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Adaptively collected data is ubiquitous

<latexit sha1_base64="BM81NO0rYXZr3ZH+61JF7hbF1Gs=">AAACB3icbZC7SgNBFIZnvcZ4W7UUZDEIVmFXQrQM2FhYRDAXSJYwOzmbDJmdXWbOimGJlY2vYmOhiK2vYOfbOLkUmvjDwMd/zuHM+YNEcI2u+20tLa+srq3nNvKbW9s7u/befl3HqWJQY7GIVTOgGgSXUEOOApqJAhoFAhrB4HJcb9yB0jyWtzhMwI9oT/KQM4rG6thHbYR71GF2TVUPHgSVvZQaiOIuCD3q2AW36E7kLII3gwKZqdqxv9rdmKURSGSCat3y3AT9jCrkTMAo3041JJQNzI6WQUkj0H42uWPknBin64SxMk+iM3F/T2Q00noYBaYzotjX87Wx+V+tlWJ44WdcJimCZNNFYSocjJ1xKE6XK2AohgYoU9z81WF9qihDE13ehODNn7wI9bOiVy6Wb0qFSmkWR44ckmNySjxyTirkilRJjTDySJ7JK3mznqwX6936mLYuWbOZA/JH1ucPtWSadQ==</latexit>

Large language models
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Autonomous driving cars
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Cancer treatment
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Regret minimization vs. Statistical inference

Standard Goal for RL: regret minimization

Reg(T ) =

T∑
t=1

Rewardt(optimal action)−
T∑
t=1

Rewardt(action at t)
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Regret minimization vs. Statistical inference

Alternative Goal: statistical inference/uncertainty quantification
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Regret minimization vs. Statistical inference

Alternative Goal: statistical inference/uncertainty quantification

Challenges:

• data collection method itself
introduces complex dependencies

• classical i.i.d. asymptotics fail

• require strong assumptions
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Towards a solid inference framework for online collected data...
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Linear (contextural) bandits

Learner
Environment

Learner collects data based on 
the previous trajectory
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Environment returns rt to learner
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Observe a context xt
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Pick action at based on xt and history

At round t:

• Learner is given a context xt, and action set A
• Learner takes action at ∈ A based on xt and history
(a1, r1, . . . ,at−1, rt−1)

• Environment returns immediate reward: rt = ⟨ϕ(xt,at),θ
⋆⟩+ ϵt
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Regret minimization vs. Statistical inference

Regret minimization

Reg(T ) =

T∑
t=1

max
a⋆
t∈A

⟨ϕ(xt,a
⋆
t ),θ

⋆⟩ −
T∑
t=1

⟨ϕ(xt,at),θ
⋆⟩

— inspired the popular Upper Confidence Bound (UCB) algorithm︸ ︷︷ ︸
LinUCB for linear bandits

Can UCB algorithm be used not only as a learning algorithm, but also
as a vehicle for valid statistical inference?
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LinUCB algorithm for linear bandits



LinUCB algorithm

— Li et al.’10, Abbasi-yadkori et al.’11

• Compute the UCB score

UCBt(a) = ⟨ϕ(xt,a), θ̂t−1⟩︸ ︷︷ ︸
Exploitation

+β
√
ϕ(xt,a)⊤Λ

−1
t−1ϕ(xt,a)︸ ︷︷ ︸

Exploration bonus

Λt−1 = Id +

t−1∑
s=1

ϕ(xs,as)ϕ(xs,as)
⊤

• Estimator for θ⋆: θ̂T = Λ−1
T

∑T
s=1ϕ(xs,as) rs

This strategy yields Õ(d
√
T ) regret bound (minimax optimal).
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Does θ̂T admit an asymptotic normal distribution?



Stability of design covariance

Stability (Lai and Wei’82)

There exists a sequence of deterministic matrices {ΣT } st.

Σ−1
T ΛT

p→ Id

• Asymptotic normality holds with stability:

Λ
1/2
T (θ̂T − θ⋆)

d→ N (0, σ2Id)

• Asymptotic normality fails in the absence of stability

<latexit sha1_base64="Z+ZJLeumKUmmSNaLwaancdi3Jn4="></latexit>

— stability established for multi-armed bandits
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Asymptotic normality of the LinUCB algorithm. For some random vector u on the

unit ball, we plot σ̂−1
(
2β2T
d+1

)1/4
u⊤(θ̂T − θ⋆) over 1000 independent trials.
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Assumptions

• Action set: set of feature maps spans Bd

• True signal: θ⋆ lies on the unit sphere, i.e., ∥θ⋆∥2 = 1

• Stochastic errors: noise (ϵt)
T
t=1 is an (Ft)-adapted martingale

difference sequence, conditionally mean zero and sub-Gaussian σ

Estimator: θ̂T = P(θ̂T ) projection of the ridge estimator to Bd
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Asymptotic normality of LinUCB

Theorem (Fan∗, Tan∗, Wei’25)

Let U ∈ Rd×(d−1) chosen such that Q = (θ⋆,U) is orthogonal matrix
(Q⊤Q = I), then(

2β2T

d+ 1

)1/4

U⊤(θ̂T − θ⋆) → N (0, Id−1).

• ∥∥θ̂T − θ⋆
∥∥
2
= Θ̃p

(
T−1/4

)
• Λt = Id +

∑t
s=1ϕ(xs,as)ϕ(xs,as)

⊤

▶ λmin(ΛT ) grows like Θ(
√
T ) vs. Θ(T ) in

i.i.d. setting

▶ regret minimizing nature of LinUCB

<latexit sha1_base64="lzjlZMey0fzKsbExbCsyW3hh3To=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSB4CrsiUW8BLx4jmAdk1zA76U2GzD6Y6Q2EJX/ixYMiXv0Tb/6Nk2QPmljQUFR1090VpFJodJxva219Y3Nru7RT3t3bPzi0j45bOskUhyZPZKI6AdMgRQxNFCihkypgUSChHYzuZn57DEqLJH7ESQp+xAaxCAVnaKSebXtBSD0cArInTyNTPbviVJ056CpxC1IhBRo9+8vrJzyLIEYumdZd10nRz5lCwSVMy16mIWV8xAbQNTRmEWg/n18+pedG6dMwUaZipHP190TOIq0nUWA6I4ZDvezNxP+8bobhjZ+LOM0QYr5YFGaSYkJnMdC+UMBRTgxhXAlzK+VDphhHE1bZhOAuv7xKWpdVt1atPVxV6rdFHCVySs7IBXHJNamTe9IgTcLJmDyTV/Jm5daL9W59LFrXrGLmhPyB9fkDV6iTdw==</latexit>
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• ∥∥θ̂T − θ⋆
∥∥
2
= Θ̃p

(
T−1/4

)
• Λt = Id +

∑t
s=1ϕ(xs,as)ϕ(xs,as)

⊤

▶ λmin(ΛT ) grows like Θ(
√
T ) vs. Θ(T ) in

i.i.d. setting

▶ regret minimizing nature of LinUCB
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ωω

<latexit sha1_base64="YfALcUwnSbnHmNWtRvNCy9R//Mo=">AAACA3icbVBNS8NAEN3Ur1q/qt70EiyCp5KIVL0VvHis0C9oYphsN+3SzQe7E6GEghf/ihcPinj1T3jz37htc9DWBwOP92aYmecngiu0rG+jsLK6tr5R3Cxtbe/s7pX3D9oqTiVlLRqLWHZ9UEzwiLWQo2DdRDIIfcE6/uhm6ncemFQ8jpo4TpgbwiDiAaeAWvLKR04IOKQgsubEyxwcMoR7RyHIiVeuWFVrBnOZ2DmpkBwNr/zl9GOahixCKkCpnm0l6GYgkVPBJiUnVSwBOoIB62kaQciUm81+mJinWumbQSx1RWjO1N8TGYRKjUNfd04vVoveVPzP66UYXLkZj5IUWUTni4JUmBib00DMPpeMohhrAlRyfatJhyCBoo6tpEOwF19eJu3zql2r1u4uKvXrPI4iOSYn5IzY5JLUyS1pkBah5JE8k1fyZjwZL8a78TFvLRj5zCH5A+PzBxZAmHA=</latexit>Tωω
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Confidence set with LinUCB

Corollary (Fan∗, Tan∗, Wei’25)

For β ≫ d2σ
√
d+ log log T , the asymptotic 1− δ confidence set of θ⋆

is given as

Cδ =
{
θ ∈ Sd−1 :

∥∥∥θ̂T − θ
∥∥∥2
2
≤ σ2

√
d+ 1

2β2T
· χ2

d−1,1−δ

}

• U does not appear because ∥U⊤(θ̂T − θ⋆)∥2 ≈ ∥θ̂T − θ⋆∥2
• Abbasi-yadkori et al.’11: θ⋆ with prob. 1− δ lies inside

Ct =

{
θ ∈ Rd

∣∣∣∣ ∥θ̂t − θ∥Λt ≤ σ

√
d log

(
1 + TL2/λ

δ

)
+ λ1/2

}
• As λmin(ΛT ) ≈

√
2β2T/(d+ 1), this confidence set is O(

√
log T ) times tighter

than Abbasi-yadkori et al.’11.
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A glimpse of our proof strategy.



Key ingredient: Evolution of Λt

Notation: eigenvalues λt,1 ≥ λt,2 ≥ . . . ≥ λt,d︸ ︷︷ ︸
mean denoted as λt

, eigenvectors vt,1, . . . , vt,d.

Phase IIPhase I Phase III Phase IV

<latexit sha1_base64="V+7ULSmjEGh8skxjJpjbE53Izv8=">AAAB+3icdVBNS0JBFJ1nX2ZfL1u2GdLANvJ8mtoikNq0yyBT0JfMG0cdnPfBzH2RiH+lTYsi2vZH2vVvmqcGFXXgwuGce7n3HjcUXIFlfRiJpeWV1bXkempjc2t7x9xN36ggkpQ1aCAC2XKJYoL7rAEcBGuFkhHPFazpjs5jv3nHpOKBfw3jkDkeGfi8zykBLXXNdBa6Nj7Fl7mOy4DcVo+yXTNj5U+qZfvYxlbesip2sRwTu1Kyi7iglRgZtEC9a753egGNPOYDFUSpdsEKwZkQCZwKNk11IsVCQkdkwNqa+sRjypnMbp/iQ630cD+QunzAM/X7xIR4So09V3d6BIbqtxeLf3ntCPpVZ8L9MALm0/mifiQwBDgOAve4ZBTEWBNCJde3YjokklDQcaV0CF+f4v/JjZ0vlPOlKztTO1vEkUT76ADlUAFVUA1doDpqIIru0QN6Qs/G1Hg0XozXeWvCWMzsoR8w3j4BNA2Sog==</latexit>

t2 = O(�8)
<latexit sha1_base64="J07L+lOOiP1Z1pn93LThKOYJNxQ=">AAAB+3icdVBNS0JBFJ1nX2ZfL1u2GdLANvLe09QWgdSmXQaZgprMG0cdnPfBzH2RiH+lTYsi2vZH2vVvmqcGFXXgwuGce7n3HjcUXIFlfRiJpeWV1bXkempjc2t7x9xN36ggkpTVaSAC2XSJYoL7rA4cBGuGkhHPFazhjs5jv3HHpOKBfw3jkHU8MvB5n1MCWuqa6Sx0bXyKL3NtlwG5dY6yXTNj5U8qJefYwVbesspOoRQTp1x0CtjWSowMWqDWNd/bvYBGHvOBCqJUy7ZC6EyIBE4Fm6bakWIhoSMyYC1NfeIx1ZnMbp/iQ630cD+QunzAM/X7xIR4So09V3d6BIbqtxeLf3mtCPqVzoT7YQTMp/NF/UhgCHAcBO5xySiIsSaESq5vxXRIJKGg40rpEL4+xf+TGydvl/LFKydTPVvEkUT76ADlkI3KqIouUA3VEUX36AE9oWdjajwaL8brvDVhLGb20A8Yb58pV5Kb</latexit>

t1 = O(�2)
<latexit sha1_base64="ZreF92SGIjGrZWHtlZa7s9cL9uQ=">AAAB+3icdVBNS0JBFJ1nX2ZfZss2QxrY5vF8mtoikNq0yyBTUJN54zwdnPfBzH2RiH+lTYsi2vZH2vVvmqcGFXXgwuGce7n3HicUXIFlfRiJpeWV1bXkempjc2t7J72buVFBJClr0EAEsuUQxQT3WQM4CNYKJSOeI1jTGZ3HfvOOScUD/xrGIet6ZOBzl1MCWuqlMznoFfEpvsx3HAbktnqU66WzlnlSLdvHNrZMy6rYxXJM7ErJLuKCVmJk0QL1Xvq90w9o5DEfqCBKtQtWCN0JkcCpYNNUJ1IsJHREBqytqU88prqT2e1TfKiVPnYDqcsHPFO/T0yIp9TYc3SnR2Cofnux+JfXjsCtdifcDyNgPp0vciOBIcBxELjPJaMgxpoQKrm+FdMhkYSCjiulQ/j6FP9PbmyzUDZLV3a2draII4n20QHKowKqoBq6QHXUQBTdowf0hJ6NqfFovBiv89aEsZjZQz9gvH0CNZ+Sow==</latexit>

t3 = O(�8)
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Key ingredient: Evolution of Λt

Phase IIPhase I Phase III Phase IV
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t3 = O(�8)

Phase I (0 ≤ t ≤ t1): initial exploration on all directions

λt,d = Θ(t), λt/λt,d = O(1), ∥vt,1 − θ⋆∥2 = Θ(1)
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Key ingredient: Evolution of Λt

Phase IIPhase I Phase III Phase IV
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t3 = O(�8)

Phase II (t1 ≤ t ≤ t2): Θ(
√
t) growth of non-leading eigenvalues

λt,d = Θ(
√
t), λt/λt,d = O(1), ∥vt,1 − θ⋆∥Λt = O(β)
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t3 = O(�8)

Phase III (t2 ≤ t ≤ t3): fine-grained concentration of vt,1

λt,d = Θ(
√
t), λt/λt,d = O(1), ∥vt,1 − θ⋆∥Λt = O(

√
log log T )
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t3 = O(�8)

Terminal covariance (t = T ): non-leading eigenvalues concentrate

λT,d, λT = (1 + o(1))

√
2β2T

d+ 1
, ∥vt,1 − θ⋆∥Λt = O(

√
log log T )
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Rate of growth of the eigenvalues of ΛT .
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Step 1: Control of estimation error

Lemma

With probability 1− (log T )−1, there exists constant C such that for
any 1 ≤ t ≤ T ,

∥θ̂t − θ⋆∥2 ≤ Cσ

√
log log T

λt,d
.

• The influence of noise vanishes when β ≫ σ
√
log log T

UCBt(a) = ⟨a, θ̂t−1⟩+ β
√

a⊤Λ−1
t−1a

= ⟨a,θ⋆⟩︸ ︷︷ ︸
deterministic term

+ ⟨a, θ̂t−1 − θ⋆⟩︸ ︷︷ ︸
controlled by ∥θ̂t−θ⋆∥2

+ β
√
a⊤Λ−1

t−1a︸ ︷︷ ︸
controlled by O(β/

√
λt,d)
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Step 2: Asymptotic behavior

Lemma

The terminal covariance ΛT satisfies

• Leading eigenvector vT,1 concentrates to true signal θ⋆

∥vT,1 − θ⋆∥2 ≲

√
log log T

λT,d

• Non-leading eigenvalues λT,i (i ≥ 2) concentrates to a deterministic limit

λT,i = (1 + o(1))

√
2β2T

d+ 1
, ∀ i ≥ 2

• Controls the precise eigen-structure of terminal covariance
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Concluding remarks

• Asymptotic normality of θ̂T when data is adaptively collected with
LinUCB

• Asymptotic (1− δ) Wald-type confidence set for θ⋆ with a careful
characterization of Λt

Paper:

“Statistical Inference under Adaptive Sampling with LinUCB,”

Wei Fan∗, Kevin Tan∗, Yuting Wei, 2025.

— Thanks for your attention!
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Proof overview by phases

• Characterization of at:

at = P
(
θ̂t + βΛ

−1/2
t wt

)
,

where wt = arg max
∥w∥2=1

∥∥∥θ̂t + β ·Λ−1/2
t w

∥∥∥
2

• An equivalent characterization on wt

wt = arg max
∥w∥2=1

d∑
i=1

(
νt,i +

βwi√
λt,i

)2

, where
d∑

i=1

ν2t,i = 1
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Proof of Phase I

Phase I (0 ≤ t ≤ t1): initial exploration on all directions

λt,d = Θ(t), λt/λt,d = O(1), ∥vt,1 − θ⋆∥2 = Θ(1)

• Consider the optimization problem

wt = arg max
∥w∥2=1

d∑
i=1

(
νt,i +

βwi√
λt,i

)2

, where
d∑

i=1

ν2t,i = 1

• When β/
√
λt,d ≳ 1, bonus term dominates and wt assigns more

mass on directions with small eigenvalues

• All eigenvalues grow with comparable speed

2 / 6



Proof of Phase II

Phase II (t1 ≤ t ≤ t2): Θ(
√
t) growth of non-leading eigenvalues

λt,d = Θ(
√
t), λt/λt,d = O(1), ∥vt,1 − θ⋆∥Λt = O(β)

• Let λt,d = ctβ
√
t and ct = mint1≤s≤t cs

• Consider the optimization problem without the first term

wt,−1 = arg max
∥w∥2=C0

d∑
i=2

(
νt,i +

βwi√
λt,i

)2

, where
d∑

i=2

ν2t,i = O

(
β2

λt,d

)
• When ct/ct = O(1), we have C0 ≍ 1., indicating all non-leading

eigenvalues grow with comparable speed
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Proof of Phase III

Phase III (t2 ≤ t ≤ t3): fine-grained concentration of the leading
eigenvector

λt,d = Θ(
√
t), λt/λt,d = O(1), ∥vt,1 − θ⋆∥Λt = O(

√
log log T )

• Update on the leading eigenvector vt,1

vt+1,1 = vt,1 +
θ̂t − vt,1

t
+ ζt,

where ζt is a high order fluctuation term
• Upper bound on the norm

∥vt+1,1 − θ⋆∥2 ≤
(
1− 1

t

)
∥vt,1 − θ⋆∥2 +

1

t
·O

(√
log log T

λt,d

)
+ high order term
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Proof of Phase IV

Phase IV (t3 ≤ t ≤ T ): concentration of non-leading eigenvalues

λt,d = Θ(
√
t), λt/λt,d = 1 + o(1), ∥vt,1 − θ⋆∥Λt = O(

√
log log T )

• Approximating the optimization problem

wt = arg max
∥w∥2=1

d∑
i=1

(
νt,i +

βwi√
λt,i

)2

≈

(
1 +

βw1√
λt,1

)2

+
d∑

i=2

β2w2
i

λt,i

• wt only take mass on the direction of λt,1 and λt,d

• All non-leading eigenvalues eventually concentrate and grow with
the same speed
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Asymptotic CLT

• The variance of θ̂t is (asymptotcially) Λ̃−1
T = (U⊤ΛTU)−1

• {Λ̃T } is stable. Let Σ̃T =
√
2β2T/(d+ 1)Id−1, then

∥Σ̃−1
T Λ̃T − Id−1∥2 ≲

(√
log log T

β

)1/2

• The final result is established with Central Limit Theorem and the
stability of {Λ̃T }
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