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Non-linear interpolation between solutions for two different geometries
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Why we need non-linear interpolations:
Parametric model problem in 1D

Oup _ inQ=(-1,1) 1 (x — p)?
- = — =L 4) L —
Ox? H fu(z) = —exp <—2,u) ,
o o
up(=1) = uy(1) = 0;
with p € # =[-0.9,0.9] and o > 0.
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Why we need non-linear interpolations:
Parametric model problem in 1D

— 3 = fu inQ=(-1,1), 1 (M)

with p € # =[-0.9,0.9] and o > 0.
1
We introduce the space U = H}(Q) endowed with the inner product (w,v) = / 0, w0 v + wovdx
~1

findu, € U : a(u,,v)=F,(v) Vv e U,

1 1
a(w,v) :/18$w8xvda:, F,(v) :/1fuvd:c.

r d
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Why we need non-linear interpolations:
Parametric model problem in 1D

We denote by £ C U an n-dimensional linear subspace of U; we further introduce the Galerkin reduced-order
model:

find u, € Z : a(u,,v) =F,(v) Yve Z.

EX : o,/
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Why we need non-linear interpolations:
Parametric model problem in 1D

We denote by £ C U an n-dimensional linear subspace of U; we further introduce the Galerkin reduced-order
model:

find u, € Z : a(u,,v) =F,(v) Yve Z.

4 AN 2 .
Céa lemma: |2, —uyll < /14 —min|v—u,l, YpeP.
T veEL
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Why we need non-linear interpolations

Parametric model problem in 1D
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Why we need non-linear interpolations:
Parametric model problem in 1D

RHS uniform sampling

o =0.1

L

R
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Why we need non-linear interpolations:
Parametric model problem in 1D

RHS uniform sampling
Co10L -

c =0.001

. 0-2_ -

e T
-1.0 -0.5 0.5 1.0
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Why we need non-linear interpolations:
Parametric model problem in 1D

RHS uniform sampling
. 1.0 .

o =0.001

04

= —N1

1]
03

(B

[ R

-1.0 -0.5 o
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Convex Displacement Interpolation (CDI)

9X (¢.t) = vo X(&,1) 9Z(&,t) = —vo Z(&,t)
X(£0)=¢ 4

Ucpr(€ 1) = (1= s(u)Uo(Z(& (1)) + s(u)Ur (X (€, 1 = ()

Ucr(ép) = (1= s(u)Uo(€) + s(u) U (€)

DG-FOM solutions Mapped Solutions
L0 1.0 4 104
08 & 0.8 4
0.6 0.6 0.6 4
=
0.4 0.1 0.4
02 0.z 0.2 4
T T T T T T T T T T T T T T T T T T T T T
0.0 0.5 Lo 1.5 20 25 3.0 0.0 0.5 Lo L4 20 25 3.0 0.0 0.5 10 15 20 25 3.0

Flow Speed
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CDl interpolation error & worst error prediction field

g <107 :
C i 0 =
| "[ f 0.4
_::I' - O3 G =0.1
o [ ! -
. 1
| | N
r51 . |'in i I‘.-I'a ] i I:I L] il (1] i

we define the bijective maps @, for v € #* so that ©,(f2) =, ¢, is piecewise linear in the intervals (—1, u)
and (p,1) and @, (u) = v. We notice that the error is below 0.5% for both values of &.
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CDl interpolation error & worst error prediction field

g <107 :
] l i 03 ::!:JI
f 0.
£ ! S 03 o =0.1
= £ - nz
.| l )
o l ] & 1w
=1 <), § 0 8. 1 .l
L i
33
o =0.001 =2
|
1
':‘-1 f.8 ] oS 1
I§
REr ONERA 2 : Ty
FREZL'.!‘BLAIQSUEE Ve uni VeTSIte i i
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ROM predictions based on CDI data augemntation

== HF

== I = [RA

s

83 o =0.1
— [ a3
| )
o 0% o 0% 1 r 05 0 as 1

L, = Span {r._l.":':"I TS u.,_.::}, with ¢ = [p! 12}

(T
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ROM predictions based on CDI data augemntation

== HF

o = (ZRIIAL & WA

) "

- 83 o =0.1
Z s k a2
|:.-|
o [
':l ;l o = ]
1 T o o 1 | r a5 =e=CROALE DA
I5 q {I
; i o4
ﬁ 1 ' 203
o =0.001 = | | "
05
| a1
i
=1 0.8 1] 0.8 1 1 4.5 =] 0 |
lll
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Parametric Mappings in
Bounded Domains

ONERA ’ universite - -
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Parametric mappings

Qp / Qr

credit: Cagniart et al. 2017

Lagrangian-based
ROM

[lollo et al. 2014]

U,=%a, 0P,

AMD

Non-linear interpolations in
bounded domains

Multi-Frame
ROM

SO n
Up = 1 0P 0 Py

Data Augmentation
[Cucchiara et al. 2023]

Registration for

o S\

CDI

[lollo et al. 2022]

d=TUoNoU!

- T ROM

H 0 . .

i N v WA
: o . :

0 “ 2 0 [d’i 2

credit: Razavi et al. 2025 credit: Taddei 2025

i ONERA 2 - T
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Registration

Objective: Find a transformation ® to align the two objects

* = in P (®) = & (P en(®
arg i F(®) = FE(P) + Afpen(2)

. Energy
Modelin .
g Functional
”i“?;;;'lﬂl[lﬂ;"f o ’l‘
Minimization N a2
Search Space N g
| P strategy RN ‘-ﬂ:llllgzz‘{,“'lf
® € W), C Diff(Q2)
EX ' . .. 7
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Registration in bounded domains: velocity based mapping

Mapping is defined as the solution of the following ODE:

0X
E(ﬁat) =v OX(gat)

X(£,0)=¢
Theorem :
if v € C'(Q,R%) and v.n = 0 then X(.,t) is a diffeomorphism
and X(Q,t) =Q, Vt

We seek diffeomorphism of the form:

M
®=X(,1;v) withov(z;a)= Zai@(:ﬂ) Vo € Q2
=1

The minimization aims at finding the coordinates :

a e RM

12

o
©

o
o

0.4

0.2

0.0

Flow Speed
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Energy functional: point set registration

Source points: = = {&} Y,
Y = {-’/J‘},\fll
1o & 1
7P (q) = 3 D> > PylIX (&, 1a) — usll3 + §MTKG
=1 j=1
T ) \ )
Y Y
Data discrepancy Regularization
P;; €10, 1]: weight informing K : SPD Matrix built
whether &; should be from a regularizing
mapped to Y; operator as:

Assumed to be known Kij = (K[oil, 65) 12

Mapped points: X(Z,1;a) = {X(&,1;a)}%,

EEEL'{'%A%%E ONERA ﬁ Z :’z Unjﬁ\g%TI;sDiEEUX Non Linear CFD Interpolation 20
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Modeling: sensor based extraction

Point set registration for shocks: Iso contour extraction:

1

1 ! 1 |
1 ! 1 1
1 ! 1 1
1 ! 1 1
1 1 1 1
1 : 1 1
1 —Poo .

: gS(U) = <V7 Vp>2 ! ! mapxpp—p if p> poc |
1 aHVpHQ : 1 i 1
! , ! Siso(U) = !
! ! ! P—Po : 1
| : | mnpopm P < Poo i
1 ! 1 1
1 1 1 1
1 1 1 1
1 ! 1 1
1 ! 1 18w 1
! ! | ' i
1 1 1 1 i 1
1 ! 1 B 1
1 : 1 i -08 2 1
1 1 e SRRy 1
' 1 | — --'-_-.-?.J-).JJ ..QM 1
1 ! 1 1
1 ! 1 s 1
1 1 1 [.m 1
! | e !
1 1 1
1 ! 1 E 1
1 ! 1 1
1 ! 1 1
1 ! 1 1
1 1 1 1
1 ! 1 1
1 ! 1 1
1 ! 1 1
1 1

| 1

| 1

Persson. 2016

EXx T . o, 7
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Minimization strategy: Gradient based

Functionnal to minimize:

O 1 1
(@ ZZPw”X i 1;a) ?Jjﬂg + 5)\GTKC‘ v(z) = Zai¢i($)
=1 j=1 =1
Optimality condition:
o
da (a") =0
Equivalent to solve a system of non-linear equations :
fa*)+ Ka* =0
1 No N
= / > P(X (&, 1a)—y;, VX (6, 1;a) VX (&,750)  i(X (&, 75.)))2dr
=1 j=1

Gradient descent:

ary1 = a — ni(ar + K ' f(ay))

Nk determined by line search (critical point)

r d

EX : o,/
E’E’El'{'%’l‘%lg M &Z’Z‘,a’- Un]e\é%TI;SI)IEEUX Non Linear CFD Interpolation
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Discretization challenges

System of non-linear equations to solve:
Y a fa*) + Kna* =0

1 No N1
= / ZZPZJ g'mlaa yJ7VX(£zvlaa)VX(£zaTa a)_len(X(§i7T; a))>2dT
=1 j=1
1 : 1
Spatial discretization: FEM Time discretization: RK

Needed to solve ODE :

e =v(x(En)
tn
@ WX DX (6,8) = Vo (X(6,1) VX(£,1)
X, — Ex: Euler integration

Lagrange p;

X(E ti41) = X (6, 13) + At (X(611))
VX (€ tia) = VX(6 1) + AtV0" (X (¢,1)) VX (€, 1)

REPUBLIQUE ONERA

FRANCAISE
Lierté
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Regularization matrix

Diffusion regularization

(v,n)=0
(V[vn,t) =0

Following Sobolev injection s > £ + 1, H*(Q) — C'(Q)

Ex o . . 7
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Regularization matrix

Diffusion regularization

(v,n) =0
(Vlvln,t) =0
Following Sobolev injection s > £ + 1, H*(Q) — C'(Q)
Weak form built with Nitsche’s method

b(u,v) = / v+ LQVU : VudQ + Cpen / (v.n)(u.n)dS
Q ko h Joq

1 1
—/ — Vin[u]v.ndS — — Vn[v]u.ndS
a0 Ko aQ Ko

Regularization matrix K defined as:

2¥)

K = (LyM, ") Ly, with Ly, = (b(£;, £;)) N Naor and My, = (€3, €5) o) ot Noer

1.2 4
1.0+
0.8+
0.6+ :

0.4+

0241

0.0

0 I 2 3

K-1[f] with 8 = 0.85

124
1.0
0.8+
0.6 8
0.4

0.2

0.04 et

1.0

0.8

0.6

0.4

0.2

0.0

0.12

0.10

0.08

0.06

0.04

0.02

universite
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Matrix P: Expectation-Maximization

No N
1.0 3.0 “obi 1 . 1
P () = 3 ZZHX(&', La)—y;5+ QAQTKha
i=1 j=1
2.4 . No
=—ww+1-w ]
Py) = o+ (1w Zp(yly)
1.8 Jj=1
2 )= L LS exp (L2 ) — vl
1.2 P =N No(2mo2)d/2 ~ P72 o2
No Ni+1
06 L(a,0) = =Y log > P(i)p(uils)
i=1 j=1
. T T _'00
0.0 0.2 0.4 0.6 0.8 1.0 exp <_l (II‘P(&J)—szI%)) 0.6
! PEM = 2 = 0.4
1] o n)—Yi 2 w
>0, exp (—% (—” )y ”2)) +(@2mop_ )T R
[Myronenko et al. 2010] p ps PEM 0.0
= ©
EXx rd . o, 7
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Minimization algorithm

Data: Z,Y. ¢, 09, P°
Result: velocity FE dof e
Initialization;
a + 0;
a <+ oy,
k + 0;
Optimization;
while |Acf| > e do
E-step;
Py < (2.24);
M-step ;
ot = Ef:“‘{‘ aply ;
X(fi, 1) — fi + Zﬁi;i wmvh(X(ym; tm): tm);

—

VX (&, 1)« 1d+ V5 0 08 (X Yo ) s b )V X (X s i) )

fu i Jy SN Py (X (60 1) = w5, VX (8 D(VX (&, 7)) T alX (6, 7)) ) dr
Q1 — Qg — T (K,:l_f(ak) + )\ak) ; /* n from line search */

2 .
Uk+21 — (2.228), ,
AT}y = Ty = 0 5

ke—k+1;
end
!. ” . . /
REPUBLIQUE M &Z/Z‘,a/- uni %%TI;SDIESUX Non Linear CFD Interpolation 27




Example

Data: =,Y, ¢, 09, P*
Result: velocity FE dof a
Initialization;
a0
T 0g;
k< 0;
Optimization;
while |Ac?| > = do
E-step ;
Py (2.24);
M-step ;
= Tyl
X(6 1) ¢ &+ DN 0" (X (Yo ) )i
VX (&, 1) = 1d+ SN w0, V0" (X W, tan)s ) VX (X Y ) L)

Qe o — i (K, fla) + day)
‘712c+‘1 < (228);
Aofyy ¢ 0f — 0}

Fo e Jy A PA{X (60 1) = 95, VX (& (VX (6, 7) X (607 dr

/* n from line search */

PRI 1.0 0.8
end
0.8
0.6
“‘%‘ . 0.6 )
=107 X 3 =
L = 0.4 %
“ =
& 0.4 Xy -
END
i, 0.2
0 021 -
10724 -
0.0 ; ; T T
0 2 1 6 8 10 0.0 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 1.0
EM Outer loop Iteration xr T
B ONERA 2 A
FRANCARE —_— &Z/Z‘,a’- universice Non Linear CFD Interpolation 28
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Example |l

Data: =,Y, e, 09, P* - 1.0 - 1.0
Result: velocity FE dof a
Initialization;
a0
T 0p;
k< 0;
Optimization;
while |Ac?| > = do
E-step ; P=P0 PEM
Py« (2.24);
M-step ;
o= Eﬁ:’“ ayly, ;
X(&1) ¢ &+ 0% wnt" (X (s i), bn);
VX (6 1) < 1+ 08 0, VoM (X s ) ) VX (X Wi ), )

m=1
Fo e Jy A PO(X (6, 1) = 95, VX (& (VX (6, 7) X (607 dr
et < oy — 1y (K3 flow) + Aoy /* 1 from line se
oF,, < (2.28);
Adjyy 4 0f = 0} 3 1.0
k«k+1;

0.8 o 0.8

0.6 0.6

0.4 0.4

0.2 0.2
Y3

0.0 0.0

32

107L 4

2
7112

24

) = uill
y
=
[=7]
15
p(y)

I3
Si

0.4 1 X yy 1

o

0.2 4 Xy L g ]

Bjllo(

¥0,0¥q

ig

x

1079 4

. | | | ! 0.0 T ! ! . LLp — T seaa '
0 2 1 6 8 10 0.0 0.2 0.4 0.6 0.8 1.0 2.0 0.2 0.4 0.6 0.8 1.0

EM Outer loop Iteration T z

PEM

Ex ' o, 7/
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Test Case 1: Coalescing Gaussian

1 1 1
Ip(x) = e ———(|le = eol|? L(x)=exp| ——(||lx —c?||?) ) + exp [ ——(||& — ’||?
o(@) = o (=515 (e - cal}) @) = o0 (=gl = <t1) ) + exp (gl — )
co =[0.8,0.7]7 c® =10.8,0.717, b =1[0.8,0.3]7
1.0 — 1.0 —
0.90 0.90
0.8 - 0.8- —
—-0.75 —T0.75
0.6 - —0.60 0.6- —0.60
= =t = —
—0.45 —r 0.45
0.4 1 — 0.4 —
—0.30 —0.30
0.2 — 0.2- —
—0.15 —0.15
0.0 : : : : : L 0.00 0.0 : : : : : “Lo.00
00 02 04 06 08 10 1.2 00 02 04 06 08 10 12
Hi xr
EN T . . 7
R ONERA &Z 2610’_ Uﬂ]e\é%Tl’aSDIéCEUX Non Linear CFD Interpolation 30
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Point set construction

E={E eTe s Ip(g) > 1077 Y={()ili€Te : Ii(y)>107%}
1.0 1.0 1.0 1.0
ﬂl““‘mllll‘
0.8+ 0.8 0.8 4 0.8
0.6 1 0.6 0.6 7 0.6
0.4 1 0.4 0.44 0.4
i | |
0.2 0.2 0.2 0.2

1||“m‘m|hmt
0.0 T T T : T 0.0 0.0 T T : T 0.0

0.0 0.2 0.4 0.6 0.8 1.0 1.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2
& €T
RéPy ONERA 4 i ité
FRANGAISE. e ——e &Z,Z"a’_ Un]e\g%ESDlEEUX Non Linear CFD Interpolation
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Coalescing structures : interpolation

CDI Cl
0.96 0.96
0.84 0.84
0.72 0.72
0.60 0.60
0.48 0.48
0.36 0.36
0.24 0.24
0.12 0.12
0.00 0.00
L L
%uﬂu%;'\%uf M UniverSité Non Linear CFD Interpolation 34
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RESULTS

Application of mapping computation to industrial-like ROM problems

r d

e ONERA i iR
REPUBLIQUE I U ﬂIVETSIte i i
f:'?.NCAISE h%“ deBORDEAUX Non Llnear CFD Interp0|atlon 35
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Test Case presentation: NACA0012

Model : 2D Euler

U | 9f:(U) , 01,(U)

=0
ot ox oy
P gvx PUy Po p1

PUx pvs +p PUy Vg ,
U = fzr:(U) — x f (U) — s .00 14
PUy PUy Vg Y p’UZ +p . 0.75 13
pE vz (pE + p) vy (pE + p) L o iy
Numerical solver : Aghora ‘ 1222 e H
’ = 0.00 1.0
DG p2 : DoFs/eq ~ 150,000 IR 09
Convective flux: ROE 0'795 —0.50 0.8
Linear solver: Restarted GMRES with left D'm o o
preconditioning Lo oo 0

Time stepping : Implicit back Euler Jacobian free “05 00 05 10 15 “05 00 05 10 15

M, =0.8 My =0.85
Ex ’d . . 7
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Accuracy of domain boundaries®(2) = Q ?

an = {SCR(t) Vt € [0, 1]} with:

1 2 -5 4 -1 pi d(X(0Tf,1),00f) = max  min || X(&,1) —pl2
3 2 i 9 ) . 79
= = 0
Sor(ts) = 3 1t 1] 0 1 0] |pis i€{1,....Ny} pEOQ
0 2 0 0 Pit2
0 QDX(g' 1.00) from solution computed on N, = 14, 336 D1 elements
015 ~~~~~ e —— At =02
010 —— At=0.1
’GQ —— At =10.05
0.05 = --e- d(OT;, 0Q)
= 0.00 %
e ="
—0.10 4 RSN ,”5'; A
e T s
—05 . T e # o S (RN ST R i -
020 fo e e, . ceeee T | |
0.0 0.2 04 0.6 0.8 1.0 10° 10!
x N,
{&i} € 0T; C 0%
EN - P o 7
R ONERA &Z i — Uﬂ]e\é%TI;SDléCEUX Non Linear CFD Interpolation
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Interpolation of pressure field

High fidelity pressure py for My = 0.8 High fidelity pressure py for Mo = 0.85

p(M,, = 0,825) from CDI

1.00 1.64 1.00 1.00 ¢ 1.64
0.75 1 152 0.75 1566 0.7 152
1.448
0.50 1.39 0.50 0.50 1.39
1.26 1330 1.26
0.25 1 : 0.25 1 1212 0.25 1 :
L4 L4
= 0.00- » ST = 0.001 1.094 bbb = 0.00
101 ~ 101
—0.25 —0.25 1 0.976 —0.25
0.88 0.858 0.88
—0.50 1 . —0.50 1 —0.50 1 .
0.76 0.740 0.76
—0.75 1 0.63 —0.75 1 0.622 —0.75 1 0.63
—1.00 ' ' ' —1.00 ' ' ‘ 0.504 —1.00
—0.5 0.0 05 10 15 —0.5 0.0 05 1.0 L5 —0.5 15
€T €T x
High fidelity pressure field for My = 0.825
1.00 1.64
0.75 1 1.52
050 1.39
095 1 1.26
L4
= 0,001 »
101
—0.25 1
0.88
—0.50 1 0.76
—0.75 1 0.63
—1.00 ‘ ' '
—0.5 0.0 0.5 1.0 L5

EX : o,/
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Test Case presentation: ONERA M6

Numerical solver : CODA

DG p1: Mesh of = 3 x 10> nodes

Fluid model RANS Re = 14.6 x 10°, M, = 0,84

Convective flux: ROE

Linear solver: Restarted GMRES with left preconditioning AoAy = 3,06°
Time stepping : Netwon methods with finite differencing

approximation of the jacobian

Turbulence model: SA with artifical viscosity

AoA; =5,1°
Ea ONERA i A
IF{EPl'.!lBL‘I\CIleéE I univers |te i i
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Point set construction

E={(&)2 € Toe : <s(UG(&)) > 0.6}
Y ={(y:)iy € Toe : ss(Up(wi)) > 0.6}

(1]

EXx T . o, 7
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Mapping results after minimization

(1]

{(&)72 € Tog = ss(Ug(€))) > 0.6}
={(W)X € Toa + ss(UP (i) > 0.6} &= X(.1:0)

ITY -v

>..<

(1]
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CDI and CI Interpolations

CDI

t=200 t=20,25 t=20,5 t=20,75 t=
AoA = 3,06 AoA = 3,57 AoA = 4,08 AoA = 4,59 AoA = 5,10

Ex 4 . ., 7
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CODA p1 initi

alization from predictions

I -
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Conclusions

» How to define a method to compute diffeomorphic mappings capable of aligning coherent
structures of 3D compressible viscous flows in the context of industrial reduced-order models
for large-query simulations ?

1.64

Energy
Functional

Modelization :

Research Minimization
Space strategy

0.63

P(Q) =0
deCl()
o lod=1d
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Future Application

Test Case: SUPERMAN

Mesh adaptation

(a) initial computation, 2732120 DOFS () C=150000, iteration=20, 2517236 DOFS

Figure 20: ONERA-M6: visualisation of initial and final adapted meshes colored by density contours for
DG-p=1

Perspectives

Lagrangian-based ROM

2. Extract Modes and

Data augmentation
POD Modes

1. Collect Data

Time-Series

g -POD deE 1 1.00 1.00

0.7 0.7
0.50 0.50
- POD mode 2 025 025
= 000 .00

inmre

extraction | 025 0.2
0.50 0.50

—075 0.7

~1.00 100

~0.5 05 00 ) 10 15
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