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Number of LLMs Per Month (2024)

2 / 38



The Year of 2025
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Since then, 100+ xPO variants have been proposed
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Gap between theory and practice

Q1 Why is GRPO so effective?

Q2 What is the rationale for using the group mean to approximate the value function?

Q3 Can we provide finite-sample or asymptotic analyses regarding its convergence?

Q4 What is the optimal group size?
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Background

1. Reinforcement Learning

2. LLM Reasoning

3. U-statistics

7 / 38



Background

1. Reinforcement Learning

2. LLM Reasoning

3. U-statistics

8 / 38



LLM Reasoning
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Approach I: Chain-of-Thought Prompting

10 / 38



Approach II: RLHF
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Approach III: RLVR
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RLVR (Lambert et al., 2024)
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A simple policy gradient algorithm

• Initialization: θ arbitrary

• For i = 1, 2, · · ·,n do:

Sample an prompt X

Generate a completion Y (reasoning trace + response) using policy πθ

Obtain the verifiable reward Z = r(X ,Y ):

θ← θ + η∇θ log(πθ(Y |X ))Z

end for

return θ
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Variance reduction using a baseline

• Initialization: θ arbitrary

• For i = 1, 2, · · ·,n do:

Sample an prompt X

Generate a completion Y using policy πθ

Obtain the verifiable reward Z = r(X ,Y ):

θ← θ + η∇θ log(πθ(Y |X ))[Z − C (X )]

end for

return θ
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A minibatch version

θ← θ + η gradient
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Optimal choice of baseline

θ← θ + η gradient

Challenge: estimating and maintaining a value network is extremely
computationally intensive in reasoning tasks!
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Background

1. Reinforcement Learning

2. LLM Reasoning

3. U-statistics
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Second-order U-statistics

• {Xi}n
i=1 denotes a sequence of i.i.d. random vectors

• Given a symmetric kernel function h
• A second-order U-statistic is defined as

U =
1

n(n − 1)

∑
i ̸=j

h(Xi ,Xj ).

• Hoeffding decomposition:

U = h0 +
2

n

n∑
i=1

[h1(Xi )− h0]︸ ︷︷ ︸
first-order term Op(n−1/2)

+
1

n(n − 1)

∑
i ̸=j

[h(Xi ,Xj )− h1(Xi )− h1(Xj ) + h0]︸ ︷︷ ︸
second-order term Op(n−1)

,

where h0 = E[h(X1,X2)] is the expectation of the kernel and h1(x) = E[h(x ,X2)]
denotes the first-order projection.
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Bring it all together: GRPO

20 / 38



GRPO-type algorithm
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Demystify GRPO: Our results
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Demystify GRPO (Cont’d)

Q1 Why is GRPO so effective?

Q2 What is the rationale for using the group mean to approximate the value function?

Q3 Can we provide finite-sample or asymptotic analyses regarding its convergence?

Q4 What is the optimal group size?

23 / 38



GRPO’s gradient is a U-statistic

• G = no. of sampled completions per prompt.

• GRPO-type gradient:

ĝGRPO(x ;θ) =
1

G − 1

G∑
g=1

∇θ logπθ(Y (g) | x)︸ ︷︷ ︸
policy score

[Z (g) −mean(Z )]︸ ︷︷ ︸
advantage

.

Lemma

ĝGRPO(x ;θ) can be written as a second-order U-statistic.
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According to Hoeffding decomposition

ĝGRPO(x ;θ) = true gradient at x + ĝoracle(x ;θ)− E[ĝoracle(x ;θ)]︸ ︷︷ ︸
first−order term Op(G−1/2)

+ second-order term︸ ︷︷ ︸
Op(G−1)

,

the oracle algorithm is a hypothetical algorithm with access to oracle value function.

• B denotes the number of prompts sampled per training iteration

• Consider the minibatch version ĝGRPO(θ) =
1
B

∑B
b=1 ĝGRPO(X (b);θ)

Theorem

MSE(ĝGRPO(θ)) = MSE(ĝoracle(θ)) + O
(E∥∇θ logπθ(Y |X )∥2

BG 2

)
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Oracle algorithm
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Demystify GRPO (Cont’d)

Q1 Why is GRPO so effective?

Q2 What is the rationale for using the group mean to approximate the value function?

A2 Use of group mean provides a first-order approximation to the gradient of the
oracle algorithm with access to the value function

Q3 Can we provide finite-sample or asymptotic analyses regarding its convergence?

Q4 What is the optimal group size?
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Demystify GRPO (Cont’d)

Corollary (Oracle property)

As G → ∞, both (i) MSE of the GRPO-type gradient and (ii) suboptimality gap of its
induced policy are asymptotically equivalent to those of the oracle algorithm.

Corollary (Optimality)

As G → ∞, both (i) the MSE of the GRPO-type gradient and (ii) the suboptimality gap
of its induced policy are asymptotically no larger than those of any algorithm using a
generic baseline C (X ). In particular, the gradient MSE is strictly smaller than that of the
vanilla algorithm with zero baseline, under mild conditions.

In DeepSeekMath, G = 64, which is sufficiently large to approximate the asymptotics.
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Experiment I: Gradient evaluation
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Demystify GRPO (Cont’d)

Q1 Why is GRPO so effective?

A1 Because it achieves oracle performance without value network and is asymptotically
optimal in both MSE and suboptimality gap.

Q2 What is the rationale for using the group mean to approximate the value function?

Q3 Can we provide finite-sample or asymptotic analyses regarding its convergence?

Q4 What is the optimal group size?
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Demystify GRPO (Cont’d)

Q1 Why is GRPO so effective?

Q2 What is the rationale for using the group mean to approximate the value function?

Q3 Can we provide finite-sample or asymptotic analyses regarding its convergence?

A3 Yes – this is exactly what we establish in the paper. In particular, we establish
parameter consistency and derive the asymptotic distribution of the suboptimality
gap (a mixture of χ2 random variables) without requiring parameter identifiability.

Q4 What is the optimal group size?
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Demystify GRPO (Cont’d)

Q1 Why is GRPO so effective?

Q2 What is the rationale for using the group mean to approximate the value function?

Q3 Can we provide finite-sample or asymptotic analyses regarding its convergence?

Q4 What is the optimal group size?

A4 We derive a scaling law
(i) delineates how GRPO’s performance depends on the group size
(ii) identifies the optimal group size that maximizes its performance
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GRPO scaling law

Theorem

GRPO’s sub-optimality upper bound depend on (i) the number of sampled prompts B
and (ii) the number of sampled completions G per prompt through the following:

c1
B

+
c2
BG

+
c3

BG 2
,

where c1, c2, c3 depend only on the data generating process and geometry of the
policy space.
Under a fixed sampling budget N = BG per iteration or a total sampling budget
N = nBG, the optimal group size G ∗ that minimizes the upper bound is:

G ∗ =

√
c3
c1
.
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c1G
N

+
c2
N

+
c3
NG

,
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Universality of G ∗

The optimal group size G ∗ is universal:

• independent of the budget N

• independent of the number of iterations n

• independent of the learning rate schedule

depending solely on the data generating process and geometry of the policy space.
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Experiment II: Universality across training iterations
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Thank You! ,

Demystifying GRPO: Its Policy Gradient is a U-Statistic
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