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Hamiltonian Dynamics on a Hilbert Space

@ Hamiltonian system (M, #,Q):
e M= (V,(-,-)v) Hilbert space. Variable: v = (v1,w) € V.

o Qu,v) = (u,J(v))v for any u,v € V and J((v1,v2)) = (v2, —v1).
e H :V — R Hamiltonian

e Dynamics:

where
Riesz
—

grady, H(u) e V

(DH), € V'
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Hamiltonian Dynamics on a Hilbert Space

@ Hamiltonian system (M, #,Q):
e M= (V,(-,-)v) Hilbert space. Variable: v = (v1,w) € V.

o Qu,v) = (u,J(v))v for any u,v € V and J((v1,v2)) = (v2, —v1).
e H :V — R Hamiltonian

e Dynamics:

where
Riesz
—

grady, H(u) e V (DH), € V'

e Parametric Hamiltonian: H = Hy ~~ u(8) for 6 € © and

M={u(f) : 6 € ©} C C(Ry; V)
M(t)={u(0)(t,’) : 6O} CV
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Hamiltonian Structure

@ Preservation of the Hamiltonian along trajectories:
d
d—tH(u(e)(t, -),0) =0, Vt>0,V0e0O.

@ The flow map F;(up) = u(t) is a symplectic transformation:

(F)'Q =0

Figure: Volume preservation of the flow [HWL10].
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Example: Schrédinger Equation in RY

V = [2(RY) x L2(RY)

sy — {3 (L0l ) = 5lelly, Vo e dom(H) i= HE(RYY? 0 (R
+o0 Yue V\dom(H).
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Example: Schrédinger Equation in RY

V = [2(RY) x L2(RY)

sy — {3 (L0l ) = 5lelly, Vo e dom(H) i= HE(RYY? 0 (R
+o0 Yue V\dom(H).

For all u € H?2(R9)2 N L*(R?)2 N dom(H),
(DH)u(v) = / (—Aul — e (u? + ug)) vi + (—AU2 —eun(u? + uf)) vo, VYvev,
D
= (grady H(u), v)v

so
—Auy —eup(uf + u%))

grady H(u) = (—AU2 — eup(u3 + u})

The associated Hamiltonian flow is thus: Find u(t) = (u1, u2)(t) s.t.

Uy = +Auy +e(u? + u3)us.

{u'l = —Aup — e(U? + u3)uy,
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The Filtering Problem

@ Task: For an unknown 6T € ©, reconstruct
ut = u(0") € C(R,, V)

given observations of the velocity .

@ Velocity Observations: For every t € R, ,
z(r) = 60" (7) = (Wit (7))y, 0<7<t i=1,...,m,
& &(r)= Pw, ' ()

where
e /; € V' indep. linear functionals (model sensor response)
e w; € V Riesz representers.
e W,, = span{wsi,...,wm} C V observation space.

e Example: V = [2(RY),

, 1 I
li(v) = /Rd me 2 v(x)dx = g(x;,0) * v

=w;i=g(xi,0)
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Symplectic Dynamical Approximation

For every t > 0, we want to approximate:

@ the true state:
2n
uT(t) ~ Zaivi € Va,
i=1

@ the family of parametric solutions:

We search for:
Q Vo, =span{wvy,...,wm,} C V,
Q@ acR?
Q c(f) eR?" — cc [?(O,R?")
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Symplectic Dynamical Approximation

For every t > 0, we want to dynamically approximate:

@ the true state:

UT(I‘) ~ Za;(t)v,-(t) S Vgn(f)

We search for:
Q Vo,(t) =span{vi(t),...,van(t)} C V,
Q a(t) € R?"
Q c(t)(9) e R?" — ¢(t) € L2(0,R?")
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Symplectic Dynamical Approximation

We re-write the approximation in terms of a decoder mapping
p:T = VxL?6;V)
7= e(7) = (e1(7), p2(7))

with:
@ Input parameters:

v=(a,c,V) el =R>" x [?(©;R?") x S,

where V = {v1,...,va,}

o Output: For every v = (a,c,V) €T,

= 2,221 ajv; € V,
0a(7) =7 Gy € 2(O; V).
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Symplectic Dynamical Approximation

We re-write the approximation in terms of a decoder mapping
p:T = VxL?6;V)
7= e(7) = (e1(7), p2(7))

with:
@ Input parameters:

v=(a,c,V) el =R>" x [?(©;R?") x S,
where V = {vq,...,va,} and
52,, = {V = {V,' ,221 S V2n . <V,', \/J>\/ = (5,'7j and Q(V,‘, VJ) = (J2n>,"j}

is the set of all 2n-tuple of orthosymplectic functions where

0, |
bp=1" o
2 [—/n OJ

o Output: For every v = (a,c,V) €T,

= 2,221 ajv; € V,
0a(7) =7 Gy € 2(O; V).
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Symplectic Dynamical Approximation

The differential of ¢ at a point v = (a,¢,V) € I reads
(Dg), : T,I — V x L*(©, V)

2n 2n
5y = (6a,dc,8V) (Z (6aivi + aiovi), > (dcivi + c,-av,-))

i=1 i=1

where
T, =R x [3(©,R?") x TySan.

and
TySon = {0V = ((5v,-)?£1 €V 1 (6vi,vj)v + (v;,6v;)y =0 and
Q((SV,'7 VJ) + Q(V,‘7 5\/J) = 0}

There are “convenient” subsets T C T and fjr C T,T for which

(D), : T,T = V x [3(, V)

is injective.
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Filtering Scheme

Given the observations
z(t) = E(L’/T(t)) eR™,

we search for a curve v : Ry — I such that

i)~ (1) = (Dpryn(3(0)
H0)(t) ~ S0 (0)(0) = (D2l (H(O)(6), VO €O,
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Filtering Scheme

Given the observations
z(t) = E(L’/T(t)) eR™,

we search for a curve v : Ry — I such that

i)~ (1) = (Dpryn(3(0)
H0)(t) ~ S0 (0)(0) = (D2l (H(O)(6), VO €O,

For this, we solve for every t > 0,

: .1 [/ d . 2
y(t) € ;yrGgTT(I:F 512(t) f( Tad o1(7 (t))) ]
2
+ % /e J (gradg He(£2(0)) 7%@2(7&))(9) 1(d0).
=a(0)(¢,") y

Remark: 1 € P»(©) is an extra degree of freedom.
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Filtering Scheme

Necessary optimality conditions lead to an ODE of the form

1(t) = F(2(1))

which we then integrate in time (using symplectic schemes) ~ y(t) ~ o(v(t)).

@ The ODE is well-posed _ -
(when working on the “convenient” subsets I C I and T, C T,I').

@ Fi(up) = o(7(t)) is a symplectic flow map.

Remark: We reconstruct uf = u(#") without estimating 6t. We can estimate it a
posteriori by residual minimization.
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Error Analysis (with optimal |-|7)

Let
e(t) = [lu’(t) — p1(6(1) v

It holds that

e(t) S
@ ep(5t) +3 [ en(5-5)376), _int 10~ Tarady Hipar()va
e(0)exp| 5 2loexp > s S\'/ETIV(t)Sznv grad,, H(p1(7(s)))||vds.
where
: | Pw,t)vIlv
t) = inf —r - ¢ [0,1].
A= s, vl €
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Error Analysis (with optimal |-|7)

Let
e(t) = [lu’(t) — p1(6(1) v

It holds that

e(0) + / inf ||V — F grady H(ga(v(s)))llvds

VE Ty (+)S2n
<e(t) S
L, 1 é(t_) B7H(s) _inf v — T grady, H(e1(v(s)))llvd
0) exp ot eXp 2 S s Ve TugSan grady At Dives:
where
: [Pw.vilv
B t) = inf — E 0~1
b= e Sy, € P
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B is a stability factor

TV(t)S2I7

@Wm

B(t) = B(Tyt)S2n, W) = minyer,, s, = cos(a(t)) € [0,1]
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Dynamical sensor placement

Suppose V' = [%(Q). For a given t,

1 _ foxlvz(t)
li(v) = /Rd me Pov(x)dx = g(xi,0) * v

=wi=g(xi(t),0i)
Gathering the sensors’ locations in
x(t) = {x()}1 € (RY)7,

we thus have
Win(x(t)) = {wi(xi(t))}1
with

wi(xi(t)) = g(xi(t), o7).
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Dynamical sensor placement

We search for the sensors’ optimal path that maximizes stability

1 o [ (VR W) = SR ar
(0)
(0)

C
X
X

where k > 0 penalizes unphysically large velocities.
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Dynamical sensor placement

We search for the sensors’ optimal path that maximizes stability

1 o [ (VR W) = SR ar
(0)
(0)

C
X
X

where k > 0 penalizes unphysically large velocities.

The Euler-Lagrange equations yield:

{nx = VB2 (Va(t), Win(x(1)),
x(0) =a, x(0)=b.

and a time integration scheme vyields the evolution of the sensors’ locations.
Any scheme requires knowing how to compute V, /3%(x).

We could also optimize over covariances ¥;(t).
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1D Nonlinear Schrodinger Equation

Here u = (g, p) satisfies

q: = —Pxx — E(q2 + p2)pv
Pt = Gux + €(q* + p?)q.

and
0 = (e,a) € © := [0.98,1.1]%, V = L2([-L, L]).
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Static VS dynamic sensor placement
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1D Shallow Water
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2D Shallow Water

hy +V-(hV®)=0 xeD tel0,T]
¢+ LVO2+h=0 xeD te[0,T]

with periodic boundary conditions. Initial condition for h: Gaussian with 2
parameters.

B
&
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Figure: We use V,(t), and m = 10.




Conclusions

@ Reconstruction with dynamical symplectic spaces and dynamical sensor
placement.
@ Rules for dynamical sensor placement based on stability.

@ Error and stability estimates.

@ Plenty of future work to derive a general formulation:

e Fully nonlinear spaces.

Learn p(t).
o Deal with other dynamics (gradient flows, GENERIC).

e How optimal is our algorithm? (extension of [CDMN22])
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