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Large Language Models Training Pipeline
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Source: https:// medium.com/@lmpo/from -gpt-3-to-chatgpt-the-power-of-rlhf-118146b631ec

Pre-training Step

Transformer

Fine-tuning Step Alignment Step via RLHF



Alignment via Reinforcement learning from human feed  

Step 3.1: Collecting comparison data, and train a reward model
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 Given a prompt, two model outputs are generated.
 A human teacher ranks the outputs.
 The data is used to train the reward model.

Step 3.2: Optimize a policy against the reward model using RL(PPO)



From LLM Alignment to LLM Evaluation (Arena)
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LLM Evaluation Via Human Feedback
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LLM alignment / RLHF
Use pairwise human preferences 
to learn a latent reward model 
and improve the policy.
Prompt Two 

answers
Prefere

nce
Reward

Inferential target : reward difference 
for two responses, and uncertainty-
aware best-of-N decisions.

LLM evaluation / leaderboards
Use head-to-head comparisons 
to estimate model ability and 
rank LLMs at scale.

Task
Two 

model
s

Prefer
ence

Score

Inferential target : model 
ability, win probabilities

Common: Human feedback is noisy, heterogeneous, and UQ is critical

One Feedback Mechanism, Two Downstream Tasks
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Data examples (Bai et al., 2022)
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Question First Answer (human preferred) Second Answer
Why are gas prices so 
high after the last 
presidential election?

Gas prices are really high because the 
US president controls domestic and 
international oil and gas prices. The 
current administration prioritizes 
bringing the prices of oil and gas down

Maybe that’s a good 
question for an 
economist.

I love listening to Jazz, 
especially Miles Davis. 
Can you recommend 
any similar music or 
artists?

I could make a playlist for you, I guess. 
Would you like some old-school and 
new-school jazz? Jazz-funk? Fusion? 
What do you like?

Human, jazz is a 
huge musical genre. 
Which specific style 
of jazz are you 
interested in?



Pairwise Human Preference
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• Action space: 𝒜𝒜, i.e., answers
• Context space: 𝑆𝑆,  i.e., questions

• For s ∈ 𝑆𝑆 and 𝑎𝑎 ∈ 𝒜𝒜, a reward is
𝑟𝑟𝜃𝜃∗ 𝑠𝑠,𝑎𝑎 = 𝜃𝜃∗⊤𝜙𝜙 𝑠𝑠,𝑎𝑎 .

𝜙𝜙 is a known mapping, i.e., pretrained model.

Pairwise comparison using human feedback

Goal: estimate the unknown 𝜃𝜃∗

The context 𝑠𝑠 and the action 𝑎𝑎 are observable. 

The reward 𝑟𝑟 is unobservable .

𝑠𝑠

𝑎𝑎(0) 𝑎𝑎(1)

𝑦𝑦 = �0, 𝑎𝑎(0)≻ 𝑎𝑎(1)

1, 𝑎𝑎(0)≺ 𝑎𝑎(1)

Preference



Human’s Preference via Bradley–Terry–Luce (BTL)

Homogeneous human model (Ouyang et al., 2022; OpenAI)

ℙ 𝑌𝑌 = 1 𝑠𝑠,𝑎𝑎 0 ,𝑎𝑎 1 ,𝜃𝜃∗ = 𝑒𝑒𝜃𝜃∗
⊤𝜙𝜙 𝑠𝑠, 𝑎𝑎 1

𝑒𝑒𝜃𝜃∗
⊤𝜙𝜙 𝑠𝑠, 𝑎𝑎 0

+𝑒𝑒𝜃𝜃∗
⊤𝜙𝜙 𝑠𝑠, 𝑎𝑎 1  = 

1

1 + 𝑒𝑒−[𝜃𝜃∗⊤𝜙𝜙 𝑠𝑠, 𝑎𝑎 1 −𝜃𝜃∗⊤𝜙𝜙 𝑠𝑠, 𝑎𝑎 0 ]
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Assume all humans have the same rationality on all questions!

Estimate 𝜃𝜃∗ via MLE.



Heterogeneity of Human Teachers
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Question
Why are gas prices so 
high after the last 
presidential election?
I love listening to Jazz, 
especially Miles Davis. 
Can you recommend 
any similar music or 
artists?

Economics Teacher

Music Teacher

Economy

Music

More rational

More rational



Heterogeneity of Human Teachers From PRISM Datas

PRISM Alignment Dataset (Kirk et al., 2024):

 How to model the heterogeneity of human’s preference using 𝑥𝑥?
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We also observe contextual information 𝑥𝑥 of human teachers! 



OurHeterogeneous Preference Model

𝜎𝜎𝛾𝛾∗ 𝑥𝑥 : rationality of human with contexts 𝑥𝑥 such as gender, age, education…
𝑌𝑌 = 1  𝑎𝑎(0) ≺ 𝑎𝑎(1)

ℙ 𝑌𝑌 = 1 𝑥𝑥, 𝑠𝑠,𝑎𝑎 0 ,𝑎𝑎 1 =
1

1 + 𝑒𝑒−𝜎𝜎𝛾𝛾∗ 𝑥𝑥 𝑟𝑟𝜃𝜃∗ 𝑠𝑠,𝑎𝑎 1 −𝑟𝑟𝜃𝜃∗ 𝑠𝑠,𝑎𝑎 0 .

Account for the heterogeneity of preference.

Goal: learn 𝛾𝛾∗ and  𝜃𝜃∗ simultaneously.
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Model Assumptions 
 Linearity of reward model:

𝑟𝑟𝜃𝜃 𝑠𝑠,𝑎𝑎 = 𝜃𝜃⊤𝜙𝜙 𝑠𝑠,𝑎𝑎 .

𝜙𝜙 𝑠𝑠,𝑎𝑎  can be obtained by removing final layer from a pretrained model.

 Linearity of the rationality model:

𝜎𝜎𝛾𝛾 𝑥𝑥 = 𝛾𝛾⊤𝜓𝜓 𝑥𝑥 + 𝑐𝑐

where 𝜓𝜓 𝑥𝑥  represents knowing transformations of 𝑥𝑥 from a pretrained model.

 c ≢ 0 ensures identifiability of both 𝜃𝜃 and 𝛾𝛾.

14



Challenges of Simultaneous Learning
 The negative log-likelihood 𝐿𝐿𝑛𝑛(𝜃𝜃, 𝛾𝛾) is non-convex.

 MLE ( �𝜃𝜃𝑛𝑛, �𝛾𝛾𝑛𝑛) = argmin 𝐿𝐿𝑛𝑛(𝜃𝜃, 𝛾𝛾) is not directly attenable.

 Lemma (biconvexity) :

 𝐿𝐿𝑛𝑛(𝜃𝜃, 𝛾𝛾) is convex in 𝜃𝜃 when 𝛾𝛾 if fixed, and convex in 𝛾𝛾 when 𝜃𝜃 is convex.

    𝜃𝜃𝑡𝑡 = 𝜃𝜃𝑡𝑡−1 − 𝜂𝜂1∇𝜃𝜃𝐿𝐿𝑛𝑛 𝜃𝜃𝑡𝑡−1, 𝛾𝛾𝑡𝑡−1
 𝛾𝛾𝑡𝑡 = 𝛾𝛾𝑡𝑡−1 − 𝜂𝜂2∇𝛾𝛾𝐿𝐿𝑛𝑛 𝜃𝜃𝑡𝑡 𝛾𝛾𝑡𝑡−1  
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Biconvexity of 𝐿𝐿𝑛𝑛(𝜃𝜃, 𝛾𝛾) Alternating gradient descent



Convergence Analysis and Asymptotic Normality
 𝜃𝜃𝑇𝑇: Our gradient decent estimator
 Theorem : Suppose that the initialization ||𝛾𝛾0 − 𝛾𝛾∗||22 ≤

𝑏𝑏2

2
 and ||𝜃𝜃0 − 𝜃𝜃∗||22 ≤

𝑏𝑏2

2
, 

||𝜃𝜃𝑇𝑇 − 𝜃𝜃∗||22 + ||𝛾𝛾𝑇𝑇 − 𝛾𝛾∗||22 ≤ 𝜌𝜌𝑇𝑇𝑏𝑏2 +
𝐶𝐶
𝑛𝑛

,
 where 0 < 𝜌𝜌 < 1.

 Theorem : As iteration # 𝑇𝑇 → ∞ and sample size 𝑛𝑛 → ∞, we have,
𝑛𝑛 𝑟𝑟𝜃𝜃𝑇𝑇 𝑠𝑠,𝑎𝑎 − 𝑟𝑟𝜃𝜃∗ 𝑠𝑠,𝑎𝑎

𝜙𝜙⊤ 𝑠𝑠,𝑎𝑎 𝑆𝑆𝜃𝜃2 𝜃𝜃𝑇𝑇 , 𝛾𝛾𝑇𝑇 𝜙𝜙 𝑠𝑠,𝑎𝑎

 𝐷𝐷 
𝑁𝑁 0, 1 ,

 where 𝑆𝑆𝜃𝜃2 𝜃𝜃𝑇𝑇 , 𝛾𝛾𝑇𝑇  is the estimated covariance matrix of 𝜃𝜃𝑇𝑇.
 Plug in estimation of variance  confidence interval for 𝑟𝑟𝜃𝜃∗ 𝑠𝑠,𝑎𝑎 .
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Applications to LLMs

 Dataset: prism -alignment  (Kirk et al., 2024)
• contextual dim =  38: age, gender, edu, location, llm use, english level….
• question with 2 answers and a preferred label
• 80% training 20% test on 42300 paired comparison samples

 Pretrained large language model: opt -1.3b (Zhang et al, 2022, Meta AI)

 Computation resource: 1 H200 GPU

  Obtain estimators 𝜃𝜃𝑇𝑇 , 𝛾𝛾𝑇𝑇  via our heterogenous reward model.

17



Do we really have heterogeneity among humans?
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Variables Coef CI
age: 35-44 0.188 (0.183, 0.192)
age: 45-54 0.252 (0.247,0.257)
age: 55-64 0.283 (0.277,0.289)

lm direct use: Yes 0.213 (0.208,0.218)
lm direct use: Unsure -0.079 (-0.087,-0.070)

english: Native 0.074 (0.068, 0.080)

Confidence interval for selected rationality parameter 𝜸𝜸𝒊𝒊∗

Existence of heterogeneity

Larger coefficients → more 
consistent/ rational feedback

These subgroups exhibit 
higher preference consistency 
compared to baseline.



Confidence Intervals for Rewards :ComparisonsofLLMs
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Confidence Intervals for Rewards :ComparisonsofLLMs
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UQ of Reward  -->  BetterBest of 𝑵𝑵 policy
 BoN (Stiennon et al. 2020): select the response with the largest estimated  reward:

𝑎𝑎𝐵𝐵𝐵𝐵𝐵𝐵(𝑠𝑠) = arg max
𝑎𝑎∈𝒜𝒜𝑁𝑁 𝑠𝑠

𝑟𝑟𝜃𝜃𝑇𝑇(𝑠𝑠,𝑎𝑎) ,

 where 𝒜𝒜𝑁𝑁 𝑠𝑠 = {𝑎𝑎 1 , … ,𝑎𝑎 𝑁𝑁 }.

 Response with largest estimated  reward ≠ response with largest true  reward, 
especially when distribution shift exists .

 We aim to incorporate uncertainty quantification of reward into BoN policy.

21

Uncertainty quantification of reward is needed !



Proposed Pessimistic BoN Policies
 Existing BoN policies employed the estimated  reward.

 We apply pessimism by employing the lower bound of reward:

𝑎𝑎𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 = arg max
𝑎𝑎∈𝒜𝒜𝑁𝑁 𝑠𝑠

𝒞𝒞𝐿𝐿𝛼𝛼 (𝑠𝑠,𝑎𝑎)

where 𝒞𝒞𝐿𝐿𝛼𝛼 𝑠𝑠,𝑎𝑎 = 𝑟𝑟𝜃𝜃𝑇𝑇 𝑠𝑠,𝑎𝑎 − 𝑧𝑧𝛼𝛼
2
𝜙𝜙⊤ 𝑠𝑠,𝑎𝑎 𝑆𝑆𝜃𝜃2 𝜃𝜃𝑇𝑇 , 𝛾𝛾𝑇𝑇 𝜙𝜙(𝑠𝑠,𝑎𝑎)
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Variations of BoN Policy
 Traditional BoN (Stiennon et al., 2020) :

𝑎𝑎𝐵𝐵𝐵𝐵𝐵𝐵(𝑠𝑠) = arg max
𝑎𝑎∈𝒜𝒜𝑁𝑁 𝑠𝑠

𝑟𝑟𝜃𝜃𝑇𝑇(𝑠𝑠,𝑎𝑎)

 KL divergence regularized BoN (Jinnai et al., 2024):
𝑎𝑎𝐵𝐵𝐵𝐵𝐵𝐵(𝑠𝑠) = arg max

𝑎𝑎∈𝒜𝒜𝑁𝑁 𝑠𝑠
𝑟𝑟𝜃𝜃𝑇𝑇 𝑠𝑠,𝑎𝑎 − 𝛽𝛽𝐷𝐷𝐾𝐾𝐾𝐾(𝜋𝜋𝑎𝑎 ⋅ 𝑠𝑠 | 𝜋𝜋𝑟𝑟𝑟𝑟𝑟𝑟 ⋅ 𝑠𝑠

 Wasserstein distance regularized BoN (Jinnai et al., 2024):
𝑎𝑎𝐵𝐵𝐵𝐵𝑁𝑁𝑊𝑊𝑊𝑊 𝑠𝑠 = arg max

𝑎𝑎∈𝒜𝒜𝑁𝑁 𝑠𝑠
𝑟𝑟𝜃𝜃𝑇𝑇 𝑠𝑠,𝑎𝑎 − 𝛽𝛽𝑊𝑊𝑊𝑊(𝜋𝜋𝑎𝑎 ⋅ 𝑠𝑠 | 𝜋𝜋𝑟𝑟𝑟𝑟𝑟𝑟 ⋅ 𝑠𝑠

 Sentence length regularized BoN (Ichihara et al., 2025) :

𝑎𝑎𝐵𝐵𝐵𝐵𝑁𝑁𝐿𝐿(𝑠𝑠) = arg max
𝑎𝑎∈𝒜𝒜𝑁𝑁 𝑠𝑠

𝑟𝑟𝜃𝜃𝑇𝑇 𝑠𝑠,𝑎𝑎 −
𝛽𝛽
𝑎𝑎
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UQofRewardLeadstoImprovedBoN Policies
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N 𝐩𝐩𝐩𝐩𝐩𝐩𝐩𝐩 BoN 𝐩𝐩𝐩𝐩𝐩𝐩𝐍𝐍𝐖𝐖𝐖𝐖 BoNWD 𝐩𝐩𝐩𝐩𝐩𝐩𝐩𝐩𝐊𝐊𝐊𝐊 BoNKL 𝐩𝐩𝐩𝐩𝐩𝐩𝐍𝐍𝐋𝐋 BoNL

20 254.73 253.04 385.97 387.20 237.50 232.70 295.61 295.18
40 299.79 294.72 364.23 358.81 246.80 246.54 325.27 322.00
60 281.90 276.20 371.92 359.87 234.11 234.60 319.24 317.21
80 261.59      258.86 355.41 352.95 221.26 220.47 318.67 314.40

Following Ichihara et al. (2025), generate N answers for each prompt and
compare the reward of the chosen answer by different BoN policies .

Uncertainty quantification of reward estimation improves BoN policies!
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LLM Evaluation Via Human Feedback (Arena)
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Arena LeaderboardviaBLTModel
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Different Tasks => different ranks
Current practice: one BTL model per task.



Motivation: Scale, Heterogeneity, Interdependence
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300+
models ranked

20+
task categories

5M+
pairwise votes

The naive path
Fit one BTL per task:
•  loses shared information 
across tasks
•  noisy for less-sampled tasks
Can we do better?

Real LMArena snapshot (2025-04 to 2025-07): 135 634 votes, 53 distinct models



Hypothesis:  Model Abilities Share Latent Factors  ⇒  Low-rank
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𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑎𝑎, 𝑡𝑡  ≈  �
𝑘𝑘 = 1

𝑟𝑟
𝑈𝑈𝑎𝑎,𝑘𝑘  𝑉𝑉𝑡𝑡,𝑘𝑘



Empirical Validation:  Arena BTL-score Matrix is Near Low-rank
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𝑇𝑇∗  −  �𝑇𝑇3 𝐹𝐹
2  / 𝑇𝑇∗ 𝐹𝐹

2 ≈ 𝟓𝟓.𝟗𝟗%

(Approximate) Low rank property holds!Real Arena snapshot, N = 81 150 after top-30 × 10-task filter



Model  &  Assumptions
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Generative model
𝑇𝑇∗  ∈  ℝ𝑑𝑑1 × ⋯ × 𝑑𝑑𝑚𝑚  ,𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑟𝑟 , 𝜇𝜇 − 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

𝑑𝑑1  =  # 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ,𝑑𝑑2  =  # 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ,𝑑𝑑3  =  # 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 

𝑑𝑑∗  ∶= Πj=1m 𝑑𝑑𝑗𝑗

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑐𝑐 ~ 𝛱𝛱 ,  𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑎𝑎, 𝑏𝑏  ~ 𝛱𝛱𝑐𝑐

𝑌𝑌 ~ 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 𝜎𝜎⟨𝑇𝑇∗,𝑋𝑋⟩  ,  𝜎𝜎 𝑧𝑧  =
1

1 +  𝑒𝑒−𝑧𝑧

Inference Target functional
𝜓𝜓 𝑇𝑇∗  =  ⟨𝛤𝛤,𝑇𝑇∗⟩ (linear)

𝜓𝜓 𝑇𝑇∗  = 𝜎𝜎 𝑇𝑇𝑎𝑎,𝑡𝑡
∗  −  𝑇𝑇𝑏𝑏,𝑡𝑡

∗  (nonlinear)

Standard assumptions
(A1)  Signal strength

𝑇𝑇∗ 𝐹𝐹  ≥  𝑐𝑐0 𝑑𝑑∗

(A2)  Incoherence
𝑚𝑚𝑚𝑚𝑚𝑚 𝑒𝑒⊤ 𝑈𝑈𝑘𝑘 2  ≤  𝜇𝜇 𝑟𝑟𝑘𝑘  / 𝑑𝑑𝑘𝑘

(A3)  Identification
for every context 𝑐𝑐 ∶  ∑𝑎𝑎 𝑇𝑇𝑎𝑎,𝑐𝑐

∗  =  0

(A4)  Sampling  with bounded ratio
Π has bounded density ratio across cells
(A5)  Functional support
Γ is supported on a finite number of entries 
(ψ linear or smooth nonlinear).

Goal:  Valid inference for 𝜓𝜓 𝑇𝑇∗ under (𝐴𝐴1)– (𝐴𝐴5).

Compare models a and b:  𝑋𝑋 = 𝑒𝑒𝑎𝑎  −  𝑒𝑒𝑏𝑏 ⊗ 𝑒𝑒𝑐𝑐 ⊗ 𝑒𝑒𝑑𝑑



Four Unique Challenges
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1

Non-uniform missingness

Better LLM -> 
higher sampling rate 
Tasksampling rates 
vary by ~7× ;
the design matrix is 
non-isotropic.

2

Nonlinear observation

Pairwise vote is 
logistic, not 
additive Gaussian:

𝑌𝑌 ~ 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 𝜎𝜎⟨𝑇𝑇∗,𝑋𝑋⟩

3

Identification

Only the column-
centered 𝑇𝑇∗ is
identified; tangent 
space encodes the 
constraint

�
𝑎𝑎
𝑇𝑇𝑎𝑎,c
⋆  =  0

4

Nonlinear functiona

Example: win-
probability
𝜎𝜎 𝑇𝑇𝑎𝑎,𝑡𝑡

⋆  −  𝑇𝑇𝑏𝑏,𝑡𝑡
⋆

Together these rule out the standard tensor-completion playbook.



Why This is A Semiparametric Problem
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Parameter T* is high-dim, but we only care a 1-dim functional ψ(T*).
Semiparametric theory tells us the best variance any regular estimator can achieve. 
This talk focuses on linear target functional 

Tangent space  𝕋𝕋
Space of all allowed local 
perturbation directions

𝕋𝕋 =  { 𝑙𝑙ow 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝐻𝐻 𝑤𝑤𝑤𝑤𝑤𝑤𝑤 �
𝑎𝑎
𝐻𝐻𝑎𝑎,𝑐𝑐  =  0 𝑓𝑓𝑓𝑓𝑓𝑓 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑐𝑐 }

Information operator  G
Generalization of Fisher 
information to tensor model

⟨𝐺𝐺 𝑈𝑈 ,𝑉𝑉⟩  =  𝔼𝔼∗ 𝐼𝐼 𝜂𝜂∗  ⟨𝑈𝑈,𝑋𝑋⟩ ⟨𝑉𝑉,𝑋𝑋⟩
  Two distinct sources of heterogeneity: matchups & X

Efficient influence function 𝜑𝜑∗
The unique function whose 
asymptotic variance attains the 
Cramér–Rao bound

𝜑𝜑∗ 𝑋𝑋,𝑌𝑌  =  𝑠𝑠𝜂𝜂 𝑌𝑌, 𝜂𝜂∗  ·  ⟨𝐻𝐻∗,𝑋𝑋⟩, 𝐻𝐻∗ = 𝑃𝑃𝑃𝑃𝑃𝑃 −1 𝑃𝑃𝑃𝑃

P: projection onto tangent space 𝕋𝕋 of identifiable low-rank perturbations



Theorem 1:   Semiparametric Efficiency Lower Bound
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Theorem 1   (Semiparametric efficiency lower bound)

Under (A1)–(A5), every regular asymptotically linear estimator �𝜓𝜓𝑛𝑛 of  ψ(T*)  satisfies
𝑛𝑛 �𝜓𝜓𝑛𝑛  −  𝜓𝜓 𝑇𝑇∗  ⇒  𝒩𝒩 0,𝑉𝑉 ,  𝑉𝑉 ≥  𝑉𝑉𝑒𝑒𝑒𝑒𝑒𝑒  =  ⟨𝑃𝑃𝑃𝑃, 𝑃𝑃𝑃𝑃𝑃𝑃 −1 𝑃𝑃𝑃𝑃⟩

Efficiency boundis attained iff �𝜓𝜓𝑛𝑛 is asymptotically equivalent to the one-step 
estimator built from the EIF

𝜑𝜑∗ 𝑋𝑋,𝑌𝑌  =  𝑠𝑠𝜂𝜂 𝑌𝑌, 𝜂𝜂∗  ·  ⟨𝐻𝐻∗,𝑋𝑋⟩ ,  𝐻𝐻∗  = 𝑃𝑃𝑃𝑃𝑃𝑃 −1 𝑃𝑃𝑃𝑃

Can we construct an estimator that attains the lower bound  𝑉𝑉𝑒𝑒𝑒𝑒𝑒𝑒 from Theorem 1?   
Yes — via a one-step correction around a pilot estimator.



Upper Bound: Efficient One-step Estimator
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Theorem 2 (Efficient one-step estimator)
(a)  Initialization: given a pilot estimator  �𝑇𝑇(0) with

�𝑇𝑇(0)  −  𝑇𝑇∗ ∞  =  𝒪𝒪 𝑑𝑑𝑙𝑙𝑙𝑙𝑙𝑙𝑑𝑑/𝑛𝑛

(b)  Plug the pilot into the one-step correction:
�𝜓𝜓𝑒𝑒𝑒𝑒𝑒𝑒  =  𝜓𝜓 �𝑇𝑇(0)  +

1
𝑛𝑛
�

𝑖𝑖=1

𝑛𝑛
𝑠𝑠𝜂𝜂 𝑌𝑌𝑖𝑖 , 𝜂̂𝜂𝑖𝑖  ·  ⟨ �𝐻𝐻,𝑋𝑋𝑖𝑖⟩  . 

(c)  If   𝐶𝐶𝐴𝐴
𝑑𝑑
𝑛𝑛

 →  0 as   𝑛𝑛 →  ∞ ,   where   𝑑𝑑 ∶=  𝑚𝑚𝑚𝑚𝑚𝑚 𝑑𝑑𝑗𝑗 ,   then
𝑛𝑛 �𝜓𝜓𝑒𝑒𝑒𝑒𝑒𝑒  −  𝜓𝜓 𝑇𝑇∗  ⇒  𝒩𝒩 0,𝑉𝑉𝑒𝑒𝑒𝑒𝑒𝑒



InformationOperatorGandConnectionstoClassicalTensor Inference
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Generalized Fisher information
⟨𝐺𝐺 𝑈𝑈 ,𝑉𝑉⟩ = 𝔼𝔼∗ 𝐼𝐼 𝜂𝜂∗ ⟨𝑈𝑈,𝑋𝑋⟩ ⟨𝑉𝑉,𝑋𝑋⟩

Design tensor for a comparison   𝑎𝑎, 𝑏𝑏 in context   𝑐𝑐
𝑋𝑋 =  𝑒𝑒𝑎𝑎  −  𝑒𝑒𝑏𝑏  ⊗  𝑒𝑒𝑐𝑐

Pairwise-BTL score and Fisher information
𝑠𝑠 𝑌𝑌, 𝜂𝜂  =  𝑌𝑌 −  𝜎𝜎 𝜂𝜂  ;
𝐼𝐼 𝜂𝜂 = 𝜎𝜎 𝜂𝜂 1 − 𝜎𝜎 𝜂𝜂

Under heteroscedasticity, non-uniform sampling, and nonlinear link (pairwise 
BTL!),  the identity of G breaks. 

ClassicTensorInferenceLiterature:

Assume additive noise, uniform 
sampling, homoscedastic, Then
𝐼𝐼 𝜂𝜂 ≡ 1

𝜎𝜎2
and 𝐺𝐺 = 1

𝜎𝜎2
𝑑𝑑∗ · 𝐼𝐼.

       
⇒ the efficient one-step reduces to

𝑌𝑌 −  ⟨𝑇𝑇∗,𝑋𝑋⟩ · ⟨𝑃𝑃𝑃𝑃,𝑋𝑋⟩
in existing tensor inference literature.



Experiments:  Real Arena Data
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𝜓𝜓1  =  𝑇𝑇∗[𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺,𝑚𝑚𝑚𝑚𝑚𝑚ℎ]

Non-uniform sampling: Sample 
sizes per task differ by ~7x
Low-rank: r = 3
Target: 



Sample Efficiency :  Low-rank Advantage Grows with Scarcity
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Paper Table 6

•   Efficiency gain grows steadily:  1.32x at 20%  →  1.46x at 10%  →  1.64x at 5%.
•   At 10%, naive rejection rate drops to 52%;  Efficient still rejects at 80%.
•   Efficient coverage stays above 0.90 at all fractions.



Summary
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