></latexit>

K(x,x→) = cωω(x)
TGω(x→) + cεω(ε→x↑ x→→2) s(x) = Cω(x) + cε!

Tεϑ(x)
feature map part RBF part feature map RBF
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Regularized kernel interpolation for Kernel ROMs
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<latexit sha1_base64="r/qq3BaTPUYZ+ejxIM4q+TFul9s="></latexit>

Q̂ = [ q̂1 · · · q̂nt ] → Rr→nt , ˙̂Q = [ ˙̂q1 · · · ˙̂qnt ] → Rr→nt , q̂j ↑↓ ˙̂qj

data pairsoutput data (ddts)input data (states)
<latexit sha1_base64="Ci+8j+6mHDmSRefiZj22/ejw2iA="></latexit>

ω(q̂) =

[
q̂

q̂→ q̂

]
Quadratic feature map                          ,  Gaussian RBF 
          for example

<latexit sha1_base64="ITyLs2MBibvc9ZnymgMLT6Kne7s="></latexit>

ω(x) = exp(→x2)

<latexit sha1_base64="5t870rH14kXDojTepEvg1CI0YjY="></latexit>

d

dt
q̂(t) = Ĉω(q̂(t)) + cω!

Tωε(q̂(t))

= Âq̂(t) + Ĥ[q̂(t)→ q̂(t)] + cω!
T




ε(ϑ↑q̂1 ↓ q̂(t)↑2)

...
ε(ϑ↑q̂nt ↓ q̂(t)↑2)





Design based on FOM structure and the approximation / projection
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Implementation details

11

<latexit sha1_base64="ZJhlmwHMZWHtmXMgMeYcIrjG3ag="></latexit>

f̂ = argmin
s→H

r
K

{
nt∑

j=1

∥∥∥ ˙̂qj → s
(
q̂j

)∥∥∥
2

2
+ ω

∥∥s
∥∥2
H

r
K

}
Regularization: select

<latexit sha1_base64="ZJhlmwHMZWHtmXMgMeYcIrjG3ag="></latexit>

f̂ = argmin
s→H

r
K

{
nt∑

j=1

∥∥∥ ˙̂qj → s
(
q̂j

)∥∥∥
2

2
+ ω

∥∥s
∥∥2
H

r
K

}
<latexit sha1_base64="PiVqetAnZGlafT7YSaLmXANsOfY="></latexit>

Kω(x,x
→) = K(ω(x),ω(x→))

<latexit sha1_base64="pbxY2K3OSHy1/KeLjmiySm8KYvQ="></latexit>

G =

[
1

→Q̂→F
Ir 0

0 1
→Q̂→2

F

Ir2

]
Scaling: scale inputs, select weight matrix

<latexit sha1_base64="pbxY2K3OSHy1/KeLjmiySm8KYvQ="></latexit>

G =

[
1

→Q̂→F
Ir 0

0 1
→Q̂→2

F

Ir2

]

Kernel tuning: select 𝜖 and 𝑐!
<latexit sha1_base64="FEOLfWNbHyLljdJkIbg0vlWUt9A="></latexit>

d

dt
q̂(t) = Âq̂(t) + Ĥ[q̂(t)→ q̂(t)] + cω!

T




ω(ε↑q̂1 ↓ q̂(t)↑2)

...
ω(ε↑q̂nt ↓ q̂(t)↑2)




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A posteriori error bounds for Kernel ROMs

12

<latexit sha1_base64="qFfVnTKgV1d9eDVaQ1B/3jJc6ao="></latexit>

Theorem. If f̂ is an unregularized kernel interpolant of f̃ + ω → H
r
K where ↑ω(q̂(s))↑M < ω(s), then

↑q(t)↓ g(q̂(t))↑M ↔

∫ t

0
(εp(s) + εK(s))e

∫ t
s ω(ε)dεds+ e

∫ t
0 ω(ε)dε

↑q(t)↓ g(h(q(0)))↑M

= error from low-dimensional state approximation

   + error between intrusive ROM and kernel interpolant

   + error in time derivative approximation

   + initial condition error

Error bound computable but requires intrusive evaluations
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Linear example: Advection-diffusion

13

<latexit sha1_base64="Zo0LfN8SgumA1pvrH1m3RG7eBgo="></latexit>

ω

ωt
q(x, t)→ ε

ω2

ωx2
q(x, t) + ϑ

ω

ωx
q(x, t) = 0, x ↑ (0, 1), t ↑ (0, T ),

q(0, t) = q(1, t),
ω

ωx
q(0, t) =

ω

ωx
q(1, t), t ↑ (0, T ),

q(x, 0) = q0(x;µ) = e→(x→µ1)
2/µ2

2 , x ↑ (0, 1).

<latexit sha1_base64="AbIECM2lW4A6hAnR2YaUMRtHWY4="></latexit>

d

dt
q(t) = Aq(t)
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Linear example: Advection-diffusion

14
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QM Intrusive ROM

OpInf ROM

Kernel ROM (FM)

Kernel ROM (RBF)

Kernel ROM (Hybrid)

POD projection error

QM projection error
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Linear example: Advection-diffusion

15
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time t
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time t
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time t
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Error Bound
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QM, Quadratic ROM, r = 6
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time t

QM, Quadratic ROM, r = 12

0.00 0.25 0.50 0.75 1.00
time t

QM, Linear ROM, r = 12

Exact Error

Error Bound

ÆP (s)

ÆK(s)
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Challenging example: 2D Euler–Riemann problem

16

Initial pressure
<latexit sha1_base64="Z/CElTQiBW31QLiNRDH7d/qzPBk="></latexit>pTR

<latexit sha1_base64="SivNtRAf+oKPBBwGty9kNcGwh2s="></latexit>

ω

ωt





ε
εu
εv
εE



+
ω

ωx





εu
εu2 + p
εuv

(E + p)u



+
ω

ωy





εv
εuv

εv2 + p
(E + p)v



 = 0

p = (ϑ → 1)
(
εE → 1

2ε(u
2 + v2)

)
,

Experimental setup

• Parameterized by initial top-right pressure.  Train: 𝑝!" ∈ 0.5, 0.75, 1.0, 1.25, 1.5 ,  Test: 𝑝!" = 1.125
 

• CCFV discretization,  256×256	uniform grid,  SSP3 time stepping scheme,  𝛿𝑡 = 10#$,  𝑛% = 800
 

• Lift to specific volume form à quadratic model
Kernel ROM with quadratic feature map

<latexit sha1_base64="SivNtRAf+oKPBBwGty9kNcGwh2s="></latexit>

ω

ωt





ε
εu
εv
εE



+
ω

ωx





εu
εu2 + p
εuv

(E + p)u



+
ω

ωy





εv
εuv

εv2 + p
(E + p)v



 = 0

p = (ϑ → 1)
(
εE → 1

2ε(u
2 + v2)

)
,

<latexit sha1_base64="+Ommbb33IcayEBtfM/9W3QIIwXc="></latexit>

d

dt
q(t) = Aq(t) +H[q(t)→ q(t)], q(0) = q0(pTR)
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Challenging example: 2D Euler–Riemann problem

17

FOM pressure
𝑛& = 262,144

Relative 𝐿'-𝐿( error = 3.65%  Relative speed up = 344.8	×

ROM pressure
𝑟 = 20

Pressure error
𝑟 = 20
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Challenging example: 2D Euler–Riemann problem
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• Non-intrusive ROM construction using 
regularized kernel interpolation with RKHS

• Kernel ROMs are flexible but can be 
designed with interpretable structure

• RKHS theory gives a posteriori error bounds 
based on estimates from intrusive projection

19

Future Work
• Parametric kernels for parametric problems
• Kernel tuning / selection, feature preservation
• Intelligent selection of training data
• Fully non-intrusive error bounds

Summary
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POD, Linear ROM, r = 6
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time t

POD, Linear ROM, r = 12

0.00 0.25 0.50 0.75 1.00
time t

POD, Quadratic ROM, r = 12

Exact Error

Error Bound

ÆP (s)

ÆK(s)

arXiv


