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Adaptively collected data is ubiquitous

CHAT BOT

Autonomous driving cars

= End
/

& Phase 2: Treatment Adaptation

Phase 1: Treatment Response Evaluation

Phase 0: Pre-Treatment Assessment

Cancer treatment

3/22



Regret minimization vs. Statistical inference

Standard Goal for RL: regret minimization

T
Reg(T Z Reward; (optimal action) Z Reward; (action at t)
t=1 t=1
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Regret minimization vs. Statistical inference

Standard Goal for RL: regret minimization

T
Reg(T Z Reward; (optimal action) Z Reward; (action at t)
t=1 t=1

Exploitation

* Try Different Actions e Maximize Reward Q }ﬂ

Regret Over Time

* Gather Information - \ e Use Known Strategy

@ |

Goal: Minimize Regret!
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Regret minimization vs. Statistical inference

Alternative Goal: statistical inference/uncertainty quantification
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20 percent of patients with
serious conditions are first
misdiagnosed, study says

April 4, 2017

New York (CNN Business) — It's happened again: A Tesla with its Autopilot feature
engaged was involved in a fatal crash.

The crash, which happened March 1 in Florida, left the 50-year-old Tesla driver dead.
Authorities revealed new details about the incident on Thursday. The driver turned on
Autopilot about 10 seconds before the Model 3 sedan collided with a semi truck, according
to the National Transportation Safety Board. The Tesla driver’s hands were not detected on
the steering wheel for less than eight seconds prior. The truck driver was uninjured.
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Regret minimization vs. Statistical inference

Alternative Goal: statistical inference/uncertainty quantification

Challenges:

® data collection method itself
introduces complex dependencies

® classical i.i.d. asymptotics fail \\\\

® require strong assumptions
q g p 8 \\.\

SN\
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Towards a solid inference framework for online collected data...
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Linear (contextural) bandits

Observe a context
Pick action a; based on x; and history

Learner
Environment returns r; to learner Environment

At round t:
® |earner is given a context x;, and action set A

® |earner takes action a; € A based on x; and history
(@1,71,...,ai-1,7¢-1)

® Environment returns immediate reward: r, = (p(x¢, ), 0*) + €
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Regret minimization vs. Statistical inference

Regret minimization

T T

Reg Z ma. ﬁ xt7a:)70*> - Z<¢(mt’at)70*>

t=1

— inspired the popular Upper Confidence Bound (UCB) algorithm

LinUCB forﬁear bandits

Can UCB algorithm be used not only as a learning algorithm, but also
as a vehicle for valid statistical inference? J
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LinUCB algorithm for linear bandits



LinUCB algorithm

— Li et al.’10, Abbasi-yadkori et al.'11
® Compute the UCB score

UCBy(a) = (@(ar.a). B;_1) + By/d(@r, )T A, plar. a)

Exploitation Exploration bonus
t—1
-
Mt = 5 Blonablenan
s=1
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LinUCB algorithm

— Li et al.’10, Abbasi-yadkori et al.'11
® Compute the UCB score

UCBy(a) = (d(x,,a).0, 1) + 51/ d(w1. )T A pl1.a)

Exploitation Exploration bonus
t—1
T
At—l = Id + E ¢(x57 a5)¢($5, as)
4 s=1
Y cm—
o —
S 72
8 g @
c
3 (1) L]
Arm 1 Arm 2 Arm 3
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LinUCB algorithm

— Li et al.’10, Abbasi-yadkori et al.'11
® Compute the UCB score

UCBy(a) = (§(x,,a).0,1) + 51/ d(z1. )T A, plai.a)

Exploitation

Exploration bonus
t—1

At—l - Id + Z ¢($Su a8)¢(m87 as)T

s=1

® Select action to maximize the UCB score

a; = argmax UCB,(a)
acA
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LinUCB algorithm

— Li et al.’10, Abbasi-yadkori et al.'11
® Compute the UCB score

UCBy(a) = (§(x,,a).0,1) + 51/ d(z1. )T A, plai.a)

Exploitation

Exploration bonus
t—1

At—l - Id + Z ¢($Su a8)¢(m87 as)T

s=1

® Select action to maximize the UCB score

a; = argmax UCB,(a)
acA
e Estimator for 6*: 6 = A;lstzl d(xs, as)rs

This strategy yields 5(dﬁ) regret bound (minimax optimal). J
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Does §T admit an asymptotic normal distribution?



Stability of design covariance

Stability (Lai and Wei’82)

There exists a sequence of deterministic matrices {¥r} st.

A B oI

® Asymptotic normality holds with stability:
A2 (07— 0%) S N(0,0°1,)

® Asymptotic normality fails in the absence of stability
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Stability of design covariance

Stability (Lai and Wei’82)

There exists a sequence of deterministic matrices {¥p} st.

SAr 2o

® Asymptotic normality holds with stability:
A2 (07— 0%) S N(0,0°1,)

® Asymptotic normality fails in the absence of stability

— stability established for multi-armed bandits
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Asymptotic normality of the LinUCB algorithm. For some random vector u on the
unit ball, we plot 5~} (222)/*4T (7 — 6*) over 1000 independent trials.

T=50, p=0.175

= I S S

-04  -02
. T=500, p=0.081

0

T=5000, p=0.503

i
|
i
1
i
|
i
i

T=100, p=0.009

-0.5 0.0
T=1000, p=0.315
10- N i

i
08- !
i
]
|

0.6 -
0.4 -
0.2-

0.0-

-1 0
T=10000, p=0.968
06- $ o.

0.4 -

0.2-

T=300, p=0.001

1

- i
15 ’ l !
1

1

10- |
:

]

\

05-

-1.0 -05 0.0 0.5

T=3000, p=0.539

13/22



Assumptions

e Action set: set of feature maps spans B¢
® True signal: 6* lies on the unit sphere, i.e., ||0*]2 =1

* Stochastic errors: noise (¢;)L; is an (F;)-adapted martingale
difference sequence, conditionally mean zero and sub-Gaussian o

Estimator: 6 = P(§T) projection of the ridge estimator to B%
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Asymptotic normality of LinUCB

Theorem (Fan*, Tan*, Wei’25)
Let U € R¥™(4=1) chosen such that Q = (6*,U) is orthogonal matrix

(QTQ = 1), then

9 2T 1/4 R
(dﬁﬂ) U (67 —6%) = N(0,I;_,).
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Asymptotic normality of LinUCB

Theorem (Fan*, Tan*, Wei’25)
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9 2T 1/4 R
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Asymptotic normality of LinUCB

Theorem (Fan*, Tan*, Wei’25)
Let U € R¥™(4=1) chosen such that Q = (6*,U) is orthogonal matrix

(QTQ = 1), then

9 2T 1/4 R
(dﬁ+1> U (67 —6%) = N(0,I;_,).

* [|6r —6*]|, =6, (1)
* Av=1,+ Zi:l (x5, as)p(xs, GS)T

» Amin(A7T) grows like ©(v/T) vs. O(T) in
i.i.d. setting

> regret minimizing nature of LinUCB
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Confidence set with LinUCB

Corollary (Fan*, Tan*, Wei’25)

For B> d?c+/d + loglogT, the asymptotic 1 — & confidence set of 8*
is given as

e d+1
Cs = {9 e st1. HeT —0H2 < a2,/26—2T-x3_1,1_5}

16/22



Confidence set with LinUCB

Corollary (Fan*, Tan*, Wei’25)

For B> d?c+/d + loglogT, the asymptotic 1 — & confidence set of 8*
is given as

e d+1
Cs = {9 e st1. HeT —0H2 < a2,/26—2T-x3_1,1_5}

® U does not appear because ]\UT(éT —0%)|2 = ||§T — 0|2
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Confidence set with LinUCB

Corollary (Fan*, Tan*, Wei’25)

For 3> d?0+/d + loglog T, the asymptotic 1 — § confidence set of 0*
is given as

a2 d+1
Cs = {9 e st1. HeT - 0H2 < 02\/26>2T'X3—1,1—6}

® U does not appear because ]\UT(éT —0%)|2 = ||§T —0%|2
® Abbasi-yadkori et al.’11: 8* with prob. 1 — ¢ lies inside

~ 2
[6: — 6]la, < U\/dlog (%) + )\1/2}

Ct—{gé]Rd
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Confidence set with LinUCB

Corollary (Fan*, Tan*, Wei’25)

For 3> d?0+/d + loglog T, the asymptotic 1 — § confidence set of 0*
is given as

a2 d+1
Cs = {9 e st1. HeT - 0H2 < 02\/26>2T'X5—1,1—6}

® U does not appear because ]\UT(éT —0%)|2 = ||§T —0%|2
® Abbasi-yadkori et al.’11: 8* with prob. 1 — ¢ lies inside

~ 2
[6: — 6]la, < U\/dlog (%) + )\1/2}

® As Amin(A7) = /282T/(d + 1), this confidence set is O(y/logT) times tighter
than Abbasi-yadkori et al."11.

Ct—{BG]Rd
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A glimpse of our proof strategy.



Key ingredient: Evolution of A,

Notation: eigenvalues \;1 > A\ 2 > ... > \; 4, eigenvectors v; 1, ..., V¢ 4.
—_—

mean denoted as ¢
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Key ingredient: Evolution of A,

t = 0(5?) ty = O(5%) t3 = O(6%)
Phase | Phase Il Phase lll Phase IV

Timit

—

-- A

T
A1 = O(t) Ap =t—O(Vi) Ap =t—O(Vi) At =t—O(Vi)

Aa = O(t) Aa=O(Vi) Aa=O(Vi) Ma=6(1)

Xe/Aea = 0(1) Xe/Aa = 0(1) Xe/Aa=0(1) Xe/Aa=1+o0(1)

Phase | (0 < ¢ < t;): initial exploration on all directions

Atd = O(1), Xt/)\t,ul =0(1), v —6%2=06(1)
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Key ingredient: Evolution of A,

t, = 0(B?) ta = O(8%) ts = O(8%)
Phase | Phase ll Phase lll Phase IV

A1 = O(t) Ay =t—O(Vi) Aep =t —O(VE) Ay =t —O(W1E)
A =O(t) Aa = O(VE) Aa = O(VE) Aa = O(V)
Xe/Aa = 0(1) Xe/Aa = O(1) Xe/Aa=0(1) At/Ma=1+0(1)

Phase Il (t; <t < t;): ©(v/t) growth of non-leading eigenvalues

Atd = @(\/z)a Xt/>\t,d =0(), v —0"||a, =O(5)
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Key ingredient: Evolution of A,

ty = 0(B%) ty = O(B%) ty = 0(B%)
Phase | Phase Il Phase lll Phase IV

constant-factor band
Timit

— ko

-- A

A1 = O(t) Mg =t—O(Vi) Aa =t—O(V1) Mg =t—0(Vi)
At = O(t) A = O(V1) Mg = O(VE) Aea = O(VE)
/A1 = 0(1) A/Ava=0(1) Xe/Aea=0(1) Xe/Ava =1+ 0(1)

Phase Ill (t2 <t < t3): fine-grained concentration of vy ;
Ma=0OW1), M/Ma=0(), |vi1—0%a, =O0(/loglogT)
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Key ingredient: Evolution of A,

t = 0(5?) ty = O(5%) t3 = O(6%)
Phase | Phase Il Phase lll Phase IV

constant facto band

it
— s
-

T

A1 = O(t) Ap =t—O(Vi) Ap =t—O(Vi) At =t—O(Vi)

Aa = O(t) Aa = O(VE) Ara = O(VE) Aa = O(V)

/A1 =0(1) M/Ava=0(1) Xe/Aea=0(1) Ne/Ava =1+ 0(1)

Phase IV (t3 <t < T): concentration of non-leading eigenvalues
Ma=0OW1t), N/ Ma=1+0(1), |vi1—0*a, = O(/loglogT)
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Key ingredient: Evolution of A,

t1 = 0(B?) ty = 0(B%) ty = O(8%)
Phase | Phase Il Phase lll Phase IV

constant factor band

i
— A

7

A = O(t) Ay =t —O(V1) A =t—0O(WVE) Aeq =t—6(V1)

Ay = O(t) Aa = O(VE) Mg = O(VE) Aea = O(V1)

Xe/Aea = 0(1) Xe/Aa = 0(1) Xe/Aa=0(1) Xe/Aa=1+o0(1)

Terminal covariance (¢t = T'): non-leading eigenvalues concentrate

~ 232T
Ard, Ar = (1+ 0(1))\/K, |vs1 — 0%||a, = O(y/loglog T)
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Step 1: Control of estimation error

Lemma
With probability 1 — (log T)~!, there exists constant C' such that for

any 1 <t <T,
. loglog T
16; — 6%||y < Coy | 282
At,d
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Step 1: Control of estimation error

Lemma
With probability 1 — (log T)~!, there exists constant C' such that for

any 1 <t <T,
. loglog T
16; — 6%||y < Coy | 282
At,d

® The influence of noise vanishes when 3 > o+/loglogT

UCBy(a) = (a,0,_1) + Sy/aTA a
=  (a,0") -+ (a,0,_1 — ") + Br/aTA ' a
—— ~— —

—~ — —_———
det tic t _ —
eterministic term  controlled by ||6; —6* |2 controlled by O(8/~/ 1)
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Step 2: Asymptotic behavior

Lemma

The terminal covariance AT satisfies

® [eading eigenvector vy, concentrates to true signal 8*

log log T
lors — 6%l S 4/ ——2=
AT, d

® Non-leading eigenvalues A ; (i > 2) concentrates to a deterministic limit

28T

Mo = (L+o(U)y o7

Vi>2
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Step 2: Asymptotic behavior

Lemma

The terminal covariance AT satisfies

® [eading eigenvector vy, concentrates to true signal 8*

log log T
lors — 6%l S 4/ ——2=
AT.d

® Non-leading eigenvalues A ; (i > 2) concentrates to a deterministic limit

282T

Mo = (L+o(U)y o7

Vi>2

® Controls the precise eigen-structure of terminal covariance

21/22



Concluding remarks

® Asymptotic normality of §T when data is adaptively collected with
LinUCB
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Concluding remarks

® Asymptotic normality of §T when data is adaptively collected with
LinUCB

e Asymptotic (1 — &) Wald-type confidence set for 8* with a careful
characterization of A;
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Concluding remarks

® From asymptotics to non-asymptotic guarantees
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Concluding remarks

® From asymptotics to non-asymptotic guarantees
® From linear bandits to more realistic RL settings

® Trade-off between regret minimization and statistical inference

Paper:

“Statistical Inference under Adaptive Sampling with LinUCB,"
Wei Fan*, Kevin Tan*, Yuting Wei, 2025.

— Thanks for your attention!
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Proof overview by phases

® Characterization of a;:

ar =P (8 + A, wi)

where w; = arg max Hét +5- At_l/sz2

[w]l2=1
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Proof overview by phases

® Characterization of a;:
a =P (ét +BATY th) ,

where w; = arg max Hét +5- At_l/sz
[w]2=1 2

® An equivalent characterization on wy

d Bu; 2 d
wy; = arg max Vi + L] , where E ut%i =1
i=1 Ati i=1

1/6



Proof of Phase |

Phase | (0 < ¢ < t;): initial exploration on all directions

Atd = O(t), Xt/)\t,d =0(1), |lvgr —0%]2=0(1)

® Consider the optimization problem

d Bu; 2 d
w; = arg max Vii+ —— | , where Z yfl- =1
1 At i=1 7

wll2=1 4 i

® When $3/1/At.q 2 1, bonus term dominates and w; assigns more
mass on directions with small eigenvalues

o All eigenvalues grow with comparable speed
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Proof of Phase Il

Phase Il (t; <t < t3): ©(+/t) growth of non-leading eigenvalues

)\t,d - G(ﬁ)a X15/)\15,d = 0(1)7 Hvtl - 0*”1\1‘, = O(ﬂ)

® |et )\t,d = Ctﬁ\/{f and C = mintlgsgt Cs
® Consider the optimization problem without the first term

d Bu; \’ d 5
w; _1 = arg max Vi + : ,  where v, =0 (>
t,—1 g - ( t,i 3 > ; t,i Ae.d

llwll2=Co = t,i

® When ¢;/c, = O(1), we have Cy < 1., indicating all non-leading
eigenvalues grow with comparable speed
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Proof of Phase Il

Phase Il (t; <t < t3): fine-grained concentration of the leading
eigenvector

Atd = @(\/%)7 Xt/)\t,d =0(Q), |vi1—0%([a, = O(loglogT)
® Update on the leading eigenvector v; 1

0; — v 1
Vip11 = Vg1 + f + ¢,

where (; is a high order fluctuation term
® Upper bound on the norm

. 1 . 1 loglog T
oesin =072 < (1= ) o — 0% 2+ ;-0 [ /525~
t t At.d

+ high order term
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Proof of Phase IV

Phase IV (t3 <t <T): concentration of non-leading eigenvalues

Atd = @(\/f), Xg/)\m =14o0(1), |lvg1—0%||a, = O(\/loglogT)

® Approximating the optimization problem

¢ Bw ’ pw i Zd Bw?
7 1 7

w; = arg max Vi + ~ |1+ +
lwlla=1 &= < W) ( \/Am) = M

® w; only take mass on the direction of A\;1 and A4

® All non-leading eigenvalues eventually concentrate and grow with
the same speed
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Asymptotic CLT

e The variance of 8, is (asymptotcially) K;l = (UTA-U)™?
° {KT} is stable. Let X7 = V262T/(d+ 1)I;_4, then

Vlog logT) 1/2
B

® The final rESl:IV|t is established with Central Limit Theorem and the
stability of {Ar}

IS5 A7 — Lol < (
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