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What are LLMs and what do we want from them?

* What problem do they solve?
 \What’s the measure of success?

» Density Model p for strings in 2™ or * or TN
* Next token predictor: probabilistic mapping p: X* — X, i.e. defining p( x|[t] | x|: t])
=>» This induces density model p(x) = [[, p(x[t] | x|: t] )
* Training data: samples x,x,,... ~ D
 Log-loss training = Max likelihood r;lez% [I;p,(x:)
* Goal: approximate D
* Why?
* What text distribution D?



* Density View:
* Learn p that matches “language distribution” D

e Generator view:

 Based on examples x4, x-, ... of texts from language, generate text X (e.g. 3?~/ﬁ)

* X should be a “good” text, i.e. in the language

e X should be “new”, i.e. different from x, x, ...

but: need not match any distribution; no coverage (OK to only generate from subset)
[Kleinberg Mullainathan 2024 “Language Generation in the Limit”]

* Prompt-response view:
* (probabilistic) mapping m: X — Y (ie defining m(y|x)), with X, Y = Z*
induced by next token predictor: m(yv|x) =[l;p( vit]| x D y|: t])
« Reward (utility, correctness) r(x, y)

e Goal: V.(m) = E,p [r(x,n(x))] = Ex~py~m(ilr, y)l



Utility (Goodness, reward) vs matching distribution or newness

x = “How many ouncesinacup”
x = “Rewrite the following paragraph using clear, crisp, professional language: ...”

“What is a prime number”

X

“Should abortion be legal?”

X
x = “Who is the best football player of all times?”
x = “Prove that the square root of two is irrational”

x = “Consider a 2025 x 2025 grid of unit squares. Matilda wishes to place on the grid
some rectangular tiles, possibly of different sizes, such that each side of every tile lies
on a grid line and every unit square is covered by at most one tile. Determine the
minimum number of tiles Matilda needs to place so that each rowand each column of
the grid has exactly one unit square that is not covered by any tile.”



* Prompt-response view:
* (probabilistic) mapping m: X — Y (ie defining m(y|x)), with X', Y = X*
« Reward (utility, correctness) r(x, y)
* Goal: V(1) = Eyp|r(x,m(x))] = Exepy~n(ix [r(x ¥)]
E.g.: r(x,y) = 1iff y is correct answer for x, i.e. y € o(x)
r(x,y) = 0..7 fractional credit for answer
r(x,y) = how good is my paragraph rewrite
In general: 1r(x,y) = how well does y answer/perform x

* Apprenticeship Learning (think of SFT):

* Training data: samples from some good (perhaps optimal) demonstrator 7:

(xl,yl), . (xmlym) ~1idD X 1
i.e.x; ~ D, y;~7t(: |x;)

* Assume/hope: V.(7) is high, perhaps V/.(7) = I = sup V()
T



Goal: V(1) = Exp|r(x, m(x))]
Training data: iid x; ~ D, y;~7(- |x;)

* Demonstrator Assumption: 77 € II, for some known class Il 0<7r(x,y) <1

(e.g. demonstrator can be described by transformer)

 MLE is min-max optimal: w.p.= 1 — 4 over training data,
log|Il| + log 2/5

m

DZ(D X fiy g, D X ) <6

1
dist of responses 7(x) = dist of responses 7 (x)

following [Foster, Block, Misra 2004 “Is Behavior Cloning All you Need”]
=>» We should do MLE, i.e. log-loss minimization

If [ defined by class of next-token-generators H = {p}
M={rn(lx) =1lipCyltl| xDByl:t]) | pEH}
Do you need bet . log|Il| < log|H| < 32 - #params (if using floats)
« Canalsoreplace by VC(#)log(|y|) logm [JoshiLiS2025]
 For (hard attention) transformers: VC(H) = O(#params - log(|x| + |y|))

...and log|II| can be replaced by O(#params - log(|x| + |y]) - logm)
[Yang Li S 2026]




* Model class assumption: r € R for known R Goal: V(1) = Exp|r(x, m(x))]

e.g. correctness can be described by transformer Training data: iid x; ~ D, y;~(- |x;)
0<r(xy) <1

* No assumptions about structure of demonstrator i@

If demonstrator 7T is optimal:
reR = a€lly, ={n|mr € argmaxV,(m),r € R}, but generally |[15| > |R]

ﬁEH-)rEIan{rn(x,y)zl ‘nEH},and 1Ry| < ||

yesupp(m(:|X))
(and learning w.r.t. R implies learning w.r.t. II)

1. MLE can fail: There exists a class with |R| = || = 2, achoice r € R, and an optimal
demonstrator V,.(77) = 1 s.t. for any sample size m, and any €, there exists D with an I[15-MLE
with: I/T'(ﬁMLE) < E.

2. Cloningis not possible: Even.if,{ R 75 1,150 yve kngw: inegy(x, y) = 1 always, and 7 is
optimal for 7, there is noowant to matehdhethe distribution 77(- |x) (under any reasonable

distance) from a finite number of s les,
) BUt 714y, 5 (X) = MRRobserved x i MLE

3. Learning the reward is not possibld: BVERRIERERF = | Y| = 2 and optimal demonstrator

—

4. Learning to answer is p sglzb__[éf‘éffnyggglﬁgggh eg?&’rce}é)lf;(]i%) —V.(R) <0 ( 1°g|R|>

orrectr” =1y, m




Online Apprenticeship Learning

(Binary Reward Realizable Version)
At each step t:
Receive x;
Predict y;
If r°(x;, V:) # 1, thisis a mistake
(but the learner doesn’t know this)
Receive y; s.t. 77 (x;, y;) = 1

r°"eR

Online Contextual Bandits:

* Receive reward r°(x;, V), but not demo y;
* Inherently interactive; here passive
[Kleinberg Mullainathan]:

* (Mostly) unprompted

* Require newy

 Goal: finite, but unbounded, #mistakes



Online Apprenticeship Learning Algorithm

(Binary Reward Realizable Version) Initw(r) =1
At each step t: %y)=1w(r) ]
Receive x; At each step t:
Predict y, Ve = e (x) = argmaxy, X cq w(r)r (e, y)
If r°(x;, V¢) # 1, this is a mistake
(but the learner doesn’t know this) And then update:
Receive J; s.t. 7°(x:, V) = 1 0 Ifr(xe, 9:) = 1
w(r) «42w@)  Ifr(x,y,) #1
r°eR w(r) otherwise
Claim: #mistakes < log |R|
0-w

Proof: Yw(r) is monotone non-increasing, and hence < |R|
> |R| = w(r®) = 2# mistakes 3 4 mistakes < log|R| “




Online Apprenticeship Learning Algorithm

(Fractional Rewards; Any Demonstrator) Initw(r) =1
At each step t:
Receive x; At each step t:
Predict y; Ve = iy (x;) = arg maxy, Y, eq w(r)r(xs, y)
Earn r°(x;, ¥¢),
(but the learner doesn’t know this) And then update:
Receive y; s.t. v°(x;, V) = 1
w(r) «
€ R (1 + y)SuPy T(xi,y)—r(xi,j”/i)(l — y)SuPy r(x,y)-r(x,91)

Online-to-Batch

Claim: Yw(r) is monotone non-increasing, and hence < |R|
Run online alg one-pass on data

2R-R<2y(R"—R)+ —loglRl return mixture & = 7;, [ ~ Unif(1..m)
— with appropriate
Fo ny‘\ilmﬂ T'EEPlegl' r°eR,Tst.V..() = Vfo — )A, w.p.1—46:
R=Yr(x.9) |

\

{ﬁ = 2r°(x, ¥i) ] Vie (1) — Ve (1) < 8\/

A(log|R| +log2/6) N 16log|$‘2| +log2/6
m m




Online Apprenticeship Learning

(Fractional Rewards; Any Demonstrator)
At each step t:
Receive x;
Predict y;
Earn r°(x;, ¥¢),
(but the learner doesn’t know this)
Receive y; s.t. v°(x;, V) = 1

r° e R

Similar to [Syed Schapire 2007]
Apprenticeship Learning for MDPs:

More direct modeling of reward class
Simpler more direct algorithm and analysis
Optimistic 1/, rate

One-pass online

Holds even with adaptive demonstrations

[Moulin Neu Viano NeurlPS 2025]: 0 (i/loglyl'logW)

m

Claim: Yw(r) is monotone non-increasing, and hence < |R|

PR-R<2y(R"—R)+ %logIRI < 4\/(R* — R)log|R| + 3log|R|

Forany A < 1withy = log%, foranyr® € R, s.t. V() = Ve — A, w.p. 1 —8:

V.o(7) = V,-(7) <8 J

A(log|R| +log2/6) N 16log|$‘€| +log2/6
m

m



Learning to Answer from Correct Demonstrations

* Basedonr € R, and with no assumption on demonstrator 7:

* (@) = V() < 0(

* I[mpossible via MLE
* Notvia cloning (ie distribution matching)
* Cloning/ distribution match impossible

* Challenges:
* Practical implementation for parametric classes
» Searching for best response (= co-train generator and reward)
* Leverage pre-trained model

1 R . . . L ~ 1
Oi l) (and even optimistic rate if 7 near-optimal)

Nirmit Joshi Gene Li Siddharth Shiva Cong Ma
Bhandari Kasiviswanathan
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