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<latexit sha1_base64="SMl3c97dLyu6AKmd2u3KTR2S6Fo="></latexit>

Q? = argminf2F L(f)



Markov Decision Process (MDP)

• For h = 0, 1, 2, …, the agent 
• observes state sh ∈ S 

• sh ~ P( · | sh-1, ah-1) for h ≥ 1
• chooses action ah ∈ A 
• receives reward rh ~ R(sh, ah) 

• Policy π: S → Δ(A) 
• Wlog: assume (s0, a0) is fixed and r0 = 0 

 

•  : expectation wrt above distribution 
• OPE task: estimate , where  

using data trajectories sampled from some behavior policy

<latexit sha1_base64="dfGTeh8b91QLBJ+r1VzGYjXH9x4="></latexit>

s1 ⇠ P (·|s0, a0), a1 ⇠ ⇡(·|s1), r1 ⇠ R(s1, a1), . . . , sH , aH , rH
<latexit sha1_base64="KP4SKcqD9YAABBFUCaGOt6QA2ag=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokItVlUQSXFewDkhAmk0k7dDIJMxOhhGz8FTcuFHHrZ7jzb5y0WWjrgQuHc+7l3nuClFGpLOvbqK2srq1v1DcbW9s7u3vm/kFfJpnApIcTlohhgCRhlJOeooqRYSoIigNGBsHkpvQHj0RImvAHNU2JF6MRpxHFSGnJN4/cGKlxEOS3hZ+7KS0cF4eJ8nyzabWsGeAysSvSBBW6vvnlhgnOYsIVZkhKx7ZS5eVIKIoZKRpuJkmK8ASNiKMpRzGRXj57oICnWglhlAhdXMGZ+nsiR7GU0zjQneW5ctErxf88J1PRlZdTnmaKcDxfFGUMqgSWacCQCoIVm2qCsKD6VojHSCCsdGYNHYK9+PIy6Z+37HarfX/R7FxXcdTBMTgBZ8AGl6AD7kAX9AAGBXgGr+DNeDJejHfjY95aM6qZQ/AHxucPYA+W7Q==</latexit>

E⇡[·]
<latexit sha1_base64="jOu0ye/iO05kqdQIj+e14fsVpMw=">AAACF3icbVBNS8NAEN34bf2qevSyWIR6KYlI9SKIIoinClaFJITNdmoXNx/sTsQQ+i+8+Fe8eFDEq978N27bHNT6YODx3gwz88JUCo22/WVNTE5Nz8zOzVcWFpeWV6qra5c6yRSHNk9koq5DpkGKGNooUMJ1qoBFoYSr8PZ44F/dgdIiiS8wT8GP2E0suoIzNFJQbXgI96gxl0DP6l4qtukB9SKGvTAsTvqBUVxPZ1HQoyro+UG1ZjfsIeg4cUpSIyVaQfXT6yQ8iyBGLpnWrmOn6BdMoeAS+hUv05AyfstuwDU0ZhFovxj+1adbRunQbqJMxUiH6s+JgkVa51FoOgcX67/eQPzPczPs7vuFiNMMIeajRd1MUkzoICTaEQo4ytwQxpUwt1LeY4pxNFFWTAjO35fHyeVOw2k2mue7tcOjMo45skE2SZ04ZI8cklPSIm3CyQN5Ii/k1Xq0nq03633UOmGVM+vkF6yPb0eQn2U=</latexit>

J(⇡) = E⇡[
P

h rh]
<latexit sha1_base64="21KKKw0oitx/5zbTOjMu/btquB8=">AAACEnicbVA9SwNBEN3z2/gVtbRZDIKChDuRaCnaWCqYRMgdx95mYhZ3947dOUk48hts/Cs2ForYWtn5b9zEFBp9MPB4b4aZeUkmhUXf//Smpmdm5+YXFktLyyura+X1jYZNc8OhzlOZmuuEWZBCQx0FSrjODDCVSGgmt2dDv3kHxopUX2E/g0ixGy06gjN0UlzeCxF6aLEvgYY2V3HRHVATd2koNG35+7QRF6FivUEUlyt+1R+B/iXBmFTIGBdx+SNspzxXoJFLZm0r8DOMCmZQcAmDUphbyBi/ZTfQclQzBTYqRi8N6I5T2rSTGlca6Uj9OVEwZW1fJa5TMezaSW8o/ue1cuwcR4XQWY6g+feiTi4ppnSYD20LAxxl3xHGjXC3Ut5lhnF0KZZcCMHky39J46Aa1Kq1y8PKyek4jgWyRbbJLgnIETkh5+SC1Akn9+SRPJMX78F78l69t+/WKW88s0l+wXv/AruwnYE=</latexit>P

h rh 2 [0, Vmax]

transition dynamics 
P: S×A → Δ(S)

reward function  
R: S×A →Δ([0,1])

layered: 
<latexit sha1_base64="QM26sdizdQNaWsZrcmHEKmT0Vzg=">AAACGXicbVC7SgNBFJ31GeMramkzGASrsCsSbYSgjWVE84BsWGYnN8mQ2Qczd8Ww5Dds/BUbC0UstfJvnE1SxMQDA4dzzmXuPX4shUbb/rGWlldW19ZzG/nNre2d3cLefl1HieJQ45GMVNNnGqQIoYYCJTRjBSzwJTT8wXXmNx5AaRGF9ziMoR2wXii6gjM0klew3YBhnzOZ3o3oJXURHlHjUAJ1fdHjSez16UzE63uFol2yx6CLxJmSIpmi6hW+3E7EkwBC5JJp3XLsGNspUyi4hFHeTTTEjA9YD1qGhiwA3U7Hl43osVE6tBsp80KkY3V2ImWB1sPAN8lsST3vZeJ/XivB7kU7FWGcIIR88lE3kRQjmtVEO0IBRzk0hHElzK6U95liHE2ZeVOCM3/yIqmflpxyqXx7VqxcTevIkUNyRE6IQ85JhdyQKqkRTp7IC3kj79az9Wp9WJ+T6JI1nTkgf2B9/wIm26EL</latexit>

S =
S

h Sh



OPE via Value-function Approximation

• Occupancy distributions
• : distribution of (sh, ah) under π

• : distribution of (sh, ah) in data 

• Function class  for modeling Qπ :    
 

• FQE: 

<latexit sha1_base64="wMgvfm2XmwIc90qRy8NcS76ZiTA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0sWw2m3bpZrPsboQS+iO8eFDEq7/Hm//GbZqDtj4YeLw3w8y8QHKmjet+O6W19Y3NrfJ2ZWd3b/+genjU0UmqCG2ThCeqF2BNORO0bZjhtCcVxXHAaTeY3M797hNVmiXiwUwl9WM8EixiBBsrdcPh+HEg2bBac+tuDrRKvILUoEBrWP0ahAlJYyoM4VjrvudK42dYGUY4nVUGqaYSkwke0b6lAsdU+1l+7gydWSVEUaJsCYNy9fdEhmOtp3FgO2NsxnrZm4v/ef3URNd+xoRMDRVksShKOTIJmv+OQqYoMXxqCSaK2VsRGWOFibEJVWwI3vLLq6RzUfca9cb9Za15U8RRhhM4hXPw4AqacActaAOBCTzDK7w50nlx3p2PRWvJKWaO4Q+czx9BuY+J</latexit>

d⇡h
<latexit sha1_base64="iA2Mu0DUjIiYwuMQUPJMmCltO9o=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cKpi20sWw2m3bp7ibsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MOVMG9f9dlZW19Y3Nktb5e2d3b39ysFhSyeZItQnCU9UJ8Saciapb5jhtJMqikXIaTsc3Uz99hNVmiXywYxTGgg8kCxmBBsr+VF/+Hjbr1TdmjsDWiZeQapQoNmvfPWihGSCSkM41rrruakJcqwMI5xOyr1M0xSTER7QrqUSC6qDfHbsBJ1aJUJxomxJg2bq74kcC63HIrSdApuhXvSm4n9eNzPxVZAzmWaGSjJfFGccmQRNP0cRU5QYPrYEE8XsrYgMscLE2HzKNgRv8eVl0jqvefVa/f6i2rgu4ijBMZzAGXhwCQ24gyb4QIDBM7zCmyOdF+fd+Zi3rjjFzBH8gfP5A4ZDjoQ=</latexit>

dDh
<latexit sha1_base64="54n6q1mngZXhIB69ApTmpGb4loQ=">AAACCnicbVDLSsNAFL3xWesr6tLNaBFclUSkuhGKgrisYB/QhDCZTtqhkwczE6GErt34K25cKOLWL3Dn3zhps6itBy6cOede5t7jJ5xJZVk/xtLyyuraemmjvLm1vbNr7u23ZJwKQpsk5rHo+FhSziLaVExx2kkExaHPadsf3uR++5EKyeLoQY0S6oa4H7GAEay05JlHTojVgGCe3Y7RFXKymbc3cHR5ZsWqWhOgRWIXpAIFGp757fRikoY0UoRjKbu2lSg3w0Ixwum47KSSJpgMcZ92NY1wSKWbTU4ZoxOt9FAQC12RQhN1diLDoZSj0Ned+aJy3svF/7xuqoJLN2NRkioakelHQcqRilGeC+oxQYniI00wEUzvisgAC0yUTq+sQ7DnT14krbOqXavW7s8r9esijhIcwjGcgg0XUIc7aEATCDzBC7zBu/FsvBofxue0dckoZg7gD4yvXz24mqM=</latexit>

F = {Fh}h
<latexit sha1_base64="h4kpvSP6kFXia3lotUEWW8jYUKE=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQEoSQi1Y1QdOOyhb6giWEynTRDJ5MwMxFK6Be48VfcuFDErWt3/o2TNgttPTDM4Zx7ufceP2FUKsv6NlZW19Y3Nktb5e2d3b198+CwK+NUYNLBMYtF30eSMMpJR1HFSD8RBEU+Iz1/fJv7vQciJI15W00S4kZoxGlAMVJa8sxqy8vCM3t67yQUXkMnQirEiGXtudLywvz3zIpVs2aAy8QuSAUUaHrmlzOMcRoRrjBDUg5sK1FuhoSimJFp2UklSRAeoxEZaMpRRKSbzc6ZwqpWhjCIhX5cwZn6uyNDkZSTyNeV+bpy0cvF/7xBqoIrN6M8SRXheD4oSBlUMcyzgUMqCFZsognCgupdIQ6RQFjpBMs6BHvx5GXSPa/Z9Vq9dVFp3BRxlMAxOAGnwAaXoAHuQBN0AAaP4Bm8gjfjyXgx3o2PeemKUfQcgT8wPn8ADs6bhA==</latexit>

Q⇡
h+1 = T ⇡Q⇡

h
<latexit sha1_base64="O/8FlDJ78P3LEbiqh4/I8iMlBIY="></latexit>

(T ⇡f)(s, a) = Er⇠R(s,a),s0⇠P (·|s,a)[r + f(s0,⇡)]

<latexit sha1_base64="ybyz8CnTyyNBaMuNLI3YjaLTsRQ="></latexit>

bQ⇡
h  argminf✓ bED[(f✓(sh, ah)� rh � bQ⇡

h+1(sh+1,⇡))2]



• Bellman completeness    

• (Density) Coverage  

• Generally  
• F linear in φ:  

• Final bound depends on coverage 
and  (or covering number, etc.)

<latexit sha1_base64="XGwFKyMEIjKPKDhtQrTafa5bG4U=">AAACL3icbVBbS8MwGE3nbc7b1EdfgkMQlNGKTB+HwvBxwm6w1pJm6RaWpiVJhVHqL/LFv7IXEUV89V+YbkN024HA4ZzvI+c7XsSoVKb5ZuRWVtfWN/Kbha3tnd294v5BS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre8Dbz249ESBryhhpFxAlQn1OfYqS05BZrdoDUACOWNNIHO6LQhzbl8Fetpe7gHD5B2w8FYmyJnQzOrNQtlsyyOQFcJNaMlMAMdbc4tnshjgPCFWZIyq5lRspJkFAUM5IW7FiSCOEh6pOuphwFRDrJ5N4UnmilB3Ui/biCE/XvRoICKUeBpyezoHLey8RlXjdW/rWTUB7FinA8/ciPGVQhzMqDPSoIVmykCcKC6qwQD5BAWOmKC7oEa/7kRdK6KFuVcuX+slS9mdWRB0fgGJwCC1yBKrgDddAEGDyDMXgHH8aL8Wp8Gl/T0Zwx2zkE/2B8/wD9cakJ</latexit>

T ⇡f 2 Fh, 8f 2 Fh+1
<latexit sha1_base64="9id35MYOpSU5TLRVvZg9SDIo88Q=">AAACEHicbVC7TsMwFHXKq5RXgJHFokKUpSQVKowVD4mxSPQhtWnkOG5r1XEi20Gqon4CC7/CwgBCrIxs/A1OmwFajmT56Jx7de89XsSoVJb1beSWlldW1/LrhY3Nre0dc3evKcNYYNLAIQtF20OSMMpJQ1HFSDsSBAUeIy1vdJX6rQciJA35vRpHxAnQgNM+xUhpyTWPuwFSQ89LbiZu4rvD3vWkU0r/bkThKZwqJ72K45pFq2xNAReJnZEiyFB3za+uH+I4IFxhhqTs2FaknAQJRTEjk0I3liRCeIQGpKMpRwGRTjI9aAKPtOLDfij04wpO1d8dCQqkHAeerkzXl/NeKv7ndWLVv3ASyqNYEY5ng/oxgyqEaTrQp4JgxcaaICyo3hXiIRIIK51hQYdgz5+8SJqVsl0tV+/OirXLLI48OACHoARscA5q4BbUQQNg8AiewSt4M56MF+Pd+JiV5oysZx/8gfH5Axsvm/o=</latexit>

EdD
h
[(d⇡h/d

D
h )2]

<latexit sha1_base64="fQ0OdXq3PcABCADKgEDG68/jrUs="></latexit>

supf,f 02Fh
(Ed⇡

h
[f � f 0])2/EdD

h
[(f � f 0)2]

<latexit sha1_base64="gfm+9eLh1VdwczUQBKp/Hpgjl34=">AAACF3icbVDLSsNAFJ34rPUVdekmWAQ3hqRIdVkUwWVF+4AmDZPJpBk6eTAzEUqav3Djr7hxoYhb3fk3TtostPXAwOGce7lzjptQwoVhfCtLyyura+uVjerm1vbOrrq33+FxyhBuo5jGrOdCjimJcFsQQXEvYRiGLsVdd3RV+N0HzDiJo3sxTrAdwmFEfIKgkJKj6tbECqEIXDe7zp3Mc4KBlZC8byUBsa2Jk1l3ZBjCQXZq5vmg7qg1Qzem0BaJWZIaKNFy1C/Li1Ea4kggCjnvm0Yi7AwyQRDFedVKOU4gGsEh7ksawRBzO5vmyrVjqXiaHzP5IqFN1d8bGQw5H4eunCwy8HmvEP/z+qnwL+yMREkqcIRmh/yUaiLWipI0jzCMBB1LAhEj8q8aCiCDSMgqq7IEcz7yIunUdbOhN27Pas3Lso4KOARH4ASY4Bw0wQ1ogTZA4BE8g1fwpjwpL8q78jEbXVLKnQPwB8rnDysIoIs=</latexit>

kEd⇡
h
[�]k2⌃�1

<latexit sha1_base64="lu/U/hvJU5AIdJWvv9EHh9w243A=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgqsyIVJdFQVxWsA/oDCWTZtrQTDIkGbFM51fcuFDErT/izr8x085CWw8EDufcyz05Qcyo0o7zbZXW1jc2t8rblZ3dvf0D+7DaUSKRmLSxYEL2AqQIo5y0NdWM9GJJUBQw0g0mN7nffSRSUcEf9DQmfoRGnIYUI22kgV31mBjBmRchPcaIpbfZbGDXnLozB1wlbkFqoEBrYH95Q4GTiHCNGVKq7zqx9lMkNcWMZBUvUSRGeIJGpG8oRxFRfjrPnsFTowxhKKR5XMO5+nsjRZFS0ygwk3lGtezl4n9eP9HhlZ9SHieacLw4FCYMagHzIuCQSoI1mxqCsKQmK8RjJBHWpq6KKcFd/vIq6ZzX3Ua9cX9Ra14XdZTBMTgBZ8AFl6AJ7kALtAEGT+AZvII3K7NerHfrYzFasoqdI/AH1ucPN5KUlA==</latexit>

log |F|

Finite-sample Analyses of FQE

<latexit sha1_base64="iA2Mu0DUjIiYwuMQUPJMmCltO9o=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cKpi20sWw2m3bp7ibsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MOVMG9f9dlZW19Y3Nktb5e2d3b39ysFhSyeZItQnCU9UJ8Saciapb5jhtJMqikXIaTsc3Uz99hNVmiXywYxTGgg8kCxmBBsr+VF/+Hjbr1TdmjsDWiZeQapQoNmvfPWihGSCSkM41rrruakJcqwMI5xOyr1M0xSTER7QrqUSC6qDfHbsBJ1aJUJxomxJg2bq74kcC63HIrSdApuhXvSm4n9eNzPxVZAzmWaGSjJfFGccmQRNP0cRU5QYPrYEE8XsrYgMscLE2HzKNgRv8eVl0jqvefVa/f6i2rgu4ijBMZzAGXhwCQ24gyb4QIDBM7zCmyOdF+fd+Zi3rjjFzBH8gfP5A4ZDjoQ=</latexit>

dDh

<latexit sha1_base64="SqRZGH7CGR4CzHZSHAkFGEFiZGs=">AAACC3icbVDLSsNAFJ34rPEVdelmaBEqSElEqhuh6MZlBfuAJobJZNIOnUzCzEQooXs3/oobF4q49Qfc+TdO2yy09cCFwzn3cu89QcqoVLb9bSwtr6yurZc2zM2t7Z1da2+/LZNMYNLCCUtEN0CSMMpJS1HFSDcVBMUBI51geD3xOw9ESJrwOzVKiRejPqcRxUhpybfKVXmCjqEraQxDf3DvphS6rummAzpzLqFvVeyaPQVcJE5BKqBA07e+3DDBWUy4wgxJ2XPsVHk5EopiRsamm0mSIjxEfdLTlKOYSC+f/jKGR1oJYZQIXVzBqfp7IkexlKM40J0xUgM5703E/7xepqILL6c8zRTheLYoyhhUCZwEA0MqCFZspAnCgupbIR4ggbDS8Zk6BGf+5UXSPq059Vr99qzSuCriKIFDUAZV4IBz0AA3oAlaAINH8AxewZvxZLwY78bHrHXJKGYOwB8Ynz+usZhL</latexit>

(s, a) ⇠ d⇡h
�(s, a) =

<latexit sha1_base64="As/0WEAn45prls0vH1yMFAvRWMY=">AAACGXicdVBLSwMxGMzWV62vVY9egkXwIEu22rW9Fb14rGAf0K5LNk3b0OyDJCuUpX/Di3/FiwdFPOrJf2O2D1DRgcAwM1/yZfyYM6kQ+jRyS8srq2v59cLG5tb2jrm715RRIghtkIhHou1jSTkLaUMxxWk7FhQHPqctf3SZ+a07KiSLwhs1jqkb4EHI+oxgpSXPRGl3eklHDHw3RRZyylVUPUFWGdmVKUHIqZROJz1veNuN2cQzi4sUXKTgIgVtTTIUwRx1z3zv9iKSBDRUhGMpOzaKlZtioRjhdFLoJpLGmIzwgHY0DXFApZtOl5rAI630YD8S+oQKTtXvEykOpBwHvk4GWA3lby8T//I6iepX3JSFcaJoSGYP9RMOVQSzmmCPCUoUH2uCiWB6V0iGWGCidJkFXcLip/B/0ixZtmM512fF2sW8jjw4AIfgGNjgHNTAFaiDBiDgHjyCZ/BiPBhPxqvxNovmjPnMPvgB4+MLyEmdEg==</latexit>

d⇡h

<latexit sha1_base64="N9UaZtCHarze5ymNaCAazkvysH4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF0xbaWDbbTbt0swm7E6GU/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmGnuLu3f3BYOjpumiTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR3cxvPXFtRKIecJzyIKYDJSLBKFrJbzx2U9Erld2KOwdZJV5OypCj3it9dfsJy2KukElqTMdzUwwmVKNgkk+L3czwlLIRHfCOpYrG3AST+bFTcm6VPokSbUshmau/JyY0NmYch7Yzpjg0y95M/M/rZBjdBBOh0gy5YotFUSYJJmT2OekLzRnKsSWUaWFvJWxINWVo8ynaELzll1dJ87LiVSvVxlW5dpvHUYBTOIML8OAaanAPdfCBgYBneIU3RzkvzrvzsWhdc/KZE/gD5/MHqMqOmw==</latexit>

Q⇡ Function 
space F

Function 
in F

Bellman 
operator 

<latexit sha1_base64="GhAE9MvLEzBg3gGcHJvaxvBu7CE=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiQi1WXRjcsKfUETy2Q6aYdOJmFmItTQL3HjQhG3foo7/8ZJm4W2Hhg4nHMv98wJEs6Udpxva219Y3Nru7RT3t3bP6jYh0cdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT29zvPlKpWCxaeppQP8IjwUJGsDbSwK54EdZjgnnWmj14CRvYVafmzIFWiVuQKhRoDuwvbxiTNKJCE46V6rtOov0MS80Ip7OylyqaYDLBI9o3VOCIKj+bB5+hM6MMURhL84RGc/X3RoYjpaZRYCbzmGrZy8X/vH6qw2s/YyJJNRVkcShMOdIxyltAQyYp0XxqCCaSmayIjLHERJuuyqYEd/nLq6RzUXPrtfr9ZbVxU9RRghM4hXNw4QoacAdNaAOBFJ7hFd6sJ+vFerc+FqNrVrFzDH9gff4AE7KTYQ==</latexit>

T ⇡

?
?
?• Completeness 

•  “covers”  
•

<latexit sha1_base64="iA2Mu0DUjIiYwuMQUPJMmCltO9o=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cKpi20sWw2m3bp7ibsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MOVMG9f9dlZW19Y3Nktb5e2d3b39ysFhSyeZItQnCU9UJ8Saciapb5jhtJMqikXIaTsc3Uz99hNVmiXywYxTGgg8kCxmBBsr+VF/+Hjbr1TdmjsDWiZeQapQoNmvfPWihGSCSkM41rrruakJcqwMI5xOyr1M0xSTER7QrqUSC6qDfHbsBJ1aJUJxomxJg2bq74kcC63HIrSdApuhXvSm4n9eNzPxVZAzmWaGSjJfFGccmQRNP0cRU5QYPrYEE8XsrYgMscLE2HzKNgRv8eVl0jqvefVa/f6i2rgu4ijBMZzAGXhwCQ24gyb4QIDBM7zCmyOdF+fd+Zi3rjjFzBH8gfP5A4ZDjoQ=</latexit>

dDh
<latexit sha1_base64="As/0WEAn45prls0vH1yMFAvRWMY=">AAACGXicdVBLSwMxGMzWV62vVY9egkXwIEu22rW9Fb14rGAf0K5LNk3b0OyDJCuUpX/Di3/FiwdFPOrJf2O2D1DRgcAwM1/yZfyYM6kQ+jRyS8srq2v59cLG5tb2jrm715RRIghtkIhHou1jSTkLaUMxxWk7FhQHPqctf3SZ+a07KiSLwhs1jqkb4EHI+oxgpSXPRGl3eklHDHw3RRZyylVUPUFWGdmVKUHIqZROJz1veNuN2cQzi4sUXKTgIgVtTTIUwRx1z3zv9iKSBDRUhGMpOzaKlZtioRjhdFLoJpLGmIzwgHY0DXFApZtOl5rAI630YD8S+oQKTtXvEykOpBwHvk4GWA3lby8T//I6iepX3JSFcaJoSGYP9RMOVQSzmmCPCUoUH2uCiWB6V0iGWGCidJkFXcLip/B/0ixZtmM512fF2sW8jjw4AIfgGNjgHNTAFaiDBiDgHjyCZ/BiPBhPxqvxNovmjPnMPvgB4+MLyEmdEg==</latexit>

d⇡h
<latexit sha1_base64="lu/U/hvJU5AIdJWvv9EHh9w243A=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgqsyIVJdFQVxWsA/oDCWTZtrQTDIkGbFM51fcuFDErT/izr8x085CWw8EDufcyz05Qcyo0o7zbZXW1jc2t8rblZ3dvf0D+7DaUSKRmLSxYEL2AqQIo5y0NdWM9GJJUBQw0g0mN7nffSRSUcEf9DQmfoRGnIYUI22kgV31mBjBmRchPcaIpbfZbGDXnLozB1wlbkFqoEBrYH95Q4GTiHCNGVKq7zqx9lMkNcWMZBUvUSRGeIJGpG8oRxFRfjrPnsFTowxhKKR5XMO5+nsjRZFS0ygwk3lGtezl4n9eP9HhlZ9SHieacLw4FCYMagHzIuCQSoI1mxqCsKQmK8RjJBHWpq6KKcFd/vIq6ZzX3Ua9cX9Ra14XdZTBMTgBZ8AFl6AJ7kALtAEGT+AZvII3K7NerHfrYzFasoqdI/AH1ucPN5KUlA==</latexit>

log |F|



• Given data , and  
• Estimate  

• Given , where ,  
• Predict y for  
• FQE -> linear regression: error ≤  

• Can drop ! 
• LR prediction: , where  is the solution of 

<latexit sha1_base64="I9Wvd8tVOts2W2x/4y4LqlCMycU=">AAACEHicbZDLSgMxFIbP1Futt6pLN8EitiBlRqS6EYpuXFawF+hMSyZN29DMhSQjlGEewY2v4saFIm5duvNtTNsRtPWHwMd/zuHk/G7ImVSm+WVklpZXVtey67mNza3tnfzuXkMGkSC0TgIeiJaLJeXMp3XFFKetUFDsuZw23dH1pN68p0KywL9T45A6Hh74rM8IVtrq5o/tuCg7cZGVkhOEf0DMoGQn3ZhdWklHdxbMsjkVWgQrhQKkqnXzn3YvIJFHfUU4lrJtmaFyYiwUI5wmOTuSNMRkhAe0rdHHHpVOPD0oQUfa6aF+IPTzFZq6vydi7Ek59lzd6WE1lPO1iflfrR2p/oUTMz+MFPXJbFE/4kgFaJIO6jFBieJjDZgIpv+KyBALTJTOMKdDsOZPXoTGadmqlCu3Z4XqVRpHFg7gEIpgwTlU4QZqUAcCD/AEL/BqPBrPxpvxPmvNGOnMPvyR8fEN43SbRQ==</latexit>

{(s(i), a(i), r(i))}ni=1

<latexit sha1_base64="XivgYYui4P/X7uMlazAMlaF/744=">AAACGHicbVDLSgNBEJyNrxhfUY9eBoOgIHFXRL0IQRE8RjAmkN2E3skkGZx9MNMrhDWf4cVf8eJBEa+5+TdOHgdNLBgoqrrpqfJjKTTa9reVmZtfWFzKLudWVtfWN/KbW/c6ShTjFRbJSNV80FyKkFdQoOS1WHEIfMmr/sPV0K8+cqVFFN5hL+ZeAJ1QtAUDNFIzf+QGgF3fT6/7dfWkD8GjF9SNu2Lf8IOGi1FMXexyhIarEVQzX7CL9gh0ljgTUiATlJv5gduKWBLwEJkEreuOHaOXgkLBJO/n3ETzGNgDdHjd0BACrr10FKxP94zSou1ImRciHam/N1IItO4FvpkcxtDT3lD8z6sn2D73UhHGCfKQjQ+1E0kxosOWaEsozlD2DAGmhPkrZV1QwNB0mTMlONORZ8n9cdE5LZ7enhRKl5M6smSH7JJ94pAzUiI3pEwqhJFn8kreyYf1Yr1Zn9bXeDRjTXa2yR9Ygx/oup+3</latexit>

E[r|s, a] = �(s, a)>✓?

<latexit sha1_base64="PSNsVt1WSR6Ab9tTTK1BG1j+Tuo="></latexit>

J(⇡) = E⇡[r] = (E⇡[�(s, a)])
>✓?

<latexit sha1_base64="gU88IEXHdyHL4OpQ10upFdJXj8s=">AAAB/3icbVDLSsNAFJ3UV62vquDGzWARKkhJRKoboejGZQX7gCaGyXTSDp1MwsxEDDELf8WNC0Xc+hvu/BunbRbaeuDC4Zx7ufceL2JUKtP8NgoLi0vLK8XV0tr6xuZWeXunLcNYYNLCIQtF10OSMMpJS1HFSDcSBAUeIx1vdDX2O/dESBryW5VExAnQgFOfYqS05Jb37LT64NJjmLj0yM7clF5Y2Z02KmbNnADOEysnFZCj6Za/7H6I44BwhRmSsmeZkXJSJBTFjGQlO5YkQniEBqSnKUcBkU46uT+Dh1rpQz8UuriCE/X3RIoCKZPA050BUkM5643F/7xerPxzJ6U8ihXheLrIjxlUIRyHAftUEKxYognCgupbIR4igbDSkZV0CNbsy/OkfVKz6rX6zWmlcZnHUQT74ABUgQXOQANcgyZoAQwewTN4BW/Gk/FivBsf09aCkc/sgj8wPn8A0NaVWg==</latexit>

{(xi, yi)}ni=1

<latexit sha1_base64="xj4M9gSJGW9iH2PhBpZQTuuiWQM=">AAACBXicbZC7SgNBFIbPeo3xtmqpxWAQEpCwKxJthKCNZQRzgWRdZiezyZDZCzOzYljS2PgqNhaK2PoOdr6Nk2QLTfxh4OM/53Dm/F7MmVSW9W0sLC4tr6zm1vLrG5tb2+bObkNGiSC0TiIeiZaHJeUspHXFFKetWFAceJw2vcHVuN68p0KyKLxVw5g6Ae6FzGcEK2255sGDy9AF6sR9VpR3aZGVRscIT6HkmgWrbE2E5sHOoACZaq751elGJAloqAjHUrZtK1ZOioVihNNRvpNIGmMywD3a1hjigEonnVwxQkfa6SI/EvqFCk3c3xMpDqQcBp7uDLDqy9na2Pyv1k6Uf+6kLIwTRUMyXeQnHKkIjSNBXSYoUXyoARPB9F8R6WOBidLB5XUI9uzJ89A4KduVcuXmtFC9zOLIwT4cQhFsOIMqXEMN6kDgEZ7hFd6MJ+PFeDc+pq0LRjazB39kfP4AlIyWuQ==</latexit>

xi = �(s(i), a(i))
<latexit sha1_base64="TQfrljUWtzglcEIhqgy3PlCnHoE=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoipXoRil48VrAf0May2W7apZtN3N0UQujv8OJBEa/+GG/+G7dtDtr6YODx3gwz87yIM6Vt+9vKra1vbG7ltws7u3v7B8XDo5YKY0lok4Q8lB0PK8qZoE3NNKedSFIceJy2vfHtzG9PqFQsFA86iagb4KFgPiNYG8lN+gxdI/mYltn5tF8s2RV7DrRKnIyUIEOjX/zqDUISB1RowrFSXceOtJtiqRnhdFroxYpGmIzxkHYNFTigyk3nR0/RmVEGyA+lKaHRXP09keJAqSTwTGeA9UgtezPxP68ba//KTZmIYk0FWSzyY450iGYJoAGTlGieGIKJZOZWREZYYqJNTgUTgrP88ippXVScWqV2Xy3Vb7I48nACp1AGBy6hDnfQgCYQeIJneIU3a2K9WO/Wx6I1Z2Uzx/AH1ucPejuRRw==</latexit>

yi = r(i)

<latexit sha1_base64="GyeIup+EbH8yW4PC5EJ/aAMR20g=">AAACFXicbVBNS8NAEN34WetX1aOXxSIolJKIqBehKIJHBdsKTSib7bRd3GzC7kQtIX/Ci3/FiwdFvAre/Dduaw9+PRh4vDfDzLwwkcKg6344E5NT0zOzhbni/MLi0nJpZbVh4lRzqPNYxvoyZAakUFBHgRIuEw0sCiU0w6vjod+8Bm1ErC5wkEAQsZ4SXcEZWqldqty2Mx/hFjMFN3lOD6kfMeyHYXaSWycRectP+mLLVNh20C6V3ao7Av1LvDEpkzHO2qV3vxPzNAKFXDJjWp6bYJAxjYJLyIt+aiBh/Ir1oGWpYhGYIBt9ldNNq3RoN9a2FNKR+n0iY5Exgyi0ncOTzW9vKP7ntVLsHgSZUEmKoPjXom4qKcZ0GBHtCA0c5cASxrWwt1LeZ5pxtEEWbQje75f/ksZO1dur7p3vlmtH4zgKZJ1skC3ikX1SI6fkjNQJJ3fkgTyRZ+feeXRenNev1glnPLNGfsB5+wQFM59W</latexit>

xnew = E⇡[�(s, a)]
<latexit sha1_base64="ofUFXxLLRfUUFEG/jB32GrU9e2I="></latexit>

kxnewkb⌃�1

p
d+ log(1/�)

<latexit sha1_base64="sd/x+SMYPnbP2/eIUBz1qJLufqU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2Ae2Q8lkMm1oJhmSjFCG/oUbF4q49W/c+Tdm2llo64HA4Zx7ybknSDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6AdaUM0HbhhlOe4miOA447QaT29zvPlGlmRQPZppQP8YjwSJGsLHS4yDGZhxEWTgbVmtu3Z0DrRKvIDUo0BpWvwahJGlMhSEca9333MT4GVaGEU5nlUGqaYLJBI9o31KBY6r9bJ54hs6sEqJIKvuEQXP190aGY62ncWAn84R62cvF/7x+aqJrP2MiSQ0VZPFRlHJkJMrPRyFTlBg+tQQTxWxWRMZYYWJsSRVbgrd88irpXNS9Rr1xf1lr3hR1lOEETuEcPLiCJtxBC9pAQMAzvMKbo50X5935WIyWnGLnGP7A+fwB4meREw==</latexit>

d
<latexit sha1_base64="ca50Y+t9+oHtTHd8+KWb7elZEiE="></latexit>

bynew = 1
n

P
i(x

>
new

b⌃�1xi)yi
<latexit sha1_base64="i1/3vgqM6UDzX5WW3k7HeBbYsM4="></latexit>

bw(i)

Linear Bandit (H=1)

<latexit sha1_base64="pzJ6waHuZrufrRxoXRkAq5ZWPTQ=">AAACI3icbVDLSgNBEJz1GeMr6tHLYBA8hV2RKIIgevEY0aiQjWF20psMzswuM71qWPIvXvwVLx4U8eLBf3HyOPgqaCiquunuilIpLPr+hzcxOTU9M1uYK84vLC4tl1ZWL2ySGQ51nsjEXEXMghQa6ihQwlVqgKlIwmV0czzwL2/BWJHoc+yl0FSso0UsOEMntUr7IcI9WuxJoOGdaEOXYXgmOorRAxrGhvE86Oe6H9pMtQS9H9V1iEnaKpX9ij8E/UuCMSmTMWqt0lvYTnimQCOXzNpG4KfYzJlBwSX0i2FmIWX8hnWg4ahmCmwzH/7Yp5tOadM4Ma400qH6fSJnytqeilynYti1v72B+J/XyDDea+ZCpxmC5qNFcSYpJnQQGG0LAxxlzxHGjXC3Ut5lLhh0sRZdCMHvl/+Si+1KUK1UT3fKh0fjOApknWyQLRKQXXJITkiN1AknD+SJvJBX79F79t6891HrhDeeWSM/4H1+AUBopUU=</latexit>

b⌃ = 1
n

P
i xix>

i

<latexit sha1_base64="uhxXmDQ23A3niPzT95+bbhAhh6M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF49V7Ae0oW62m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6qXq1au7us1B/zOIpwAqdwDh5cQR1uoQFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB6gcjY4=</latexit>

{<latexit sha1_base64="i1/3vgqM6UDzX5WW3k7HeBbYsM4="></latexit>

bw(i)

<latexit sha1_base64="rsKuwLCT832VIXpNq7z/GH6gusM="></latexit>

argmin
w[n]

�����
1

n

X

i

w(i)xi � xnew

�����
2

<latexit sha1_base64="baYO4JGgoEljw1VdjVAW6LycEhA="></latexit>

= argmin
w[n]

sup
f2Flin

�����
1

n

X

i

w(i)f(xi)� f(xnew)

�����

linear class

•  gets 0 loss (when  invertible) 

•  
• Error 

<latexit sha1_base64="APSodzaAqBDV8m+xZuW4DttK1PI="></latexit>

bw[n]
<latexit sha1_base64="IWxg5JwGtzJZIcc4wpzbclmmXRM=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAiuQpLWtO6KblxWtA9oQplMJu3QyYOZSaWE/okbF4q49U/c+TdO2goqeuDC4Zx7ufceP2VUSNP80FZW19Y3Nktb5e2d3b19/eCwI5KMY9LGCUt4z0eCMBqTtqSSkV7KCYp8Rrr++KrwuxPCBU3iOzlNiRehYUxDipFU0kDX3XsakBGSuXtLhxGaDfSKaVw0HPvchqZhmnW76hTErtfsKrSUUqAClmgN9Hc3SHAWkVhihoToW2YqvRxxSTEjs7KbCZIiPEZD0lc0RhERXj6/fAZPlRLAMOGqYgnn6veJHEVCTCNfdUZIjsRvrxD/8vqZDBteTuM0kyTGi0VhxqBMYBEDDCgnWLKpIghzqm6FeIQ4wlKFVVYhfH0K/ycd27Acw7mpVZqXyzhK4BicgDNggTpogmvQAm2AwQQ8gCfwrOXao/aivS5aV7TlzBH4Ae3tE07IlCE=</latexit>

b⌃
<latexit sha1_base64="IQhKusGht5cCJgxODLWuSS/sPmI="></latexit>

bynew � x>
new✓

? =
1

n

X

i=1

bw(i)(yi � x>
i ✓

?)

<latexit sha1_base64="Mv56laY/iUFEq6sZqj9mC+KtnjA="></latexit>

/
q

1
n

P
i( bw(i))2 = kxnewkb⌃�1

0 mean 
conditioned on xi

• Completeness 

•  “covers”  
•

<latexit sha1_base64="iA2Mu0DUjIiYwuMQUPJMmCltO9o=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cKpi20sWw2m3bp7ibsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MOVMG9f9dlZW19Y3Nktb5e2d3b39ysFhSyeZItQnCU9UJ8Saciapb5jhtJMqikXIaTsc3Uz99hNVmiXywYxTGgg8kCxmBBsr+VF/+Hjbr1TdmjsDWiZeQapQoNmvfPWihGSCSkM41rrruakJcqwMI5xOyr1M0xSTER7QrqUSC6qDfHbsBJ1aJUJxomxJg2bq74kcC63HIrSdApuhXvSm4n9eNzPxVZAzmWaGSjJfFGccmQRNP0cRU5QYPrYEE8XsrYgMscLE2HzKNgRv8eVl0jqvefVa/f6i2rgu4ijBMZzAGXhwCQ24gyb4QIDBM7zCmyOdF+fd+Zi3rjjFzBH8gfP5A4ZDjoQ=</latexit>

dDh
<latexit sha1_base64="As/0WEAn45prls0vH1yMFAvRWMY=">AAACGXicdVBLSwMxGMzWV62vVY9egkXwIEu22rW9Fb14rGAf0K5LNk3b0OyDJCuUpX/Di3/FiwdFPOrJf2O2D1DRgcAwM1/yZfyYM6kQ+jRyS8srq2v59cLG5tb2jrm715RRIghtkIhHou1jSTkLaUMxxWk7FhQHPqctf3SZ+a07KiSLwhs1jqkb4EHI+oxgpSXPRGl3eklHDHw3RRZyylVUPUFWGdmVKUHIqZROJz1veNuN2cQzi4sUXKTgIgVtTTIUwRx1z3zv9iKSBDRUhGMpOzaKlZtioRjhdFLoJpLGmIzwgHY0DXFApZtOl5rAI630YD8S+oQKTtXvEykOpBwHvk4GWA3lby8T//I6iepX3JSFcaJoSGYP9RMOVQSzmmCPCUoUH2uCiWB6V0iGWGCidJkFXcLip/B/0ixZtmM512fF2sW8jjw4AIfgGNjgHNTAFaiDBiDgHjyCZ/BiPBhPxqvxNovmjPnMPvgB4+MLyEmdEg==</latexit>

d⇡h
<latexit sha1_base64="lu/U/hvJU5AIdJWvv9EHh9w243A=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgqsyIVJdFQVxWsA/oDCWTZtrQTDIkGbFM51fcuFDErT/izr8x085CWw8EDufcyz05Qcyo0o7zbZXW1jc2t8rblZ3dvf0D+7DaUSKRmLSxYEL2AqQIo5y0NdWM9GJJUBQw0g0mN7nffSRSUcEf9DQmfoRGnIYUI22kgV31mBjBmRchPcaIpbfZbGDXnLozB1wlbkFqoEBrYH95Q4GTiHCNGVKq7zqx9lMkNcWMZBUvUSRGeIJGpG8oRxFRfjrPnsFTowxhKKR5XMO5+nsjRZFS0ygwk3lGtezl4n9eP9HhlZ9SHieacLw4FCYMagHzIuCQSoI1mxqCsKQmK8RjJBHWpq6KKcFd/vIq6ZzX3Ua9cX9Ra14XdZTBMTgBZ8AFl6AJ7kALtAEGT+AZvII3K7NerHfrYzFasoqdI/AH1ucPN5KUlA==</latexit>

log |F|

(minimizer is not unique)



• FQE:  
• Dim-free result is known for linear FQE [Duan et al’20] 
• Only realizability ( ); no completeness needed [Perdomo et al’23,  Amortila et al’26] 
• FQE implicitly learns:  

• A linear dyn sys:  
• “Intention”:           
•  
• Guarantee depends on coverage parameter:  
•  may be wrong & can blow-up exponentially 
• Completeness: both ≈ become exact      => 

<latexit sha1_base64="ybyz8CnTyyNBaMuNLI3YjaLTsRQ="></latexit>

bQ⇡
h  argminf✓ bED[(f✓(sh, ah)� rh � bQ⇡

h+1(sh+1,⇡))2]

<latexit sha1_base64="vpSJLkE85wVCrcV61/kj1M+ElW4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoiUl0WBXHZgn1AE8tkOmmHTiZhZiKUUPBX3LhQxK3f4c6/cdJ2oa0HBg7n3Ms9c4KEM6Ud59sqrKyurW8UN0tb2zu7e/b+QUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwegm99uPVCoWi3s9Tqgf4YFgISNYG6lnHzUevIQhjwnkRVgPCebZ7aRnl52KMwVaJu6clGGOes/+8voxSSMqNOFYqa7rJNrPsNSMcDopeamiCSYjPKBdQwWOqPKzafwJOjVKH4WxNE9oNFV/b2Q4UmocBWYyj6gWvVz8z+umOrzyMyaSVFNBZofClCMdo7wL1GeSEs3HhmAimcmKyBBLTLRprGRKcBe/vExa5xW3Wqk2Lsq163kdRTiGEzgDFy6hBndQhyYQyOAZXuHNerJerHfrYzZasOY7h/AH1ucPqsKVUw==</latexit>

Q⇡ 2 F
<latexit sha1_base64="Wp8uWQpO+zkOh36rJ9ZLKt0nhAQ="></latexit>

E[�(sh+1,⇡) |sh, ah] ⇡ B⇡
h �(sh, ah)

<latexit sha1_base64="AoYG0/B79qZDp8KWH9uixm/Kx0M="></latexit>

 h+1 = B⇡
h h

<latexit sha1_base64="GxHP9jbkhRpi1U1oFA3UD7OuSk4=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiCUBKR6rIogssK9gFJDJPptBk6mQwzE7GEfIQbf8WNC0XcunDn3zh9LLT1wIXDOfdy7z2RYFRpx/m2FhaXlldWS2vl9Y3NrW17Z7el0kxi0sQpS2UnQoowyklTU81IR0iCkoiRdjS4HPnteyIVTfmtHgoSJKjPaY9ipI0U2se+UDTM4wL6SAiZPkA/QTqOovyqCPNuGN/5ghaeL2IahHbFqTpjwHniTkkFTNEI7S+/m+IsIVxjhpTyXEfoIEdSU8xIUfYzRQTCA9QnnqEcJUQF+fipAh4apQt7qTTFNRyrvydylCg1TCLTObpYzXoj8T/Py3TvPMgpF5kmHE8W9TIGdQpHCcEulQRrNjQEYUnNrRDHSCKsTY5lE4I7+/I8aZ1U3Vq1dnNaqV9M4yiBfXAAjoALzkAdXIMGaAIMHsEzeAVv1pP1Yr1bH5PWBWs6swf+wPr8AQN5n3I=</latexit>

 h ⇡ Ed⇡
h
[�]

<latexit sha1_base64="6oXQ27DC2bAs2Qa1ky0W1qa9ack="></latexit>

bJ(⇡) =
P

h  
>
h ✓R ⇡

P
h Ed⇡

h
[�>✓R]
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Duan et al. ICML-20. Minimax-optimal off-policy evaluation with linear function approximation. 
Perdomo et al. JMLR-23. A Complete Characterization of Linear Estimators for Offline Policy Evaluation. 
Amortila et al. ICLR-26. A Unifying View of Coverage in Linear Off-Policy Evaluation.

2.1 Counter-example for least-square regression [Tsitsiklis and van Roy, 1996]

An MDP with two states x1, x2, 1-d features for the two states: fx1 = 1, fx2 = 2. Linear Function approximation
with Ṽ✓(x) = ✓fx.

✓k := argmin
✓

1

2
(✓ � target1)

2 + (2✓ � target2)
2
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(✓ � �2✓k�1) + 2(2✓ � �2✓k�1) = 0 ) 5✓ = 6�✓k�1

✓k =
6

5
�✓k�1

This diverges if � � 5/6.

2.2 Convergence of non-expansive approximations

Operator view of Fitted value-iteration. A more general way to interpret fitted value iteration is that you have an

operator MA that takes a value vector vi and projects it into the function space formed by functions of form Ṽ✓.

1. Start with an arbitrary initialization V 0, Ṽ✓0 := MA(V 0).

2. Repeat for k = 1, 2, 3, . . .:

• Ṽ✓i = MA � LṼ✓i�1 .

Now, to match the description earlier, consider operator MA defined as follows: Fit a Ṽ✓ to LṼ✓i�1 by comparing
its values on a subset S0 of states, using a regression technique. And, then return this Ṽ✓ as new function Ṽ✓i in
the output space of MA. Thus, MA is e↵ectively an approximation operator.

Equivalently,

1. Start with an arbitrary initialization v0.

2. Repeat for k = 1, 2, 3, . . .:

• vi = (L �MA)vi�1.

(In an e�cient implementation, ui�1 = MAvi�1 probably has a more compact representation, so the first view may
be better for implementation)

The above view allows us to view fitted value iteration as just value iteration with a di↵erent operator: vi =
Lvi�1 is replaced by Ṽ i = (MA � L)Ṽ i�1. Therefore, as long as the new operator (MA � L) is also �-contraction,
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not in leading term
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• Consider 1-hot φ = [0, …, 1, …, 0]T

• realizable => aggregating (s, a) pairs  
w/ equal Qπ 

•  
• : tabular MRP under aggregation 
• : π’s occupancy in 
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Proof sketch 
•  preserves Qπ

• Processed data  
can be viewed as gen. from  

• As if learning entirely occurs in 
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<latexit sha1_base64="v9nZ5/h4QmcoiXwTiY0t99avde8=">AAACGXicbZC7TsMwFIYdrqXcAowsERUSA4qcQkO7VWVhLBK9SG2IHNdtrToX2Q5SFeU1WHgVFgYQYoSJt8FJO0DLkSx9+v9z7OPfixgVEsJvbWV1bX1js7BV3N7Z3dvXDw7bIow5Ji0cspB3PSQIowFpSSoZ6UacIN9jpONNrjO/80C4oGFwJ6cRcXw0CuiQYiSV5Oow6eeX9PjIcxJoQrtSg7VzaFagVc0BQrtavkgb7vi+H9HU1UuZlpWxDNYcSmBeTVf/7A9CHPskkJghIXoWjKSTIC4pZiQt9mNBIoQnaER6CgPkE+Ek+VKpcaqUgTEMuTqBNHL190SCfCGmvqc6fSTHYtHLxP+8XiyHVSehQRRLEuDZQ8OYGTI0spiMAeUESzZVgDCnalcDjxFHWKowiyoEa/HLy9Aum5Zt2reXpXpjHkcBHIMTcAYscAXq4AY0QQtg8AiewSt40560F+1d+5i1rmjzmSPwp7SvHyzgnKk=</latexit>

B⇡
h

<latexit sha1_base64="3c1gGqBeu5XGogpjElBHKfN+ktA=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSh4kDArEr0IQS8eEzAPyK5hdjKbDJl9MDMbCEv+xIsHRbz6J978GyfJHjSxoKGo6qa7y08EVxrjb2tldW19Y7OwVdze2d3btw8OmypOJWUNGotYtn2imOARa2iuBWsnkpHQF6zlD++nfmvEpOJx9KjHCfNC0o94wCnRRuradv3JTTi6Re6pgy8wxl27hMt4BrRMnJyUIEeta3+5vZimIYs0FUSpjoMT7WVEak4FmxTdVLGE0CHps46hEQmZ8rLZ5RN0ZpQeCmJpKtJopv6eyEio1Dj0TWdI9EAtelPxP6+T6uDGy3iUpJpFdL4oSAXSMZrGgHpcMqrF2BBCJTe3IjogklBtwiqaEJzFl5dJ87LsVMqV+lWpepfHUYBjOIFzcOAaqvAANWgAhRE8wyu8WZn1Yr1bH/PWFSufOYI/sD5/AAZIkVQ=</latexit>

Q⇡ = $10, 000

<latexit sha1_base64="3c1gGqBeu5XGogpjElBHKfN+ktA=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSh4kDArEr0IQS8eEzAPyK5hdjKbDJl9MDMbCEv+xIsHRbz6J978GyfJHjSxoKGo6qa7y08EVxrjb2tldW19Y7OwVdze2d3btw8OmypOJWUNGotYtn2imOARa2iuBWsnkpHQF6zlD++nfmvEpOJx9KjHCfNC0o94wCnRRuradv3JTTi6Re6pgy8wxl27hMt4BrRMnJyUIEeta3+5vZimIYs0FUSpjoMT7WVEak4FmxTdVLGE0CHps46hEQmZ8rLZ5RN0ZpQeCmJpKtJopv6eyEio1Dj0TWdI9EAtelPxP6+T6uDGy3iUpJpFdL4oSAXSMZrGgHpcMqrF2BBCJTe3IjogklBtwiqaEJzFl5dJ87LsVMqV+lWpepfHUYBjOIFzcOAaqvAANWgAhRE8wyu8WZn1Yr1bH/PWFSufOYI/sD5/AAZIkVQ=</latexit>

Q⇡ = $10, 000

Gordan. 1995. Stable Function Approximation in Dynamic Programming. 
Xie & Jiang. ICML-21. Batch Value-function Approximation with Only Realizability. 
Foster et al. COLT-22. Offline Reinforcement Learning: Fundamental Barriers for 
Value Function Approximation.

• Completeness 

•  “covers”  
•

<latexit sha1_base64="iA2Mu0DUjIiYwuMQUPJMmCltO9o=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cKpi20sWw2m3bp7ibsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MOVMG9f9dlZW19Y3Nktb5e2d3b39ysFhSyeZItQnCU9UJ8Saciapb5jhtJMqikXIaTsc3Uz99hNVmiXywYxTGgg8kCxmBBsr+VF/+Hjbr1TdmjsDWiZeQapQoNmvfPWihGSCSkM41rrruakJcqwMI5xOyr1M0xSTER7QrqUSC6qDfHbsBJ1aJUJxomxJg2bq74kcC63HIrSdApuhXvSm4n9eNzPxVZAzmWaGSjJfFGccmQRNP0cRU5QYPrYEE8XsrYgMscLE2HzKNgRv8eVl0jqvefVa/f6i2rgu4ijBMZzAGXhwCQ24gyb4QIDBM7zCmyOdF+fd+Zi3rjjFzBH8gfP5A4ZDjoQ=</latexit>

dDh
<latexit sha1_base64="As/0WEAn45prls0vH1yMFAvRWMY=">AAACGXicdVBLSwMxGMzWV62vVY9egkXwIEu22rW9Fb14rGAf0K5LNk3b0OyDJCuUpX/Di3/FiwdFPOrJf2O2D1DRgcAwM1/yZfyYM6kQ+jRyS8srq2v59cLG5tb2jrm715RRIghtkIhHou1jSTkLaUMxxWk7FhQHPqctf3SZ+a07KiSLwhs1jqkb4EHI+oxgpSXPRGl3eklHDHw3RRZyylVUPUFWGdmVKUHIqZROJz1veNuN2cQzi4sUXKTgIgVtTTIUwRx1z3zv9iKSBDRUhGMpOzaKlZtioRjhdFLoJpLGmIzwgHY0DXFApZtOl5rAI630YD8S+oQKTtXvEykOpBwHvk4GWA3lby8T//I6iepX3JSFcaJoSGYP9RMOVQSzmmCPCUoUH2uCiWB6V0iGWGCidJkFXcLip/B/0ixZtmM512fF2sW8jjw4AIfgGNjgHNTAFaiDBiDgHjyCZ/BiPBhPxqvxNovmjPnMPvgB4+MLyEmdEg==</latexit>

d⇡h
<latexit sha1_base64="lu/U/hvJU5AIdJWvv9EHh9w243A=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgqsyIVJdFQVxWsA/oDCWTZtrQTDIkGbFM51fcuFDErT/izr8x085CWw8EDufcyz05Qcyo0o7zbZXW1jc2t8rblZ3dvf0D+7DaUSKRmLSxYEL2AqQIo5y0NdWM9GJJUBQw0g0mN7nffSRSUcEf9DQmfoRGnIYUI22kgV31mBjBmRchPcaIpbfZbGDXnLozB1wlbkFqoEBrYH95Q4GTiHCNGVKq7zqx9lMkNcWMZBUvUSRGeIJGpG8oRxFRfjrPnsFTowxhKKR5XMO5+nsjRZFS0ygwk3lGtezl4n9eP9HhlZ9SHieacLw4FCYMagHzIuCQSoI1mxqCsKQmK8RjJBHWpq6KKcFd/vIq6ZzX3Ua9cX9Ra14XdZTBMTgBZ8AFl6AJ7kALtAEGT+AZvII3K7NerHfrYzFasoqdI/AH1ucPN5KUlA==</latexit>

log |F|

<latexit sha1_base64="xef16Wuzeca6wSkI0XbMM/yzkkw=">AAACCHicbVDJSgNBEO1xjXGLevRgYxA8hRmR6DHEi8cIZoFMHHo6laRJz0J3jRgmOXrxV7x4UMSrn+DNv7GzHDTxQcHjvSqq6vmxFBpt+9taWl5ZXVvPbGQ3t7Z3dnN7+zUdJYpDlUcyUg2faZAihCoKlNCIFbDAl1D3+1djv34PSosovMVBDK2AdUPREZyhkbzckTsse707Nxbu0EtdhAdUQRrFoxF1JVDHy+Xtgj0BXSTOjOTJDBUv9+W2I54EECKXTOumY8fYSplCwSWMsm6iIWa8z7rQNDRkAehWOnlkRE+M0qadSJkKkU7U3xMpC7QeBL7pDBj29Lw3Fv/zmgl2LlupCOMEIeTTRZ1EUozoOBXaFgo4yoEhjCthbqW8xxTjaLLLmhCc+ZcXSe2s4BQLxZvzfKk8iyNDDskxOSUOuSAlck0qpEo4eSTP5JW8WU/Wi/VufUxbl6zZzAH5A+vzBxR4mgQ=</latexit>

kB⇡
hkop  1

X
<latexit sha1_base64="GxHP9jbkhRpi1U1oFA3UD7OuSk4=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiCUBKR6rIogssK9gFJDJPptBk6mQwzE7GEfIQbf8WNC0XcunDn3zh9LLT1wIXDOfdy7z2RYFRpx/m2FhaXlldWS2vl9Y3NrW17Z7el0kxi0sQpS2UnQoowyklTU81IR0iCkoiRdjS4HPnteyIVTfmtHgoSJKjPaY9ipI0U2se+UDTM4wL6SAiZPkA/QTqOovyqCPNuGN/5ghaeL2IahHbFqTpjwHniTkkFTNEI7S+/m+IsIVxjhpTyXEfoIEdSU8xIUfYzRQTCA9QnnqEcJUQF+fipAh4apQt7qTTFNRyrvydylCg1TCLTObpYzXoj8T/Py3TvPMgpF5kmHE8W9TIGdQpHCcEulQRrNjQEYUnNrRDHSCKsTY5lE4I7+/I8aZ1U3Vq1dnNaqV9M4yiBfXAAjoALzkAdXIMGaAIMHsEzeAVv1pP1Yr1bH5PWBWs6swf+wPr8AQN5n3I=</latexit>

 h ⇡ Ed⇡
h
[�]

not in leading term

General function approximation?

 can’t be the right concept 

•  is stronger 
• yet lower bound exists under 

realizability [Foster et al’22]

<latexit sha1_base64="Zx8fdH5g6+rhj4vIpwy8LcSg1B4="></latexit>

k hk⌃�1
h

= kEd⇡
h
[�]k⌃�1

h

<latexit sha1_base64="ytKCmAbp0ncrNKpwIhk2OHjkzzM=">AAACA3icbZDLSsNAFIYnXmu9Rd3pZrAIrmoiUl0WdeGygr1AE8NkOmmHTiZhZiKEtODGV3HjQhG3voQ738ZJm4W2/jDw8Z9zOHN+P2ZUKsv6NhYWl5ZXVktr5fWNza1tc2e3JaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/eJXX2w9ESBrxO5XGxA1Rn9OAYqS05Zn7zqjnDe6dmMITmNO1M/IcygOVembFqloTwXmwC6iAQg3P/HJ6EU5CwhVmSMqubcXKzZBQFDMyLjuJJDHCQ9QnXY0chUS62eSGMTzSTg8GkdCPKzhxf09kKJQyDX3dGSI1kLO13Pyv1k1UcOFmlMeJIhxPFwUJgyqCeSCwRwXBiqUaEBZU/xXiARIIKx1bWYdgz548D63Tql2r1m7PKvXLIo4SOACH4BjY4BzUwQ1ogCbA4BE8g1fwZjwZL8a78TFtXTCKmT3wR8bnDzvCl0k=</latexit>

kd⇡h/dDh k1



• OPE: estimate  from data  
• (Wrong but useful) intuition: learn  

• so  

• inductively,  -weighted  is a particle rep of  

• then,  -weighted  =>  
• “distill” to  -weighted 

<latexit sha1_base64="jOu0ye/iO05kqdQIj+e14fsVpMw=">AAACF3icbVBNS8NAEN34bf2qevSyWIR6KYlI9SKIIoinClaFJITNdmoXNx/sTsQQ+i+8+Fe8eFDEq978N27bHNT6YODx3gwz88JUCo22/WVNTE5Nz8zOzVcWFpeWV6qra5c6yRSHNk9koq5DpkGKGNooUMJ1qoBFoYSr8PZ44F/dgdIiiS8wT8GP2E0suoIzNFJQbXgI96gxl0DP6l4qtukB9SKGvTAsTvqBUVxPZ1HQoyro+UG1ZjfsIeg4cUpSIyVaQfXT6yQ8iyBGLpnWrmOn6BdMoeAS+hUv05AyfstuwDU0ZhFovxj+1adbRunQbqJMxUiH6s+JgkVa51FoOgcX67/eQPzPczPs7vuFiNMMIeajRd1MUkzoICTaEQo4ytwQxpUwt1LeY4pxNFFWTAjO35fHyeVOw2k2mue7tcOjMo45skE2SZ04ZI8cklPSIm3CyQN5Ii/k1Xq0nq03633UOmGVM+vkF6yPb0eQn2U=</latexit>

J(⇡) = E⇡[
P

h rh]

<latexit sha1_base64="4l/KV3aMYVks6HnOlBYZ7VSrH3w="></latexit>n
(s(i)0 , a(i)0 , r(i)0 , . . . , s(i)

H
, a(i)

H
, r(i)

H
)
on

i=1
<latexit sha1_base64="TypKVklmqvuFfniRnKL5h6mVI1Y="></latexit>

bw(i)
h ⇡ d⇡h(s

(i)
h , a(i)h )/dDh (s(i)h , a(i)h )

<latexit sha1_base64="ID1VTDUiW3bLVyxqNwBk05YrF80=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURqS6LblxWsA9oY5hMJu3QySTMTCwhxF9x40IRt36IO//GaZuFth64cDjnXu69x4sZlcqyvo3S2vrG5lZ5u7Kzu7d/YB4edWWUCEw6OGKR6HtIEkY56SiqGOnHgqDQY6TnTW5mfu+RCEkjfq/SmDghGnEaUIyUllyzOpxSn4yRyqa5O37I6vQsd82a1bDmgKvELkgNFGi75tfQj3ASEq4wQ1IObCtWToaEopiRvDJMJIkRnqARGWjKUUikk82Pz+GpVnwYREIXV3Cu/p7IUChlGnq6M0RqLJe9mfifN0hUcOVklMeJIhwvFgUJgyqCsySgTwXBiqWaICyovhXiMRIIK51XRYdgL7+8SrrnDbvZaN5d1FrXRRxlcAxOQB3Y4BK0wC1ogw7AIAXP4BW8GU/Gi/FufCxaS0YxUwV/YHz+APaMlPw=</latexit>

bw(i)
h

<latexit sha1_base64="3HuWS+nsM3p3ymzdFk5R/6Ui5w4=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCC1ISUSqy6IblxXsBdoYJtNJO3RyYWYilNiFr+LGhSJufQ13vo3TNoK2/jDw8Z9zOGd+L+ZMKsv6MnJLyyura/n1wsbm1vaOubvXlFEiCG2QiEei7WFJOQtpQzHFaTsWFAcepy1veDWpt+6pkCwKb9Uopk6A+yHzGcFKW655UJLu4C4tsfL4BOEfLLtm0apYU6FFsDMoQqa6a352exFJAhoqwrGUHduKlZNioRjhdFzoJpLGmAxxn3Y0hjig0kmn94/RsXZ6yI+EfqFCU/f3RIoDKUeBpzsDrAZyvjYx/6t1EuVfOCkL40TRkMwW+QlHKkKTMFCPCUoUH2nARDB9KyIDLDBROrKCDsGe//IiNE8rdrVSvTkr1i6zOPJwCEdQAhvOoQbXUIcGEHiAJ3iBV+PReDbejPdZa87IZvbhj4yPb8zXlLE=</latexit>

(s(i)h , a(i)h )
<latexit sha1_base64="wMgvfm2XmwIc90qRy8NcS76ZiTA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0sWw2m3bpZrPsboQS+iO8eFDEq7/Hm//GbZqDtj4YeLw3w8y8QHKmjet+O6W19Y3NrfJ2ZWd3b/+genjU0UmqCG2ThCeqF2BNORO0bZjhtCcVxXHAaTeY3M797hNVmiXiwUwl9WM8EixiBBsrdcPh+HEg2bBac+tuDrRKvILUoEBrWP0ahAlJYyoM4VjrvudK42dYGUY4nVUGqaYSkwke0b6lAsdU+1l+7gydWSVEUaJsCYNy9fdEhmOtp3FgO2NsxnrZm4v/ef3URNd+xoRMDRVksShKOTIJmv+OQqYoMXxqCSaK2VsRGWOFibEJVWwI3vLLq6RzUfca9cb9Za15U8RRhhM4hXPw4AqacActaAOBCTzDK7w50nlx3p2PRWvJKWaO4Q+czx9BuY+J</latexit>

d⇡h
<latexit sha1_base64="ID1VTDUiW3bLVyxqNwBk05YrF80=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURqS6LblxWsA9oY5hMJu3QySTMTCwhxF9x40IRt36IO//GaZuFth64cDjnXu69x4sZlcqyvo3S2vrG5lZ5u7Kzu7d/YB4edWWUCEw6OGKR6HtIEkY56SiqGOnHgqDQY6TnTW5mfu+RCEkjfq/SmDghGnEaUIyUllyzOpxSn4yRyqa5O37I6vQsd82a1bDmgKvELkgNFGi75tfQj3ASEq4wQ1IObCtWToaEopiRvDJMJIkRnqARGWjKUUikk82Pz+GpVnwYREIXV3Cu/p7IUChlGnq6M0RqLJe9mfifN0hUcOVklMeJIhwvFgUJgyqCsySgTwXBiqWaICyovhXiMRIIK51XRYdgL7+8SrrnDbvZaN5d1FrXRRxlcAxOQB3Y4BK0wC1ogw7AIAXP4BW8GU/Gi/FufCxaS0YxUwV/YHz+APaMlPw=</latexit>

bw(i)
h

<latexit sha1_base64="oQfJX4m5mLy4W6Q1y/VsrzOigbQ=">AAAB/XicbVDJSgNBEK2JW4zbuNy8NAYhQQkzItFj0IvHCGaBZBx6Op2kSc9Cd48Qh8Ff8eJBEa/+hzf/xk4yB018UPB4r4qqel7EmVSW9W3klpZXVtfy64WNza3tHXN3rynDWBDaICEPRdvDknIW0IZiitN2JCj2PU5b3uh64rceqJAsDO7UOKKOjwcB6zOClZZc86Ak3WR4Yqf3SYmV01PUjVjZNYtWxZoCLRI7I0XIUHfNr24vJLFPA0U4lrJjW5FyEiwUI5ymhW4saYTJCA9oR9MA+1Q6yfT6FB1rpYf6odAVKDRVf08k2Jdy7Hu608dqKOe9ifif14lV/9JJWBDFigZktqgfc6RCNIkC9ZigRPGxJpgIpm9FZIgFJkoHVtAh2PMvL5LmWcWuVqq358XaVRZHHg7hCEpgwwXU4Abq0AACj/AMr/BmPBkvxrvxMWvNGdnMPvyB8fkDbCaT7g==</latexit>

(s(i)h+1,⇡)
<latexit sha1_base64="ZOhWfBtUCYDYxRc0IrU6/OTgr+Q=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSIIQklEqseiF48V7AeksWw2m3bpZjfsboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MOVMG9f9dlZW19Y3Nktb5e2d3b39ysFhW8tMEdoikkvVDbGmnAnaMsxw2k0VxUnIaScc3U79zhNVmknxYMYpDRI8ECxmBBsr+VE/H557k8deyvqVqltzZ0DLxCtIFQo0+5WvXiRJllBhCMda+56bmiDHyjDC6aTcyzRNMRnhAfUtFTihOshnJ0/QqVUiFEtlSxg0U39P5DjRepyEtjPBZqgXvan4n+dnJr4OcibSzFBB5ovijCMj0fR/FDFFieFjSzBRzN6KyBArTIxNqWxD8BZfXibti5pXr9XvL6uNmyKOEhzDCZyBB1fQgDtoQgsISHiGV3hzjPPivDsf89YVp5g5gj9wPn8A5PqRBQ==</latexit>

d⇡h+1
<latexit sha1_base64="Udopg+oaCoidcL4vfzt4Id18cwo="></latexit>

bw(i)
h+1

<latexit sha1_base64="IowUX13lGPrbVj+giEoe6PZ/QrY=">AAACB3icbVDLSgMxFL1TX7W+Rl0KEixCi1JmRKrLohuXFewD2nHIpJk2NPMgyQhl6M6Nv+LGhSJu/QV3/o1pO4taPXDh5Jx7yb3HizmTyrK+jdzS8srqWn69sLG5tb1j7u41ZZQIQhsk4pFoe1hSzkLaUExx2o4FxYHHacsbXk/81gMVkkXhnRrF1AlwP2Q+I1hpyTUPS9JNByf2+D4tsfL4FOH5Z9k1i1bFmgL9JXZGipCh7ppf3V5EkoCGinAsZce2YuWkWChGOB0XuomkMSZD3KcdTUMcUOmk0zvG6FgrPeRHQleo0FSdn0hxIOUo8HRngNVALnoT8T+vkyj/0klZGCeKhmT2kZ9wpCI0CQX1mKBE8ZEmmAimd0VkgAUmSkdX0CHYiyf/Jc2zil2tVG/Pi7WrLI48HMARlMCGC6jBDdShAQQe4Rle4c14Ml6Md+Nj1pozspl9+AXj8wdBK5ep</latexit>

(s(i)h+1, a
(i)
h+1)

Q-MMR for MDPs

<latexit sha1_base64="biDi4d0HlBpCtoaF0oILHTi7LBw=">AAACWnicfVHZS8MwHE6r7vSYx5svwSFsKKMVmT4O9cHHCe6AtZY0S7ew9DBJhVH7T/oigv+KYLrtYYf4g8CX7yDJFzdiVEjD+NL0re2dXL5QLJV39/YPKodHXRHGHJMODlnI+y4ShNGAdCSVjPQjTpDvMtJzJ/eZ3nsjXNAweJbTiNg+GgXUoxhJRTmVV68mnGR8YaYvSY3W00uIlrd1aOFhKKHlcYQTK6K1Ffl9JVtPM4fz8L/HqVSNhjEbuAnMBaiCxbSdyoc1DHHsk0BihoQYmEYk7QRxSTEjacmKBYkQnqARGSgYIJ8IO5lVk8JzxQyhF3K1Agln7HIiQb4QU99VTh/JsVjXMvIvbRBL79ZOaBDFkgR4fpAXMyhDmPUMh5QTLNlUAYQ5VXeFeIxUi1L9RkmVYK4/eRN0rxpms9F8uq627hZ1FMApOAM1YIIb0AKPoA06AINP8KPltLz2ret6US/Prbq2yByDldFPfgFyhrJ8</latexit>

f(s(i)h+1, a
(i)
h+1) ·

⇡(a(i)h+1|s
(i)
h+1)

⇡D(a(i)h+1|s
(i)
h+1)

<latexit sha1_base64="f7+2Oal6FEXW734rlyxGcf5FaW4="></latexit>

:=
q

1
n

P
i( bw

(i)
h+1)

2



• Goal:   
• Wrong intuition:  

• Bounding their diff requires very strong assumption 

• Even embedding  requires completeness 
• How to deal with #params = #data points?

<latexit sha1_base64="twL8YLgc1wQF2BMszNjMun32rlo=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSLUS9kVqR6LXsRTBfsB3VqyabYNzW5CklXL0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBZIzbVz321laXlldW89t5De3tnd2C3v7DS0SRWidCC5UK8CachbTumGG05ZUFEcBp81geDXxmw9UaSbiOzOStBPhfsxCRrCx0r2PpVTiCd2UfMlOuoWiW3anQIvEy0gRMtS6hS+/J0gS0dgQjrVue640nRQrwwin47yfaCoxGeI+bVsa44jqTjq9eoyOrdJDoVC2YoOm6u+JFEdaj6LAdkbYDPS8NxH/89qJCS86KYtlYmhMZovChCMj0CQC1GOKEsNHlmCimL0VkQFWmBgbVN6G4M2/vEgap2WvUq7cnhWrl1kcOTiEIyiBB+dQhWuoQR0IKHiGV3hzHp0X5935mLUuOdnMAfyB8/kDo5OR9w==</latexit>
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Analysis of Q-MMR?

<latexit sha1_base64="f7+2Oal6FEXW734rlyxGcf5FaW4="></latexit>
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<latexit sha1_base64="rser6VD/zK7wgBUnsVXl30hh9Lw="></latexit>
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<latexit sha1_base64="f7+2Oal6FEXW734rlyxGcf5FaW4="></latexit>
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<latexit sha1_base64="ID1VTDUiW3bLVyxqNwBk05YrF80=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURqS6LblxWsA9oY5hMJu3QySTMTCwhxF9x40IRt36IO//GaZuFth64cDjnXu69x4sZlcqyvo3S2vrG5lZ5u7Kzu7d/YB4edWWUCEw6OGKR6HtIEkY56SiqGOnHgqDQY6TnTW5mfu+RCEkjfq/SmDghGnEaUIyUllyzOpxSn4yRyqa5O37I6vQsd82a1bDmgKvELkgNFGi75tfQj3ASEq4wQ1IObCtWToaEopiRvDJMJIkRnqARGWjKUUikk82Pz+GpVnwYREIXV3Cu/p7IUChlGnq6M0RqLJe9mfifN0hUcOVklMeJIhwvFgUJgyqCsySgTwXBiqWaICyovhXiMRIIK51XRYdgL7+8SrrnDbvZaN5d1FrXRRxlcAxOQB3Y4BK0wC1ogw7AIAXP4BW8GU/Gi/FufCxaS0YxUwV/YHz+APaMlPw=</latexit>

bw(i)
h

<latexit sha1_base64="OD0OjMX1Wx0uXfYvxsG79NjquZQ=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEFqUkItVl0Y3LFuwD2jRMppN26GQSZiZCCcGNv+LGhSJu/Qp3/o3TNgttPXDhcM693HuPFzEqlWV9G7mV1bX1jfxmYWt7Z3fP3D9oyTAWmDRxyELR8ZAkjHLSVFQx0okEQYHHSNsb30799gMRkob8Xk0i4gRoyKlPMVJacs2jRr8X0ZJ0k9GZnfaTEi2n51BLZdcsWhVrBrhM7IwUQYa6a371BiGOA8IVZkjKrm1FykmQUBQzkhZ6sSQRwmM0JF1NOQqIdJLZCyk81coA+qHQxRWcqb8nEhRIOQk83RkgNZKL3lT8z+vGyr92EsqjWBGO54v8mEEVwmkecEAFwYpNNEFYUH0rxCMkEFY6tYIOwV58eZm0Lip2tVJtXBZrN1kceXAMTkAJ2OAK1MAdqIMmwOARPINX8GY8GS/Gu/Exb80Z2cwh+APj8wctKZYE</latexit>

Q⇡(s(i)h+1,⇡)

0 mean, i.i.d. 
conditioned on  

<latexit sha1_base64="3HuWS+nsM3p3ymzdFk5R/6Ui5w4=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCC1ISUSqy6IblxXsBdoYJtNJO3RyYWYilNiFr+LGhSJufQ13vo3TNoK2/jDw8Z9zOGd+L+ZMKsv6MnJLyyura/n1wsbm1vaOubvXlFEiCG2QiEei7WFJOQtpQzHFaTsWFAcepy1veDWpt+6pkCwKb9Uopk6A+yHzGcFKW655UJLu4C4tsfL4BOEfLLtm0apYU6FFsDMoQqa6a352exFJAhoqwrGUHduKlZNioRjhdFzoJpLGmAxxn3Y0hjig0kmn94/RsXZ6yI+EfqFCU/f3RIoDKUeBpzsDrAZyvjYx/6t1EuVfOCkL40TRkMwW+QlHKkKTMFCPCUoUH2nARDB9KyIDLDBROrKCDsGe//IiNE8rdrVSvTkr1i6zOPJwCEdQAhvOoQbXUIcGEHiAJ3iBV+PReDbejPdZa87IZvbhj4yPb8zXlLE=</latexit>

(s(i)h , a(i)h )

Linear case 
•  if  invertible 

•

<latexit sha1_base64="hQ/ZuD7yELPG4V9gEH8xsbYP934=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiQi1Y1QdOPCRQX7gCaUyWTaDp08mLlRSghu/BU3LhRx61e482+ctFlo64ELh3Pu5d57vFhwBZb1bSwsLi2vrJbWyusbm1vb5s5uS0WJpKxJIxHJjkcUEzxkTeAgWCeWjASeYG1vdJX77XsmFY/COxjHzA3IIOR9TgloqWfuOw/cZ0MCqRMQGFIi0psswxfY6pkVq2pNgOeJXZAKKtDomV+OH9EkYCFQQZTq2lYMbkokcCpYVnYSxWJCR2TAupqGJGDKTScvZPhIKz7uR1JXCHii/p5ISaDUOPB0Z36nmvVy8T+vm0D/3E15GCfAQjpd1E8EhgjneWCfS0ZBjDUhVHJ9K6ZDIgkFnVpZh2DPvjxPWidVu1at3Z5W6pdFHCV0gA7RMbLRGaqja9RATUTRI3pGr+jNeDJejHfjY9q6YBQze+gPjM8f1ieXEQ==</latexit>
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<latexit sha1_base64="08+lCW6XOEwmG1QNdr7Kzl4msd0=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUSkuiy6cVnRPqAJYTKZtENnJmFmopaQX3HjQhG3/og7/8Zpm4W2HrhwOOde7r0nTBlV2nG+rZXVtfWNzcpWdXtnd2/fPqh1VZJJTDo4YYnsh0gRRgXpaKoZ6aeSIB4y0gvH11O/90Ckoom415OU+BwNBY0pRtpIgV3zHmlERkjn3h0dclQEo8CuOw1nBrhM3JLUQYl2YH95UYIzToTGDCk1cJ1U+zmSmmJGiqqXKZIiPEZDMjBUIE6Un89uL+CJUSIYJ9KU0HCm/p7IEVdqwkPTyZEeqUVvKv7nDTIdX/o5FWmmicDzRXHGoE7gNAgYUUmwZhNDEJbU3ArxCEmEtYmrakJwF19eJt2zhttsNG/P662rMo4KOALH4BS44AK0wA1ogw7A4Ak8g1fwZhXWi/VufcxbV6xy5hD8gfX5A3E7lLg=</latexit>
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<latexit sha1_base64="8euiRLmrmgAaTAQKZi0aQASXBBo="></latexit>q

1
n

P
i( bw

(i)
h )2 = k b hkb⌃�1

h



• Define  as the population counterpart of  

• Replace  with   

•  
• as long as  tracks , produces a higher-order term 

• Linear: need bounded leverage  

• general: 

<latexit sha1_base64="ayGvf2G/By+7nr3AOzGFglQWEg8=">AAACIHicbVDJSgNBEO1xjXEb9eilMQiewoxI4jHqxWNcskAmCT2dTtKkp2forlHCMJ/ixV/x4kERvenX2FkQTXxQ8Hiviqp6fiS4Bsf5tBYWl5ZXVjNr2fWNza1te2e3qsNYUVahoQhV3SeaCS5ZBTgIVo8UI4EvWM0fXIz82h1TmofyFoYRawakJ3mXUwJGatvF+3a/5WkgCntcYi8g0Pf95DptJWNOiUhuUg94wPSPcJambTvn5J0x8DxxpySHpii37Q+vE9I4YBKoIFo3XCeCZkIUcCpYmvVizSJCB6THGoZKYhY2k/GDKT40Sgd3Q2VKAh6rvycSEmg9DHzTObpRz3oj8T+vEUP3tJlwGcXAJJ0s6sYCQ4hHaeEOV4yCGBpCqOLmVkz7RBEKJtOsCcGdfXmeVI/zbiFfuDrJlc6ncWTQPjpAR8hFRVRCl6iMKoiiB/SEXtCr9Wg9W2/W+6R1wZrO7KE/sL6+AR+ZpNk=</latexit>
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<latexit sha1_base64="iBA8u/iEdfESncFX4rbS8qjKy3U=">AAACDXicbVC7TsMwFHV4lvIqMLJYFCSmKkGoMFawMBZEH1KSVo7jtFYdJ7IdqirKD7DwKywMIMTKzsbf4LQZoOVIlo7OOVe+93gxo1KZ5rextLyyurZe2ihvbm3v7Fb29tsySgQmLRyxSHQ9JAmjnLQUVYx0Y0FQ6DHS8UbXud95IELSiN+rSUzcEA04DShGSkv9yrEzpj4ZIpWOs/6wl9rczaBDOXRCpIael95lPR2rmjVzCrhIrIJUQYFmv/Ll+BFOQsIVZkhK2zJj5aZIKIoZycpOIkmM8AgNiK0pRyGRbjq9JoMnWvFhEAn9uIJT9fdEikIpJ6Gnk/mOct7Lxf88O1HBpZtSHieKcDz7KEgYVBHMq4E+FQQrNtEEYUH1rhAPkUBY6QLLugRr/uRF0j6rWfVa/fa82rgq6iiBQ3AEToEFLkAD3IAmaAEMHsEzeAVvxpPxYrwbH7PoklHMHIA/MD5/AGBLnGU=</latexit>
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<latexit sha1_base64="hmUTDn2fMrFwTGsiJm26BfCgTws=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi1WXRjcsK9gFpDJPJpBk6mYSZiSWE+ituXCji1g9x5984bbPQ1gMXDufcy733+CmjUlnWt1FZW9/Y3Kpu13Z29/YPzMOjnkwygUkXJywRAx9JwignXUUVI4NUEBT7jPT98c3M7z8SIWnC71WeEjdGI05DipHSkmfWhxMakAipYjL1oofC4e7UMxtW05oDrhK7JA1QouOZX8MgwVlMuMIMSenYVqrcAglFMSPT2jCTJEV4jEbE0ZSjmEi3mB8/hadaCWCYCF1cwbn6e6JAsZR57OvOGKlILnsz8T/PyVR45RaUp5kiHC8WhRmDKoGzJGBABcGK5ZogLKi+FeIICYSVzqumQ7CXX14lvfOm3Wq27i4a7esyjio4BifgDNjgErTBLeiALsAgB8/gFbwZT8aL8W58LForRjlTB39gfP4AmyKVaA==</latexit>
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<latexit sha1_base64="YFRiZYyZtM0g1dDsgfChrbMmWp4=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4xkYeBlcwOA0yY2d3M9GrIhq/w4kFjvPo53vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUoS8jgIlb8WaUxVI3gxG11O/+ci1EVF4h+OY+4oOQtEXjKKV7p+6w4eOQaq7xZJbdmcgy8TLSAky1LrFr04vYoniITJJjWl7box+SjUKJvmk0EkMjykb0QFvWxpSxY2fzg6ekBOr9Eg/0rZCJDP190RKlTFjFdhORXFoFr2p+J/XTrB/6acijBPkIZsv6ieSYESm35Oe0JyhHFtCmRb2VsKGVFOGNqOCDcFbfHmZNM7KXqVcuT0vVa+yOPJwBMdwCh5cQBVuoAZ1YKDgGV7hzdHOi/PufMxbc042cwh/4Hz+AAQdkJE=</latexit>
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Data-independent (“random design”) bound
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