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LLMs in 2025-2026
• Leaderboard of LLMs is a $billion business 

• DeepSeek R1 in 2025 and Claude Cowork in 2026 

Source:
Chatbot Arena
01/25/2025

NVIDIA ↓17% Microsoft ↓3.6% Alphabet ↓3.3%



Ranking LLMs by Preference Battle
Ranking for Large Language Model

• Human ranking helps ChatGPT for alignment
• Chatbot Arena (LMArena now) collects preference data



Contextual BTL Model
• Preference from contextual Bradley-Terry-Luce (BTL) model 

Prompt: <latexit sha1_base64="ay4J2Gva9gT7mheW8idhGXAsPOI=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclRmR6kYounFZwT5gOpRMmmlDM8mQZMQy9DPcuFDErV/jzr8x085CWw8EDufcS849YcKZNq777aysrq1vbJa2yts7u3v7lYPDtpapIrRFJJeqG2JNORO0ZZjhtJsoiuOQ0044vs39ziNVmknxYCYJDWI8FCxiBBsr+b0Ym1EYZU/T636l6tbcGdAy8QpShQLNfuWrN5AkjakwhGOtfc9NTJBhZRjhdFrupZommIzxkPqWChxTHWSzyFN0apUBiqSyTxg0U39vZDjWehKHdjKPqBe9XPzP81MTXQUZE0lqqCDzj6KUIyNRfj8aMEWJ4RNLMFHMZkVkhBUmxrZUtiV4iycvk/Z5zavX6vcX1cZNUUcJjuEEzsCDS2jAHTShBQQkPMMrvDnGeXHenY/56IpT7BzBHzifP4aCkW4=</latexit>x = “A dog is …”

a furry 
mammal 

man’s 
best friend

<latexit sha1_base64="eo57F2+3fCZYo6bldjAyWcQIBlQ="></latexit>

P(Yjk = 1|X = x) =
1

1 + exp(✓j(x)� ✓k(x))

Reward model

Comparison graph
<latexit sha1_base64="RGlggqYRi8uzVViMysst8/1QRuA="></latexit>

E ⇠ Erdös–Rényi(p)

for     models <latexit sha1_base64="9NFYbxINPnPyP67lMcliFYvvP0I=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SQFLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlhuyXym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqx41Uq1cVWu3eZxFOAUzuACPLiGGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucP2W+M+Q==</latexit>n



Preference Inference

• Each edge has a regression model <latexit sha1_base64="FtetseRJAsIW4fyZHyYdLvBMbgY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFYwX5AG8pmu2mXbjZxdyKU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpW6vRwxJH2vX654lbdOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fze6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMnueDITmDOXEEsq0sLcSNqKaMrQRlWwI3vLLq6R1UfVq1dr9ZaV+k8dRhBM4hXPw4ArqcAcNaAIDCc/wCm/Oo/PivDsfi9aCk88cwx84nz/OkY/P</latexit>

✓1

<latexit sha1_base64="Db2Q37oo1nmeVJbCytAkv0u0BO0=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KkmRKp4KXjxWsB/QhrLZTtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8Sp5tDksYx1J2AGpFDQRIESOokGFgUS2sH4dua3n0AbEasHnCTgR2yoRCg4Qyt1ejgCZP1qv1R2K+4cdJV4OSmTHI1+6as3iHkagUIumTFdz03Qz5hGwSVMi73UQML4mA2ha6liERg/m987pedWGdAw1rYU0rn6eyJjkTGTKLCdEcORWfZm4n9eN8Xw2s+ESlIExReLwlRSjOnseToQGjjKiSWMa2FvpXzENONoIyraELzll1dJq1rxapXa/WW5fpPHUSCn5IxcEI9ckTq5Iw3SJJxI8kxeyZvz6Lw4787HonXNyWdOyB84nz/QFY/Q</latexit>

✓2

<latexit sha1_base64="/QG6uhK8fuZ0SEQ2ykZFB+OK3K4=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolKFU8FLx4r2A9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqAccJ9yM6UCIUjKKV2l0ccqS9i16p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezeyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMn2e9IXmDOXYEsq0sLcSNqSaMrQRFW0I3uLLy6R5XvGqler9Zbl2k8dRgGM4gTPw4ApqcAd1aAADCc/wCm/Oo/PivDsf89YVJ585gj9wPn8A0ZmP0Q==</latexit>

✓3

<latexit sha1_base64="QNVwv7OX/bYmWYlLRAu7Ft0Na/E=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEqngqePFYwX5AG8pmO2mXbjZxdyKU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzaHJYxnrTsAMSKGgiQIldBINLAoktIPx7cxvP4E2IlYPOEnAj9hQiVBwhlbq9HAEyPqX/XLFrbpz0FXi5aRCcjT65a/eIOZpBAq5ZMZ0PTdBP2MaBZcwLfVSAwnjYzaErqWKRWD8bH7vlJ5ZZUDDWNtSSOfq74mMRcZMosB2RgxHZtmbif953RTDaz8TKkkRFF8sClNJMaaz5+lAaOAoJ5YwroW9lfIR04yjjahkQ/CWX14lrYuqV6vW7i8r9Zs8jiI5IafknHjkitTJHWmQJuFEkmfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A0x2P0g==</latexit>

✓4
<latexit sha1_base64="Y77KhBhbNOkCNrg3YrU3eRXhAZw=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KoloFU8FLx4r2A9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqAccJ9yM6UCIUjKKV2l0ccqS9y16p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezeyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMn2e9IXmDOXYEsq0sLcSNqSaMrQRFW0I3uLLy6R5XvGqler9Rbl2k8dRgGM4gTPw4ApqcAd1aAADCc/wCm/Oo/PivDsf89YVJ585gj9wPn8A1KGP0w==</latexit>

✓5

• Each vertice/LLM has a reward
<latexit sha1_base64="NgfZ28jlhZ5dBL/QAx/z/xbtXKg=">AAAB+HicbVBNS8NAEN34WetHox69LBahXkoiUj0WvXisYD+gCWGz2bZLN5uwOxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzwlRwDY7zba2tb2xubZd2yrt7+wcV+/Coo5NMUdamiUhULySaCS5ZGzgI1ksVI3EoWDcc38787iNTmifyASYp82MylHzAKQEjBXbFgxEDEvCaR6MEzgO76tSdOfAqcQtSRQVagf3lRQnNYiaBCqJ133VS8HOigFPBpmUv0ywldEyGrG+oJDHTfj4/fIrPjBLhQaJMScBz9fdETmKtJ3FoOmMCI73szcT/vH4Gg2s/5zLNgEm6WDTIBIYEz1LAEVeMgpgYQqji5lZMR0QRCiarsgnBXX55lXQu6m6j3ri/rDZvijhK6ASdohpy0RVqojvUQm1EUYae0St6s56sF+vd+li0rlnFzDH6A+vzB0nokt0=</latexit>

✓i(·)
<latexit sha1_base64="Syzi+J+jBDC3rLJM6KMGHwm6cUQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUsVTwYvHCvZD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCyU3md56o0kyKezONqR/hkWAhI9hYqf0wSL3abFCuuFV3DrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afza2fozCpDFEplSxg0V39PpDjSehoFtjPCZqyXvUz8z+slJrzyUybixFBBFovChCMjUfY6GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXtWtWrV+t3F5XGdR5HEU7gFM7Bg0towC00oQUEHuEZXuHNkc6L8+58LFoLTj5zDH/gfP4AFFGOzA==</latexit>

Y12 <latexit sha1_base64="Oqag8yAi8m/2e8TwITumO8Z0pF0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtpYqnghePFeyHtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8c3Mbz9RpZkU92YSUz/CQ8FCRrCxUuuhn1Yupv1iyS27c6BV4mWkBBka/eJXbyBJElFhCMdadz03Nn6KlWGE02mhl2gaYzLGQ9q1VOCIaj+dXztFZ1YZoFAqW8Kgufp7IsWR1pMosJ0RNiO97M3E/7xuYsIrP2UiTgwVZLEoTDgyEs1eRwOmKDF8YgkmitlbERlhhYmxARVsCN7yy6ukVSl7tXLtrlqqX2dx5OEETuEcPLiEOtxCA5pA4BGe4RXeHOm8OO/Ox6I152Qzx/AHzucPF1yOzg==</latexit>

Y23

<latexit sha1_base64="G6N4CU0gFbZtI+k3M+5RRMql6L4=">AAAB7XicbVBNSwMxEJ2tX7V+tOrRS7AInsquliqeCl48VrAf0i4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2+/WDo4bGmZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H45uZ336iSjMp7s0kpn6Eh4KFjGBjpdZDP72oTvulsltx50CrxMtIGTI0+qWv3kCSJKLCEI617npubPwUK8MIp9NCL9E0xmSMh7RrqcAR1X46v3aKTq0yQKFUtoRBc/X3RIojrSdRYDsjbEZ62ZuJ/3ndxIRXfspEnBgqyGJRmHBkJJq9jgZMUWL4xBJMFLO3IjLCChNjAyrYELzll1dJ67zi1Sq1u2q5fp3FkYdjOIEz8OAS6nALDWgCgUd4hld4c6Tz4rw7H4vWnJPNHMEfOJ8/GmeO0A==</latexit>

Y34

<latexit sha1_base64="6IXY0T8xbA2HEriAPNM86M7v0vs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVtoqnghePFeyHtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8c3Mbz9RpZkU92YSUz/CQ8FCRrCxUuuhn1aq036x5JbdOdAq8TJSggyNfvGrN5AkiagwhGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKnBEtZ/Or52iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif143MeGVnzIRJ4YKslgUJhwZiWavowFTlBg+sQQTxeytiIywwsTYgAo2BG/55VXSuih7tXLtrlKqX2dx5OEETuEcPLiEOtxCA5pA4BGe4RXeHOm8OO/Ox6I152Qzx/AHzucPHXKO0g==</latexit>

Y45

<latexit sha1_base64="AZXcxXkLRJaG2UtW1A9I0DCWHm0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVreKp4MVjBfsh7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Cbz209UaSbFvZnE1I/wULCQEWys1HropxfetF+uuFV3BrRMvJxUIEejX/7qDSRJIioM4VjrrufGxk+xMoxwOi31Ek1jTMZ4SLuWChxR7aeza6foxCoDFEplSxg0U39PpDjSehIFtjPCZqQXvUz8z+smJrzyUybixFBB5ovChCMjUfY6GjBFieETSzBRzN6KyAgrTIwNqGRD8BZfXiats6pXq9buziv16zyOIhzBMZyCB5dQh1toQBMIPMIzvMKbI50X5935mLcWnHzmEP7A+fwBGOSOzw==</latexit>

Y51

• Missing comparison out of graph
<latexit sha1_base64="BYmda3Gxng1DskhCu8bXtKmYJcE="></latexit>

Yjk not obs. if (j, k) 62 E

<latexit sha1_base64="v80KMjxuRIR/3KLGNeisoXMzT04="></latexit>

E[Yjk|X = x] =  (✓j(x)� ✓k(x))
?

Preference inference

<latexit sha1_base64="lLSt2eOoUSVK8YoZXVDt55xXHoE="></latexit>

H0 : E[I(⌦)(✓i0(X)� ✓j0(X))]  0

<latexit sha1_base64="nx6MxliGmpuaDO1g4fLniPZyofg="></latexit>

H0: GPT5 is no better than Grok4 in domain ⌦

(Linear) Functional of 
<latexit sha1_base64="pxNSXLsMv5h6x2A8SlfLBljS2VM="></latexit>

�i0j0 = ✓i0 � ✓j0
„ ƒ‚ …



Why Preference Inference?

1. To eval LLM hallucination by p-values  

2. Select reproducible, specialized language models in domains 

0. Short NVIDIA and become millionaire

3. Current leaderboard has data access disparity 

The Leaderboard Illusion, 2025

<latexit sha1_base64="eKgGJKVxrXN7l+EKSeo0b8auR44=">AAACCXicbVBNS8NAEN34WetX1KOXxSLUS0lEqseiFDxWsR/QhLLZbtulm03YnYgl9OrFv+LFgyJe/Qfe/Ddu2xy09cHA470ZZuYFseAaHOfbWlpeWV1bz23kN7e2d3btvf2GjhJFWZ1GIlKtgGgmuGR14CBYK1aMhIFgzWB4NfGb90xpHsk7GMXMD0lf8h6nBIzUsbEXEhhQItLq2JMReJqH2AP2AGn1dlyMTzp2wSk5U+BF4makgDLUOvaX141oEjIJVBCt264Tg58SBZwKNs57iWYxoUPSZ21DJQmZ9tPpJ2N8bJQu7kXKlAQ8VX9PpCTUehQGpnNyt573JuJ/XjuB3oWfchknwCSdLeolAkOEJ7HgLleMghgZQqji5lZMB0QRCia8vAnBnX95kTROS265VL45K1Quszhy6BAdoSJy0TmqoGtUQ3VE0SN6Rq/ozXqyXqx362PWumRlMwfoD6zPH6Lumkw=</latexit>

E 6⇠ ER(p)

<latexit sha1_base64="+5B07CuSkH69VKNZRqXHmr0AwvE=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0Is3I5iHJEuYnXSSITO7y8ysEJZ8hRcPinj1c7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsFDrBtuBLZihVQGApvB6GbqN59QaR6FD2Ycoy/pIOR9zqix0mPnTuKAkivSLZbcsjsDWSZeRkqQodYtfnV6EUskhoYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbWlIJWo/nR08ISdW6ZF+pGyFhszU3xMplVqPZWA7JTVDvehNxf+8dmL6l37KwzgxGLL5on4iiInI9HvS4wqZEWNLKFPc3krYkCrKjM2oYEPwFl9eJo2zslcpV+7PS9XrLI48HMExnIIHF1CFW6hBHRhIeIZXeHOU8+K8Ox/z1pyTzRzCHzifP5Zij6E=</latexit>

⌦ =      Math, coding, 
creative writing, 
clinical diagnosis



Preference Inference
• Parameter of interest: 

<latexit sha1_base64="FtetseRJAsIW4fyZHyYdLvBMbgY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFYwX5AG8pmu2mXbjZxdyKU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpW6vRwxJH2vX654lbdOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fze6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMnueDITmDOXEEsq0sLcSNqKaMrQRlWwI3vLLq6R1UfVq1dr9ZaV+k8dRhBM4hXPw4ArqcAcNaAIDCc/wCm/Oo/PivDsfi9aCk88cwx84nz/OkY/P</latexit>

✓1

<latexit sha1_base64="Db2Q37oo1nmeVJbCytAkv0u0BO0=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KkmRKp4KXjxWsB/QhrLZTtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8Sp5tDksYx1J2AGpFDQRIESOokGFgUS2sH4dua3n0AbEasHnCTgR2yoRCg4Qyt1ejgCZP1qv1R2K+4cdJV4OSmTHI1+6as3iHkagUIumTFdz03Qz5hGwSVMi73UQML4mA2ha6liERg/m987pedWGdAw1rYU0rn6eyJjkTGTKLCdEcORWfZm4n9eN8Xw2s+ESlIExReLwlRSjOnseToQGjjKiSWMa2FvpXzENONoIyraELzll1dJq1rxapXa/WW5fpPHUSCn5IxcEI9ckTq5Iw3SJJxI8kxeyZvz6Lw4787HonXNyWdOyB84nz/QFY/Q</latexit>

✓2

<latexit sha1_base64="/QG6uhK8fuZ0SEQ2ykZFB+OK3K4=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolKFU8FLx4r2A9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqAccJ9yM6UCIUjKKV2l0ccqS9i16p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezeyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMn2e9IXmDOXYEsq0sLcSNqSaMrQRFW0I3uLLy6R5XvGqler9Zbl2k8dRgGM4gTPw4ApqcAd1aAADCc/wCm/Oo/PivDsf89YVJ585gj9wPn8A0ZmP0Q==</latexit>

✓3

<latexit sha1_base64="QNVwv7OX/bYmWYlLRAu7Ft0Na/E=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEqngqePFYwX5AG8pmO2mXbjZxdyKU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzaHJYxnrTsAMSKGgiQIldBINLAoktIPx7cxvP4E2IlYPOEnAj9hQiVBwhlbq9HAEyPqX/XLFrbpz0FXi5aRCcjT65a/eIOZpBAq5ZMZ0PTdBP2MaBZcwLfVSAwnjYzaErqWKRWD8bH7vlJ5ZZUDDWNtSSOfq74mMRcZMosB2RgxHZtmbif953RTDaz8TKkkRFF8sClNJMaaz5+lAaOAoJ5YwroW9lfIR04yjjahkQ/CWX14lrYuqV6vW7i8r9Zs8jiI5IafknHjkitTJHWmQJuFEkmfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A0x2P0g==</latexit>

✓4
<latexit sha1_base64="Y77KhBhbNOkCNrg3YrU3eRXhAZw=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KoloFU8FLx4r2A9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqAccJ9yM6UCIUjKKV2l0ccqS9y16p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezeyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMn2e9IXmDOXYEsq0sLcSNqSaMrQRFW0I3uLLy6R5XvGqler9Rbl2k8dRgGM4gTPw4ApqcAd1aAADCc/wCm/Oo/PivDsf89YVJ585gj9wPn8A1KGP0w==</latexit>

✓5

?
<latexit sha1_base64="HmD6DtSTX6PhOqc6anpQQAGaG3I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0wPtuv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwD21Y2b</latexit>

i0
<latexit sha1_base64="Nnk19uiQ7QzV0IFax1etlHvvk0I=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM12067dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rHn9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AH4W42c</latexit>

j0

<latexit sha1_base64="loktDhe+9Wh8X4wdqAqFOoI4nP0="></latexit>

�i0j0(x) = ✓i0(x)� ✓j0(x)
<latexit sha1_base64="PrZGxojjx2/0uPKClE4CpdLHfyU=">AAACGXicdVBNSwMxEM36bf2qevQSLIIXS6qi7UEQ9eCxgm2FtizZdGpjsx8ks0JZ+je8+Fe8eFDEo578N6bbVlT0QeDNezNM5nmRkgYZ+3AmJqemZ2bn5jMLi0vLK9nVtaoJYy2gIkIV6iuPG1AygApKVHAVaeC+p6DmdU8Hfu0WtJFhcIm9CJo+vw5kWwqOVnKzrHEGCrmbSJfduKxP6RFtYAdGkq13vurUd7M5lmelItsr0SHZ3x0TRgt5liJHRii72bdGKxSxDwEKxY2pF1iEzYRrlEJBP9OIDURcdPk11C0NuA+mmaSX9emWVVq0HWr7AqSp+n0i4b4xPd+znT7HjvntDcS/vHqM7WIzkUEUIwRiuKgdK4ohHcREW1KDQNWzhAst7V+p6HDNBdowMzaE8aX0f1LdzRcO8gcX+7njk1Ecc2SDbJJtUiCH5JickzKpEEHuyAN5Is/OvfPovDivw9YJZzSzTn7Aef8EOAmfOg==</latexit>

�i0j0 = ✓i0 � ✓j0

Ideal properties of estimator:
• Double ML*: Model free for any plug-in 

<latexit sha1_base64="IPr5e/KBsYKSV/EFMUGwmcAZZC0=">AAACGXicdVDLSgMxFM34rPVVdekmWAQFKZkqPnZFNy4VrAqdUjKZWxvMZIbkjlKG/oYbf8WNC0Vc6sq/MX0IKnrgcg/n3EtyT5gqaZGxD29sfGJyarowU5ydm19YLC0tn9skMwLqIlGJuQy5BSU11FGigsvUAI9DBRfh9VHfv7gBY2Wiz7CbQjPmV1q2peDopFaJbQS3MoIOxzzADiDvtfwtGqgoQev6b09vtkplVmEH+2z7gA7JTvWLMOpX2ABlMsJJq/QWRInIYtAoFLe24bMUmzk3KIWCXjHILKRcXPMraDiqeQy2mQ8u69F1p0S0nRhXGulA/b6R89jabhy6yZhjx/72+uJfXiPD9n4zlzrNELQYPtTOFMWE9mOikTQgUHUd4cJI91cqOtxwgS7Mogvh61L6PzmvVvzdyu7pTrl2OIqjQFbJGtkgPtkjNXJMTkidCHJHHsgTefbuvUfvxXsdjo55o50V8gPe+ycJtqD/</latexit>

(b✓1, . . . , b✓n)

• Missingness: Fully utilize other comparisons
• Data disparity: Comparison graph not even
• Efficiency: What is best estimator

*CNR’18, CCDDHNR’18

<latexit sha1_base64="NIGH4vKxHsub2ROzWnILyn8TxNg=">AAAB+HicdVDLSgNBEJyNrxgfWfXoZTAInpbdGGJyC3rx4CGCeUCyhNnJbDJkdmeZ6VViyJd48aCIVz/Fm3/j5CGoaEFDUdVNd1eQCK7BdT+szMrq2vpGdjO3tb2zm7f39ptapoqyBpVCqnZANBM8Zg3gIFg7UYxEgWCtYHQx81u3TGku4xsYJ8yPyCDmIacEjNSz890rFoLigyEQpeRdzy64jlutuKdVvCCl4hdxsee4cxTQEvWe/d7tS5pGLAYqiNYdz03AnxAFnAo2zXVTzRJCR2TAOobGJGLan8wPn+Jjo/RxKJWpGPBc/T4xIZHW4ygwnRGBof7tzcS/vE4KYcWf8DhJgcV0sShMBQaJZyngPleMghgbQqji5lZMh0QRCiarnAnh61P8P2kWHa/slK9Lhdr5Mo4sOkRH6AR56AzV0CWqowaiKEUP6Ak9W/fWo/VivS5aM9Zy5gD9gPX2CaW/k8U=</latexit>,?

- Linear functional: Riesz representation. 
- Nonlinear functional: Delta method.



• Preference inference: Miss
<latexit sha1_base64="YjNR4xhQs0YveTJIXxAsE/N69U8=">AAACDnicdZDLSgMxFIYz9VbrrerSTbAIFUpJa6ntRgoiuKxgL9IZhkyatrGZzJBkhDL0Cdz4Km5cKOLWtTvfxvQGKvpD4OM/55Bzfi/kTGmEPq3E0vLK6lpyPbWxubW9k97da6ogkoQ2SMAD2fawopwJ2tBMc9oOJcW+x2nLG55P6q07KhULxLUehdTxcV+wHiNYG8tNH924MXPRrYvGOZg1lDN4DG0moO1jPSCYxxdjN51BeVStoJMqnEGpuAAEC3k0VQbMVXfTH3Y3IJFPhSYcK9UpoFA7MZaaEU7HKTtSNMRkiPu0Y1Bgnyonnp4zhkfG6cJeIM0TGk7d7xMx9pUa+Z7pnKyoftcm5l+1TqR7FSdmIow0FWT2US/iUAdwkg3sMkmJ5iMDmEhmdoVkgCUm2iSYMiEsLoX/Q7OYL5Tz5atSpnY2jyMJDsAhyIICOAU1cAnqoAEIuAeP4Bm8WA/Wk/Vqvc1aE9Z8Zh/8kPX+BbQXmq4=</latexit>

Yi0j0 , (i0, j0) 2 E

„ ƒ‚ …
Cancel mid along path

Preference Inference
Given plug-in’s

<latexit sha1_base64="wZ++u6Nl9XFKwwbp2QgtXFs6oWE="></latexit>

b�ij = b✓i � b✓j , bYij =  (b�ij), 8(i, j) 2 E ,

• Single regression: Observe 
<latexit sha1_base64="YjNR4xhQs0YveTJIXxAsE/N69U8=">AAACDnicdZDLSgMxFIYz9VbrrerSTbAIFUpJa6ntRgoiuKxgL9IZhkyatrGZzJBkhDL0Cdz4Km5cKOLWtTvfxvQGKvpD4OM/55Bzfi/kTGmEPq3E0vLK6lpyPbWxubW9k97da6ogkoQ2SMAD2fawopwJ2tBMc9oOJcW+x2nLG55P6q07KhULxLUehdTxcV+wHiNYG8tNH924MXPRrYvGOZg1lDN4DG0moO1jPSCYxxdjN51BeVStoJMqnEGpuAAEC3k0VQbMVXfTH3Y3IJFPhSYcK9UpoFA7MZaaEU7HKTtSNMRkiPu0Y1Bgnyonnp4zhkfG6cJeIM0TGk7d7xMx9pUa+Z7pnKyoftcm5l+1TqR7FSdmIow0FWT2US/iUAdwkg3sMkmJ5iMDmEhmdoVkgCUm2iSYMiEsLoX/Q7OYL5Tz5atSpnY2jyMJDsAhyIICOAU1cAnqoAEIuAeP4Bm8WA/Wk/Vqvc1aE9Z8Zh/8kPX+BbQXmq4=</latexit>

Yi0j0 , (i0, j0) 2 E

<latexit sha1_base64="FtetseRJAsIW4fyZHyYdLvBMbgY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFYwX5AG8pmu2mXbjZxdyKU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpW6vRwxJH2vX654lbdOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fze6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMnueDITmDOXEEsq0sLcSNqKaMrQRlWwI3vLLq6R1UfVq1dr9ZaV+k8dRhBM4hXPw4ArqcAcNaAIDCc/wCm/Oo/PivDsfi9aCk88cwx84nz/OkY/P</latexit>

✓1

<latexit sha1_base64="Db2Q37oo1nmeVJbCytAkv0u0BO0=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KkmRKp4KXjxWsB/QhrLZTtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8Sp5tDksYx1J2AGpFDQRIESOokGFgUS2sH4dua3n0AbEasHnCTgR2yoRCg4Qyt1ejgCZP1qv1R2K+4cdJV4OSmTHI1+6as3iHkagUIumTFdz03Qz5hGwSVMi73UQML4mA2ha6liERg/m987pedWGdAw1rYU0rn6eyJjkTGTKLCdEcORWfZm4n9eN8Xw2s+ESlIExReLwlRSjOnseToQGjjKiSWMa2FvpXzENONoIyraELzll1dJq1rxapXa/WW5fpPHUSCn5IxcEI9ckTq5Iw3SJJxI8kxeyZvz6Lw4787HonXNyWdOyB84nz/QFY/Q</latexit>

✓2

<latexit sha1_base64="/QG6uhK8fuZ0SEQ2ykZFB+OK3K4=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolKFU8FLx4r2A9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqAccJ9yM6UCIUjKKV2l0ccqS9i16p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezeyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMn2e9IXmDOXYEsq0sLcSNqSaMrQRFW0I3uLLy6R5XvGqler9Zbl2k8dRgGM4gTPw4ApqcAd1aAADCc/wCm/Oo/PivDsf89YVJ585gj9wPn8A0ZmP0Q==</latexit>

✓3

<latexit sha1_base64="QNVwv7OX/bYmWYlLRAu7Ft0Na/E=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEqngqePFYwX5AG8pmO2mXbjZxdyKU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzaHJYxnrTsAMSKGgiQIldBINLAoktIPx7cxvP4E2IlYPOEnAj9hQiVBwhlbq9HAEyPqX/XLFrbpz0FXi5aRCcjT65a/eIOZpBAq5ZMZ0PTdBP2MaBZcwLfVSAwnjYzaErqWKRWD8bH7vlJ5ZZUDDWNtSSOfq74mMRcZMosB2RgxHZtmbif953RTDaz8TKkkRFF8sClNJMaaz5+lAaOAoJ5YwroW9lfIR04yjjahkQ/CWX14lrYuqV6vW7i8r9Zs8jiI5IafknHjkitTJHWmQJuFEkmfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A0x2P0g==</latexit>

✓4
<latexit sha1_base64="Y77KhBhbNOkCNrg3YrU3eRXhAZw=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KoloFU8FLx4r2A9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqAccJ9yM6UCIUjKKV2l0ccqS9y16p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezeyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMn2e9IXmDOXYEsq0sLcSNqSaMrQRFW0I3uLLy6R5XvGqler9Rbl2k8dRgGM4gTPw4ApqcAd1aAADCc/wCm/Oo/PivDsf89YVJ585gj9wPn8A1KGP0w==</latexit>

✓5

<latexit sha1_base64="HmD6DtSTX6PhOqc6anpQQAGaG3I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0wPtuv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwD21Y2b</latexit>

i0
<latexit sha1_base64="Nnk19uiQ7QzV0IFax1etlHvvk0I=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM12067dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rHn9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AH4W42c</latexit>

j0

Fisher information

Residual/Score
<latexit sha1_base64="Lj92wYhXZlUoBuXlBVL/FfIopgU="></latexit>

b�d
i0j0 = b�i0j0 � I�1

i0j0
(bYi0j0 � Yi0j0)

<latexit sha1_base64="FWouhaVnmSU0rdcUrjxpVvk4nlA="></latexit>

x x�
�
r2`(x)

��1r`(x)vs
(Newton’s method)(DML, Weighted 

residuals, One-step, …)

• Which path/path Fisher will choose? 

<latexit sha1_base64="47Lk2jEPHjvPnnNk0ZEG5BKpvNQ=">AAACEnicbVDLTgIxFO3gC/GFunTTCCaQEDLDAl0ZEjcuMZFHwpBJpxQotJ1J2zEhE77Bjb/ixoXGuHXlzr+xA7NQ8CRNT865N/fe44eMKm3b31ZmY3Nreye7m9vbPzg8yh+ftFUQSUxaOGCB7PpIEUYFaWmqGemGkiDuM9LxpzeJ33kgUtFA3OtZSPocjQQdUoy0kbx8ueiqiHtxiVYmZehSAV2O9FjyuGm+eYl6dmXi2eV50csX7Kq9AFwnTkoKIEXTy3+5gwBHnAiNGVKq59ih7sdIaooZmefcSJEQ4SkakZ6hAnGi+vHipDm8MMoADgNpntBwof7uiBFXasZ9U5nsq1a9RPzP60V6eNWPqQgjTQReDhpGDOoAJvnAAZUEazYzBGFJza4Qj5FEWJsUcyYEZ/XkddKuVZ16tX5XKzSu0ziy4AycgxJwwCVogFvQBC2AwSN4Bq/gzXqyXqx362NZmrHSnlPwB9bnD6v4nDU=</latexit>P
(i,j)2Path(i0,j0)

<latexit sha1_base64="vk5E5RW0pbEWXr5p37YtF3u3cUM=">AAACKHicbZDJSgNBEIZ74h63qEcvjYmgh4SZHNSTCnrQm4JJlCSGnk4ladOz0F2jhGEex4uv4kVEkVx9EjsbuBU0fPx/FdX1u6EUGm27b6Wmpmdm5+YX0otLyyurmbX1sg4ixaHEAxmoa5dpkMKHEgqUcB0qYJ4roeJ2TwZ+5R6UFoF/hb0Q6h5r+6IlOEMjNTJHudqDaEKHYVw7BYksacTiLqF5ej6E2zjvJDuTHnozcUewm2tksnbBHhb9C84YsmRcF43Ma60Z8MgDH7lkWlcdO8R6zBQKLiFJ1yINIeNd1oaqQZ95oOvx8NCEbhulSVuBMs9HOlS/T8TM07rnuabTY9jRv72B+J9XjbB1UI+FH0YIPh8takWSYkAHqdGmUMBR9gwwroT5K+UdphhHk23ahOD8PvkvlIsFZ6+wd1nMHh+O45gnm2SL7BCH7JNjckYuSIlw8kieyRt5t56sF+vD6o9aU9Z4ZoP8KOvzC+B9pdI=</latexit>

b�ij � I�1
ij (bYij � Yij)

<latexit sha1_base64="vk5E5RW0pbEWXr5p37YtF3u3cUM=">AAACKHicbZDJSgNBEIZ74h63qEcvjYmgh4SZHNSTCnrQm4JJlCSGnk4ladOz0F2jhGEex4uv4kVEkVx9EjsbuBU0fPx/FdX1u6EUGm27b6Wmpmdm5+YX0otLyyurmbX1sg4ixaHEAxmoa5dpkMKHEgqUcB0qYJ4roeJ2TwZ+5R6UFoF/hb0Q6h5r+6IlOEMjNTJHudqDaEKHYVw7BYksacTiLqF5ej6E2zjvJDuTHnozcUewm2tksnbBHhb9C84YsmRcF43Ma60Z8MgDH7lkWlcdO8R6zBQKLiFJ1yINIeNd1oaqQZ95oOvx8NCEbhulSVuBMs9HOlS/T8TM07rnuabTY9jRv72B+J9XjbB1UI+FH0YIPh8takWSYkAHqdGmUMBR9gwwroT5K+UdphhHk23ahOD8PvkvlIsFZ6+wd1nMHh+O45gnm2SL7BCH7JNjckYuSIlw8kieyRt5t56sF+vD6o9aU9Z4ZoP8KOvzC+B9pdI=</latexit>

b�ij � I�1
ij (bYij � Yij)

<latexit sha1_base64="cPOMc5dlAM9nI3oog50fXxN2Zy0="></latexit>

b�d
i0j0 = b�i0j0 �

P
(i,j)2Path(i0,j0)

I�1
ij (bYij � Yij)



• Preference inference: Miss
<latexit sha1_base64="YjNR4xhQs0YveTJIXxAsE/N69U8=">AAACDnicdZDLSgMxFIYz9VbrrerSTbAIFUpJa6ntRgoiuKxgL9IZhkyatrGZzJBkhDL0Cdz4Km5cKOLWtTvfxvQGKvpD4OM/55Bzfi/kTGmEPq3E0vLK6lpyPbWxubW9k97da6ogkoQ2SMAD2fawopwJ2tBMc9oOJcW+x2nLG55P6q07KhULxLUehdTxcV+wHiNYG8tNH924MXPRrYvGOZg1lDN4DG0moO1jPSCYxxdjN51BeVStoJMqnEGpuAAEC3k0VQbMVXfTH3Y3IJFPhSYcK9UpoFA7MZaaEU7HKTtSNMRkiPu0Y1Bgnyonnp4zhkfG6cJeIM0TGk7d7xMx9pUa+Z7pnKyoftcm5l+1TqR7FSdmIow0FWT2US/iUAdwkg3sMkmJ5iMDmEhmdoVkgCUm2iSYMiEsLoX/Q7OYL5Tz5atSpnY2jyMJDsAhyIICOAU1cAnqoAEIuAeP4Bm8WA/Wk/Vqvc1aE9Z8Zh/8kPX+BbQXmq4=</latexit>

Yi0j0 , (i0, j0) 2 E
<latexit sha1_base64="cPOMc5dlAM9nI3oog50fXxN2Zy0="></latexit>

b�d
i0j0 = b�i0j0 �

P
(i,j)2Path(i0,j0)

I�1
ij (bYij � Yij)

• Which path/path Fisher will choose? 

<latexit sha1_base64="FtetseRJAsIW4fyZHyYdLvBMbgY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFYwX5AG8pmu2mXbjZxdyKU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpW6vRwxJH2vX654lbdOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fze6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMnueDITmDOXEEsq0sLcSNqKaMrQRlWwI3vLLq6R1UfVq1dr9ZaV+k8dRhBM4hXPw4ArqcAcNaAIDCc/wCm/Oo/PivDsfi9aCk88cwx84nz/OkY/P</latexit>

✓1

<latexit sha1_base64="Db2Q37oo1nmeVJbCytAkv0u0BO0=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KkmRKp4KXjxWsB/QhrLZTtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8Sp5tDksYx1J2AGpFDQRIESOokGFgUS2sH4dua3n0AbEasHnCTgR2yoRCg4Qyt1ejgCZP1qv1R2K+4cdJV4OSmTHI1+6as3iHkagUIumTFdz03Qz5hGwSVMi73UQML4mA2ha6liERg/m987pedWGdAw1rYU0rn6eyJjkTGTKLCdEcORWfZm4n9eN8Xw2s+ESlIExReLwlRSjOnseToQGjjKiSWMa2FvpXzENONoIyraELzll1dJq1rxapXa/WW5fpPHUSCn5IxcEI9ckTq5Iw3SJJxI8kxeyZvz6Lw4787HonXNyWdOyB84nz/QFY/Q</latexit>

✓2

<latexit sha1_base64="/QG6uhK8fuZ0SEQ2ykZFB+OK3K4=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolKFU8FLx4r2A9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqAccJ9yM6UCIUjKKV2l0ccqS9i16p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezeyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMn2e9IXmDOXYEsq0sLcSNqSaMrQRFW0I3uLLy6R5XvGqler9Zbl2k8dRgGM4gTPw4ApqcAd1aAADCc/wCm/Oo/PivDsf89YVJ585gj9wPn8A0ZmP0Q==</latexit>

✓3

<latexit sha1_base64="QNVwv7OX/bYmWYlLRAu7Ft0Na/E=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEqngqePFYwX5AG8pmO2mXbjZxdyKU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzaHJYxnrTsAMSKGgiQIldBINLAoktIPx7cxvP4E2IlYPOEnAj9hQiVBwhlbq9HAEyPqX/XLFrbpz0FXi5aRCcjT65a/eIOZpBAq5ZMZ0PTdBP2MaBZcwLfVSAwnjYzaErqWKRWD8bH7vlJ5ZZUDDWNtSSOfq74mMRcZMosB2RgxHZtmbif953RTDaz8TKkkRFF8sClNJMaaz5+lAaOAoJ5YwroW9lfIR04yjjahkQ/CWX14lrYuqV6vW7i8r9Zs8jiI5IafknHjkitTJHWmQJuFEkmfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A0x2P0g==</latexit>

✓4
<latexit sha1_base64="Y77KhBhbNOkCNrg3YrU3eRXhAZw=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KoloFU8FLx4r2A9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqAccJ9yM6UCIUjKKV2l0ccqS9y16p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezeyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMn2e9IXmDOXYEsq0sLcSNqSaMrQRFW0I3uLLy6R5XvGqler9Rbl2k8dRgGM4gTPw4ApqcAd1aAADCc/wCm/Oo/PivDsf89YVJ585gj9wPn8A1KGP0w==</latexit>

✓5

<latexit sha1_base64="HmD6DtSTX6PhOqc6anpQQAGaG3I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0wPtuv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwD21Y2b</latexit>

i0
<latexit sha1_base64="Nnk19uiQ7QzV0IFax1etlHvvk0I=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM12067dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rHn9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AH4W42c</latexit>

j0

<latexit sha1_base64="1Fx7FkgnnmG5IcUThW3qAHwB4kk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUj1JwYveKtgPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJjeZ33miSjMpHsw0pn6ER4KFjGBjpfbdIPVqs0G54lbdOdAq8XJSgRzNQfmrP5QkiagwhGOte54bGz/FyjDC6azUTzSNMZngEe1ZKnBEtZ/Or52hM6sMUSiVLWHQXP09keJI62kU2M4Im7Fe9jLxP6+XmPDKT5mIE0MFWSwKE46MRNnraMgUJYZPLcFEMXsrImOsMDE2oJINwVt+eZW0a1WvXq3fX1Qa13kcRTiBUzgHDy6hAbfQhBYQeIRneIU3RzovzrvzsWgtOPnMMfyB8/kD/OaOwA==</latexit>

I12 <latexit sha1_base64="KGnQgqAsmiiS1BgIpgecpQct5fs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtpXqSghe9VbAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxjczv/1ElWZSPJhJTP0IDwULGcHGSq27flq5mPaLJbfszoFWiZeREmRo9ItfvYEkSUSFIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUoEjqv10fu0UnVllgEKpbAmD5urviRRHWk+iwHZG2Iz0sjcT//O6iQmv/JSJODFUkMWiMOHISDR7HQ2YosTwiSWYKGZvRWSEFSbGBlSwIXjLL6+SVqXs1cq1+2qpfp3FkYcTOIVz8OAS6nALDWgCgUd4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/AACOwg==</latexit>

I23

<latexit sha1_base64="Eukpe0qOIWezO8uQ06Z38gWrzV8=">AAAB7XicbVBNSwMxEJ2tX7V+tOrRS7AInsqulupJCl70VsF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39YungsKVloghtEsml6gRYU84EbRpmOO3EiuIo4LQdjG9mfvuJKs2keDCTmPoRHgoWMoKNlVp3/fSiOu2Xym7FnQOtEi8jZcjQ6Je+egNJkogKQzjWuuu5sfFTrAwjnE4LvUTTGJMxHtKupQJHVPvp/NopOrXKAIVS2RIGzdXfEymOtJ5Ege2MsBnpZW8m/ud1ExNe+SkTcWKoIItFYcKRkWj2OhowRYnhE0swUczeisgIK0yMDahgQ/CWX14lrfOKV6vU7qvl+nUWRx6O4QTOwINLqMMtNKAJBB7hGV7hzZHOi/PufCxac042cwR/4Hz+AAMLjsQ=</latexit>

I34

<latexit sha1_base64="Q8jL3ryrHubugkJjIUMQl18YIzM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVtnqSghe9VbAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxjczv/1ElWZSPJhJTP0IDwULGcHGSq27flqpTvvFklt250CrxMtICTI0+sWv3kCSJKLCEI617npubPwUK8MIp9NCL9E0xmSMh7RrqcAR1X46v3aKzqwyQKFUtoRBc/X3RIojrSdRYDsjbEZ62ZuJ/3ndxIRXfspEnBgqyGJRmHBkJJq9jgZMUWL4xBJMFLO3IjLCChNjAyrYELzll1dJ66Ls1cq1+0qpfp3FkYcTOIVz8OAS6nALDWgCgUd4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/BhaOxg==</latexit>

I45

<latexit sha1_base64="638bvg0ly9fpUObmkWUXO93+Kos=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVrZ6k4EVvFewHtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmG33oK0PBh7vzTAzL4g508Z1v53Cyura+kZxs7S1vbO7V94/aGmZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H45vMbz9RpZkUD2YSUz/CQ8FCRrCxUuuun15403654lbdGdAy8XJSgRyNfvmrN5AkiagwhGOtu54bGz/FyjDC6bTUSzSNMRnjIe1aKnBEtZ/Orp2iE6sMUCiVLWHQTP09keJI60kU2M4Im5Fe9DLxP6+bmPDKT5mIE0MFmS8KE46MRNnraMAUJYZPLMFEMXsrIiOsMDE2oJINwVt8eZm0zqperVq7P6/Ur/M4inAEx3AKHlxCHW6hAU0g8AjP8ApvjnRenHfnY95acPKZQ/gD5/MHAYiOww==</latexit>

I51

Preference Inference
Given plug-in’s

<latexit sha1_base64="wZ++u6Nl9XFKwwbp2QgtXFs6oWE="></latexit>

b�ij = b✓i � b✓j , bYij =  (b�ij), 8(i, j) 2 E ,

<latexit sha1_base64="Lj92wYhXZlUoBuXlBVL/FfIopgU="></latexit>

b�d
i0j0 = b�i0j0 � I�1

i0j0
(bYi0j0 � Yi0j0)

<latexit sha1_base64="FWouhaVnmSU0rdcUrjxpVvk4nlA="></latexit>

x x�
�
r2`(x)

��1r`(x)vs

Fisher information

Residual/Score

(Newton’s method)(DML, Weighted 
residuals, One-step, DR…)

Idea: Think like drunk Fisher!

• Single regression: Observe 
<latexit sha1_base64="YjNR4xhQs0YveTJIXxAsE/N69U8=">AAACDnicdZDLSgMxFIYz9VbrrerSTbAIFUpJa6ntRgoiuKxgL9IZhkyatrGZzJBkhDL0Cdz4Km5cKOLWtTvfxvQGKvpD4OM/55Bzfi/kTGmEPq3E0vLK6lpyPbWxubW9k97da6ogkoQ2SMAD2fawopwJ2tBMc9oOJcW+x2nLG55P6q07KhULxLUehdTxcV+wHiNYG8tNH924MXPRrYvGOZg1lDN4DG0moO1jPSCYxxdjN51BeVStoJMqnEGpuAAEC3k0VQbMVXfTH3Y3IJFPhSYcK9UpoFA7MZaaEU7HKTtSNMRkiPu0Y1Bgnyonnp4zhkfG6cJeIM0TGk7d7xMx9pUa+Z7pnKyoftcm5l+1TqR7FSdmIow0FWT2US/iUAdwkg3sMkmJ5iMDmEhmdoVkgCUm2iSYMiEsLoX/Q7OYL5Tz5atSpnY2jyMJDsAhyIICOAU1cAnqoAEIuAeP4Bm8WA/Wk/Vqvc1aE9Z8Zh/8kPX+BbQXmq4=</latexit>

Yi0j0 , (i0, j0) 2 E

<latexit sha1_base64="FtetseRJAsIW4fyZHyYdLvBMbgY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFYwX5AG8pmu2mXbjZxdyKU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpW6vRwxJH2vX654lbdOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fze6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMnueDITmDOXEEsq0sLcSNqKaMrQRlWwI3vLLq6R1UfVq1dr9ZaV+k8dRhBM4hXPw4ArqcAcNaAIDCc/wCm/Oo/PivDsfi9aCk88cwx84nz/OkY/P</latexit>

✓1

<latexit sha1_base64="Db2Q37oo1nmeVJbCytAkv0u0BO0=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KkmRKp4KXjxWsB/QhrLZTtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8Sp5tDksYx1J2AGpFDQRIESOokGFgUS2sH4dua3n0AbEasHnCTgR2yoRCg4Qyt1ejgCZP1qv1R2K+4cdJV4OSmTHI1+6as3iHkagUIumTFdz03Qz5hGwSVMi73UQML4mA2ha6liERg/m987pedWGdAw1rYU0rn6eyJjkTGTKLCdEcORWfZm4n9eN8Xw2s+ESlIExReLwlRSjOnseToQGjjKiSWMa2FvpXzENONoIyraELzll1dJq1rxapXa/WW5fpPHUSCn5IxcEI9ckTq5Iw3SJJxI8kxeyZvz6Lw4787HonXNyWdOyB84nz/QFY/Q</latexit>

✓2

<latexit sha1_base64="/QG6uhK8fuZ0SEQ2ykZFB+OK3K4=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolKFU8FLx4r2A9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqAccJ9yM6UCIUjKKV2l0ccqS9i16p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezeyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMn2e9IXmDOXYEsq0sLcSNqSaMrQRFW0I3uLLy6R5XvGqler9Zbl2k8dRgGM4gTPw4ApqcAd1aAADCc/wCm/Oo/PivDsf89YVJ585gj9wPn8A0ZmP0Q==</latexit>

✓3

<latexit sha1_base64="QNVwv7OX/bYmWYlLRAu7Ft0Na/E=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEqngqePFYwX5AG8pmO2mXbjZxdyKU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzaHJYxnrTsAMSKGgiQIldBINLAoktIPx7cxvP4E2IlYPOEnAj9hQiVBwhlbq9HAEyPqX/XLFrbpz0FXi5aRCcjT65a/eIOZpBAq5ZMZ0PTdBP2MaBZcwLfVSAwnjYzaErqWKRWD8bH7vlJ5ZZUDDWNtSSOfq74mMRcZMosB2RgxHZtmbif953RTDaz8TKkkRFF8sClNJMaaz5+lAaOAoJ5YwroW9lfIR04yjjahkQ/CWX14lrYuqV6vW7i8r9Zs8jiI5IafknHjkitTJHWmQJuFEkmfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A0x2P0g==</latexit>

✓4
<latexit sha1_base64="Y77KhBhbNOkCNrg3YrU3eRXhAZw=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KoloFU8FLx4r2A9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqAccJ9yM6UCIUjKKV2l0ccqS9y16p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezeyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMn2e9IXmDOXYEsq0sLcSNqSaMrQRFW0I3uLLy6R5XvGqler9Rbl2k8dRgGM4gTPw4ApqcAd1aAADCc/wCm/Oo/PivDsf89YVJ585gj9wPn8A1KGP0w==</latexit>

✓5

<latexit sha1_base64="HmD6DtSTX6PhOqc6anpQQAGaG3I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0wPtuv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwD21Y2b</latexit>

i0
<latexit sha1_base64="Nnk19uiQ7QzV0IFax1etlHvvk0I=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM12067dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rHn9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AH4W42c</latexit>

j0



Preference Inference
<latexit sha1_base64="wZ++u6Nl9XFKwwbp2QgtXFs6oWE="></latexit>

b�ij = b✓i � b✓j , bYij =  (b�ij), 8(i, j) 2 E ,

Idea: Think like drunk Fisher!

<latexit sha1_base64="FtetseRJAsIW4fyZHyYdLvBMbgY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFYwX5AG8pmu2mXbjZxdyKU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpW6vRwxJH2vX654lbdOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fze6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMnueDITmDOXEEsq0sLcSNqKaMrQRlWwI3vLLq6R1UfVq1dr9ZaV+k8dRhBM4hXPw4ArqcAcNaAIDCc/wCm/Oo/PivDsfi9aCk88cwx84nz/OkY/P</latexit>

✓1

<latexit sha1_base64="Db2Q37oo1nmeVJbCytAkv0u0BO0=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KkmRKp4KXjxWsB/QhrLZTtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8Sp5tDksYx1J2AGpFDQRIESOokGFgUS2sH4dua3n0AbEasHnCTgR2yoRCg4Qyt1ejgCZP1qv1R2K+4cdJV4OSmTHI1+6as3iHkagUIumTFdz03Qz5hGwSVMi73UQML4mA2ha6liERg/m987pedWGdAw1rYU0rn6eyJjkTGTKLCdEcORWfZm4n9eN8Xw2s+ESlIExReLwlRSjOnseToQGjjKiSWMa2FvpXzENONoIyraELzll1dJq1rxapXa/WW5fpPHUSCn5IxcEI9ckTq5Iw3SJJxI8kxeyZvz6Lw4787HonXNyWdOyB84nz/QFY/Q</latexit>

✓2

<latexit sha1_base64="/QG6uhK8fuZ0SEQ2ykZFB+OK3K4=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolKFU8FLx4r2A9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqAccJ9yM6UCIUjKKV2l0ccqS9i16p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezeyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMn2e9IXmDOXYEsq0sLcSNqSaMrQRFW0I3uLLy6R5XvGqler9Zbl2k8dRgGM4gTPw4ApqcAd1aAADCc/wCm/Oo/PivDsf89YVJ585gj9wPn8A0ZmP0Q==</latexit>

✓3

<latexit sha1_base64="QNVwv7OX/bYmWYlLRAu7Ft0Na/E=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEqngqePFYwX5AG8pmO2mXbjZxdyKU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzaHJYxnrTsAMSKGgiQIldBINLAoktIPx7cxvP4E2IlYPOEnAj9hQiVBwhlbq9HAEyPqX/XLFrbpz0FXi5aRCcjT65a/eIOZpBAq5ZMZ0PTdBP2MaBZcwLfVSAwnjYzaErqWKRWD8bH7vlJ5ZZUDDWNtSSOfq74mMRcZMosB2RgxHZtmbif953RTDaz8TKkkRFF8sClNJMaaz5+lAaOAoJ5YwroW9lfIR04yjjahkQ/CWX14lrYuqV6vW7i8r9Zs8jiI5IafknHjkitTJHWmQJuFEkmfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A0x2P0g==</latexit>

✓4
<latexit sha1_base64="Y77KhBhbNOkCNrg3YrU3eRXhAZw=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KoloFU8FLx4r2A9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqAccJ9yM6UCIUjKKV2l0ccqS9y16p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezeyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMn2e9IXmDOXYEsq0sLcSNqSaMrQRFW0I3uLLy6R5XvGqler9Rbl2k8dRgGM4gTPw4ApqcAd1aAADCc/wCm/Oo/PivDsf89YVJ585gj9wPn8A1KGP0w==</latexit>

✓5

<latexit sha1_base64="HmD6DtSTX6PhOqc6anpQQAGaG3I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0wPtuv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwD21Y2b</latexit>

i0
<latexit sha1_base64="Nnk19uiQ7QzV0IFax1etlHvvk0I=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM12067dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rHn9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AH4W42c</latexit>

j0

<latexit sha1_base64="1Fx7FkgnnmG5IcUThW3qAHwB4kk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUj1JwYveKtgPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJjeZ33miSjMpHsw0pn6ER4KFjGBjpfbdIPVqs0G54lbdOdAq8XJSgRzNQfmrP5QkiagwhGOte54bGz/FyjDC6azUTzSNMZngEe1ZKnBEtZ/Or52hM6sMUSiVLWHQXP09keJI62kU2M4Im7Fe9jLxP6+XmPDKT5mIE0MFWSwKE46MRNnraMgUJYZPLcFEMXsrImOsMDE2oJINwVt+eZW0a1WvXq3fX1Qa13kcRTiBUzgHDy6hAbfQhBYQeIRneIU3RzovzrvzsWgtOPnMMfyB8/kD/OaOwA==</latexit>

I12 <latexit sha1_base64="KGnQgqAsmiiS1BgIpgecpQct5fs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtpXqSghe9VbAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxjczv/1ElWZSPJhJTP0IDwULGcHGSq27flq5mPaLJbfszoFWiZeREmRo9ItfvYEkSUSFIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUoEjqv10fu0UnVllgEKpbAmD5urviRRHWk+iwHZG2Iz0sjcT//O6iQmv/JSJODFUkMWiMOHISDR7HQ2YosTwiSWYKGZvRWSEFSbGBlSwIXjLL6+SVqXs1cq1+2qpfp3FkYcTOIVz8OAS6nALDWgCgUd4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/AACOwg==</latexit>

I23

<latexit sha1_base64="Eukpe0qOIWezO8uQ06Z38gWrzV8=">AAAB7XicbVBNSwMxEJ2tX7V+tOrRS7AInsqulupJCl70VsF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39YungsKVloghtEsml6gRYU84EbRpmOO3EiuIo4LQdjG9mfvuJKs2keDCTmPoRHgoWMoKNlVp3/fSiOu2Xym7FnQOtEi8jZcjQ6Je+egNJkogKQzjWuuu5sfFTrAwjnE4LvUTTGJMxHtKupQJHVPvp/NopOrXKAIVS2RIGzdXfEymOtJ5Ege2MsBnpZW8m/ud1ExNe+SkTcWKoIItFYcKRkWj2OhowRYnhE0swUczeisgIK0yMDahgQ/CWX14lrfOKV6vU7qvl+nUWRx6O4QTOwINLqMMtNKAJBB7hGV7hzZHOi/PufCxac042cwR/4Hz+AAMLjsQ=</latexit>

I34

<latexit sha1_base64="Q8jL3ryrHubugkJjIUMQl18YIzM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVtnqSghe9VbAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxjczv/1ElWZSPJhJTP0IDwULGcHGSq27flqpTvvFklt250CrxMtICTI0+sWv3kCSJKLCEI617npubPwUK8MIp9NCL9E0xmSMh7RrqcAR1X46v3aKzqwyQKFUtoRBc/X3RIojrSdRYDsjbEZ62ZuJ/3ndxIRXfspEnBgqyGJRmHBkJJq9jgZMUWL4xBJMFLO3IjLCChNjAyrYELzll1dJ66Ls1cq1+0qpfp3FkYcTOIVz8OAS6nALDWgCgUd4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/BhaOxg==</latexit>

I45

<latexit sha1_base64="638bvg0ly9fpUObmkWUXO93+Kos=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVrZ6k4EVvFewHtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmG33oK0PBh7vzTAzL4g508Z1v53Cyura+kZxs7S1vbO7V94/aGmZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H45vMbz9RpZkUD2YSUz/CQ8FCRrCxUuuun15403654lbdGdAy8XJSgRyNfvmrN5AkiagwhGOtu54bGz/FyjDC6bTUSzSNMRnjIe1aKnBEtZ/Orp2iE6sMUCiVLWHQTP09keJI60kU2M4Im5Fe9DLxP6+bmPDKT5mIE0MFmS8KE46MRNnraMAUJYZPLMFEMXsrIiOsMDE2oJINwVt8eZm0zqperVq7P6/Ur/M4inAEx3AKHlxCHW6hAU0g8AjP8ApvjnRenHfnY95acPKZQ/gD5/MHAYiOww==</latexit>

I51

Fisher random walk: <latexit sha1_base64="FHi7QjVaEWU7uucecXUBWr35DhM=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvgqsyIVHFVcKO7CvYB7TBk0kwbm0lCkhHKUPBX3LhQxK3f4c6/MZ3OQlsPBE7OuZd774kko9p43reztLyyurZe2ihvbm3v7Lp7+y0tUoVJEwsmVCdCmjDKSdNQw0hHKoKSiJF2NLqe+u1HojQV/N6MJQkSNOA0phgZK4XuYSPMHkYT2JNKSCPgbf4N3YpX9XLAReIXpAIKNEL3q9cXOE0IN5ghrbu+J02QIWUoZmRS7qWaSIRHaEC6lnKUEB1k+foTeGKVPoyFso8bmKu/OzKUaD1OIluZIDPU895U/M/rpia+DDLKZWoIx7NBccqgvXOaBexTRbBhY0sQVtTuCvEQKYSNTaxsQ/DnT14krbOqX6vW7s4r9asijhI4AsfgFPjgAtTBDWiAJsAgA8/gFbw5T86L8+58zEqXnKLnAPyB8/kDSUyVsQ==</latexit>

Pjk / Ijk

„ ƒ‚ …

<latexit sha1_base64="ruNU44fLSFqKIEdhsOeox8fsggA="></latexit>

b�d
i0j0 = b�i0j0 � E[

P
(i,j)2R(i0!j0)

I�1
ij (bYij � Yij)]

Random path from     hitting
<latexit sha1_base64="nto+2w/FX77Kl4hH1jafD3/pZvg=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtDIkNpaYeEgCF7K37MGGvb3L7pwJIfwGGwuNsfUH2flvXOAKBV8yyct7M5mZF6ZSGHTdb6ewsbm1vVPcLe3tHxwelY9P2ibJNOM+S2SiOyE1XArFfRQoeSfVnMah5I/h+HbuPz5xbUSiHnCS8iCmQyUiwShaya+KvlvtlytuzV2ArBMvJxXI0eqXv3qDhGUxV8gkNabruSkGU6pRMMlnpV5meErZmA5511JFY26C6eLYGbmwyoBEibalkCzU3xNTGhsziUPbGVMcmVVvLv7ndTOMroOpUGmGXLHloiiTBBMy/5wMhOYM5cQSyrSwtxI2opoytPmUbAje6svrpF2veY1a475ead7kcRThDM7hEjy4gibcQQt8YCDgGV7hzVHOi/PufCxbC04+cwp/4Hz+AK2KjfE=</latexit>

i0
<latexit sha1_base64="k+KEXCY6a17TBY/g5TIlJ8/4uDk=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtDIkNpaYeEACF7K37MHK7t5ld8+EXPgNNhYaY+sPsvPfuMAVCr5kkpf3ZjIzL0w408Z1v53CxubW9k5xt7S3f3B4VD4+aes4VYT6JOax6oZYU84k9Q0znHYTRbEIOe2Ek9u533miSrNYPphpQgOBR5JFjGBjJb/6OHCrg3LFrbkLoHXi5aQCOVqD8ld/GJNUUGkIx1r3PDcxQYaVYYTTWamfappgMsEj2rNUYkF1kC2OnaELqwxRFCtb0qCF+nsiw0LrqQhtp8BmrFe9ufif10tNdB1kTCapoZIsF0UpRyZG88/RkClKDJ9agoli9lZExlhhYmw+JRuCt/ryOmnXa16j1rivV5o3eRxFOINzuAQPrqAJd9ACHwgweIZXeHOk8+K8Ox/L1oKTz5zCHzifP68RjfI=</latexit>

j0

Q: Expectation hard to compute.

• Preference inference: Miss
<latexit sha1_base64="YjNR4xhQs0YveTJIXxAsE/N69U8=">AAACDnicdZDLSgMxFIYz9VbrrerSTbAIFUpJa6ntRgoiuKxgL9IZhkyatrGZzJBkhDL0Cdz4Km5cKOLWtTvfxvQGKvpD4OM/55Bzfi/kTGmEPq3E0vLK6lpyPbWxubW9k97da6ogkoQ2SMAD2fawopwJ2tBMc9oOJcW+x2nLG55P6q07KhULxLUehdTxcV+wHiNYG8tNH924MXPRrYvGOZg1lDN4DG0moO1jPSCYxxdjN51BeVStoJMqnEGpuAAEC3k0VQbMVXfTH3Y3IJFPhSYcK9UpoFA7MZaaEU7HKTtSNMRkiPu0Y1Bgnyonnp4zhkfG6cJeIM0TGk7d7xMx9pUa+Z7pnKyoftcm5l+1TqR7FSdmIow0FWT2US/iUAdwkg3sMkmJ5iMDmEhmdoVkgCUm2iSYMiEsLoX/Q7OYL5Tz5atSpnY2jyMJDsAhyIICOAU1cAnqoAEIuAeP4Bm8WA/Wk/Vqvc1aE9Z8Zh/8kPX+BbQXmq4=</latexit>

Yi0j0 , (i0, j0) 2 E
<latexit sha1_base64="cPOMc5dlAM9nI3oog50fXxN2Zy0="></latexit>

b�d
i0j0 = b�i0j0 �

P
(i,j)2Path(i0,j0)

I�1
ij (bYij � Yij)

• Which path/path Fisher will choose? 

Given plug-in’s



Fisher Random Walk Debiased Estimator

<latexit sha1_base64="HmD6DtSTX6PhOqc6anpQQAGaG3I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0wPtuv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwD21Y2b</latexit>

i0
<latexit sha1_base64="Nnk19uiQ7QzV0IFax1etlHvvk0I=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM12067dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rHn9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AH4W42c</latexit>

j0

<latexit sha1_base64="1Fx7FkgnnmG5IcUThW3qAHwB4kk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUj1JwYveKtgPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJjeZ33miSjMpHsw0pn6ER4KFjGBjpfbdIPVqs0G54lbdOdAq8XJSgRzNQfmrP5QkiagwhGOte54bGz/FyjDC6azUTzSNMZngEe1ZKnBEtZ/Or52hM6sMUSiVLWHQXP09keJI62kU2M4Im7Fe9jLxP6+XmPDKT5mIE0MFWSwKE46MRNnraMgUJYZPLcFEMXsrImOsMDE2oJINwVt+eZW0a1WvXq3fX1Qa13kcRTiBUzgHDy6hAbfQhBYQeIRneIU3RzovzrvzsWgtOPnMMfyB8/kD/OaOwA==</latexit>

I12 <latexit sha1_base64="KGnQgqAsmiiS1BgIpgecpQct5fs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtpXqSghe9VbAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxjczv/1ElWZSPJhJTP0IDwULGcHGSq27flq5mPaLJbfszoFWiZeREmRo9ItfvYEkSUSFIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUoEjqv10fu0UnVllgEKpbAmD5urviRRHWk+iwHZG2Iz0sjcT//O6iQmv/JSJODFUkMWiMOHISDR7HQ2YosTwiSWYKGZvRWSEFSbGBlSwIXjLL6+SVqXs1cq1+2qpfp3FkYcTOIVz8OAS6nALDWgCgUd4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/AACOwg==</latexit>

I23

<latexit sha1_base64="Eukpe0qOIWezO8uQ06Z38gWrzV8=">AAAB7XicbVBNSwMxEJ2tX7V+tOrRS7AInsqulupJCl70VsF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39YungsKVloghtEsml6gRYU84EbRpmOO3EiuIo4LQdjG9mfvuJKs2keDCTmPoRHgoWMoKNlVp3/fSiOu2Xym7FnQOtEi8jZcjQ6Je+egNJkogKQzjWuuu5sfFTrAwjnE4LvUTTGJMxHtKupQJHVPvp/NopOrXKAIVS2RIGzdXfEymOtJ5Ege2MsBnpZW8m/ud1ExNe+SkTcWKoIItFYcKRkWj2OhowRYnhE0swUczeisgIK0yMDahgQ/CWX14lrfOKV6vU7qvl+nUWRx6O4QTOwINLqMMtNKAJBB7hGV7hzZHOi/PufCxac042cwR/4Hz+AAMLjsQ=</latexit>

I34

<latexit sha1_base64="Q8jL3ryrHubugkJjIUMQl18YIzM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVtnqSghe9VbAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxjczv/1ElWZSPJhJTP0IDwULGcHGSq27flqpTvvFklt250CrxMtICTI0+sWv3kCSJKLCEI617npubPwUK8MIp9NCL9E0xmSMh7RrqcAR1X46v3aKzqwyQKFUtoRBc/X3RIojrSdRYDsjbEZ62ZuJ/3ndxIRXfspEnBgqyGJRmHBkJJq9jgZMUWL4xBJMFLO3IjLCChNjAyrYELzll1dJ66Ls1cq1+0qpfp3FkYcTOIVz8OAS6nALDWgCgUd4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/BhaOxg==</latexit>

I45

<latexit sha1_base64="638bvg0ly9fpUObmkWUXO93+Kos=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVrZ6k4EVvFewHtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmG33oK0PBh7vzTAzL4g508Z1v53Cyura+kZxs7S1vbO7V94/aGmZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H45vMbz9RpZkUD2YSUz/CQ8FCRrCxUuuun15403654lbdGdAy8XJSgRyNfvmrN5AkiagwhGOtu54bGz/FyjDC6bTUSzSNMRnjIe1aKnBEtZ/Orp2iE6sMUCiVLWHQTP09keJI60kU2M4Im5Fe9DLxP6+bmPDKT5mIE0MFmS8KE46MRNnraMAUJYZPLMFEMXsrIiOsMDE2oJINwVt8eZm0zqperVq7P6/Ur/M4inAEx3AKHlxCHW6hAU0g8AjP8ApvjnRenHfnY95acPKZQ/gD5/MHAYiOww==</latexit>

I51

<latexit sha1_base64="vYwIFjiUOQlTF2NJ7+YbXXFetfk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD62+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6R1UfVq1dr9ZaV+k8dRhBM4hXPw4ArqcAcNaAKDITzDK7w5wnlx3p2PRWvByWeO4Q+czx/aM42F</latexit>

V1

<latexit sha1_base64="AkHdjF5vqmcrIlUFrB5BOOMKzhc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6kkKXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlh1a/2i+V3Yo7B1klXk7KkKPRL331BjFLI5SGCap113MT42dUGc4ETou9VGNC2ZgOsWuppBFqP5ufOiXnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHpFG0I3vLLq6RVrXi1Su3+sly/yeMowCmcwQV4cAV1uIMGNIHBEJ7hFd4c4bw4787HonXNyWdO4A+czx/bt42G</latexit>

V2

<latexit sha1_base64="iPmID+d6Ox1lt30l1T5s1jBxVRU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqicpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GNzO//YhK81g+mEmCfkSHkoecUWOl+1b/vF+uuFV3DvKXeDmpQI5Gv/zZG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWGVAwljZkobM1Z8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsv/yWts6pXq9buLir16zyOIhzBMZyCB5dQh1toQBMYDOEJXuDVEc6z8+a8L1oLTj5zCL/gfHwD3TuNhw==</latexit>

V3

<latexit sha1_base64="8v3JoHwRGmVetq7dHKnIXEb/bLQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD63+Zb9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5LWRdWrVWv3l5X6TR5HEU7gFM7Bgyuowx00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8A3r+NiA==</latexit>

V4
<latexit sha1_base64="qHMA+ZFeUakn2KUSk3l6kyTZR60=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqycpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GNzO//YhK81g+mEmCfkSHkoecUWOl+1b/ol+uuFV3DvKXeDmpQI5Gv/zZG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWGVAwljZkobM1Z8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsv/yWts6pXq9buziv16zyOIhzBMZyCB5dQh1toQBMYDOEJXuDVEc6z8+a8L1oLTj5zCL/gfHwD4EONiQ==</latexit>

V5

Proposition. (Potential representation) We have
<latexit sha1_base64="ruNU44fLSFqKIEdhsOeox8fsggA="></latexit>

b�d
i0j0 = b�i0j0 � E[

P
(i,j)2R(i0!j0)

I�1
ij (bYij � Yij)]

where
<latexit sha1_base64="EYahV7yb0qZGrpQrRr1z1uw6mfU="></latexit>

V = L†(ei0 � ej0),L = diag(I1)� I.

Potential Graph Laplacian Plug-in
<latexit sha1_base64="nPRFXB4ZpXuGJqf11P1nWiL352A=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgqSQi1ZMUvHisYGuhCWWzmTRLNx/sTiol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5fia4Qtv+Nipr6xubW9Xt2s7u3v6BeXjUVWkuGXRYKlLZ86kCwRPoIEcBvUwCjX0Bj/7oduY/jkEqniYPOMnAi+kw4SFnFLU0ME33iQcQUSxcjADpdGDW7YY9h7VKnJLUSYn2wPxyg5TlMSTIBFWq79gZegWVyJmAac3NFWSUjegQ+pomNAblFfPLp9aZVgIrTKWuBK25+nuioLFSk9jXnTHFSC17M/E/r59jeO0VPMlyhIQtFoW5sDC1ZjFYAZfAUEw0oUxyfavFIiopQx1WTYfgLL+8SroXDafZaN5f1ls3ZRxVckJOyTlxyBVpkTvSJh3CyJg8k1fyZhTGi/FufCxaK0Y5c0z+wPj8ASNok/4=</latexit>

b✓

Residual weights as vector field

“conservative” or 
“path independent”.

<latexit sha1_base64="3hvWpGf5XCqLsx4LXdhi2uKpD9w=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4scyIVDdKwY3LCvYB06Fk0kwbm0mG5I5Qhn6GGxeKuPVr3Pk3pu0stPVAwuGce7n3njAR3IDrfjuFldW19Y3iZmlre2d3r7x/0DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD0e3Ubz8xbbiSDzBOWBCTgeQRpwSs5F/jVo/jM/s/9soVt+rOgJeJl5MKytHolb+6fUXTmEmgghjje24CQUY0cCrYpNRNDUsIHZEB8y2VJGYmyGYrT/CJVfo4Uto+CXim/u7ISGzMOA5tZUxgaBa9qfif56cQXQUZl0kKTNL5oCgVGBSe3o/7XDMKYmwJoZrbXTEdEk0o2JRKNgRv8eRl0jqverVq7f6iUr/J4yiiI3SMTpGHLlEd3aEGaiKKFHpGr+jNAefFeXc+5qUFJ+85RH/gfP4ASO+P9g==</latexit>

= Vi � Vj

<latexit sha1_base64="jT6XgaaLw06+wsNqcNxAsf82rug="></latexit>

Wij = P((i, j) 2 R(i0 ! j0))I
�1
ij

<latexit sha1_base64="/aVW01UE+11CmxZQg7NcXdxmiX4="></latexit>

= b�i0j0 �
P

(i,j)2E(Vi � Vj)(bYij � Yij)



Proof of Potential Representation
Idea: Preference inference = Electrical network

<latexit sha1_base64="HmD6DtSTX6PhOqc6anpQQAGaG3I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0wPtuv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwD21Y2b</latexit>

i0
<latexit sha1_base64="Nnk19uiQ7QzV0IFax1etlHvvk0I=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM12067dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rHn9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AH4W42c</latexit>

j0

<latexit sha1_base64="1Fx7FkgnnmG5IcUThW3qAHwB4kk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUj1JwYveKtgPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJjeZ33miSjMpHsw0pn6ER4KFjGBjpfbdIPVqs0G54lbdOdAq8XJSgRzNQfmrP5QkiagwhGOte54bGz/FyjDC6azUTzSNMZngEe1ZKnBEtZ/Or52hM6sMUSiVLWHQXP09keJI62kU2M4Im7Fe9jLxP6+XmPDKT5mIE0MFWSwKE46MRNnraMgUJYZPLcFEMXsrImOsMDE2oJINwVt+eZW0a1WvXq3fX1Qa13kcRTiBUzgHDy6hAbfQhBYQeIRneIU3RzovzrvzsWgtOPnMMfyB8/kD/OaOwA==</latexit>

I12 <latexit sha1_base64="KGnQgqAsmiiS1BgIpgecpQct5fs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtpXqSghe9VbAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxjczv/1ElWZSPJhJTP0IDwULGcHGSq27flq5mPaLJbfszoFWiZeREmRo9ItfvYEkSUSFIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUoEjqv10fu0UnVllgEKpbAmD5urviRRHWk+iwHZG2Iz0sjcT//O6iQmv/JSJODFUkMWiMOHISDR7HQ2YosTwiSWYKGZvRWSEFSbGBlSwIXjLL6+SVqXs1cq1+2qpfp3FkYcTOIVz8OAS6nALDWgCgUd4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/AACOwg==</latexit>

I23

<latexit sha1_base64="Eukpe0qOIWezO8uQ06Z38gWrzV8=">AAAB7XicbVBNSwMxEJ2tX7V+tOrRS7AInsqulupJCl70VsF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39YungsKVloghtEsml6gRYU84EbRpmOO3EiuIo4LQdjG9mfvuJKs2keDCTmPoRHgoWMoKNlVp3/fSiOu2Xym7FnQOtEi8jZcjQ6Je+egNJkogKQzjWuuu5sfFTrAwjnE4LvUTTGJMxHtKupQJHVPvp/NopOrXKAIVS2RIGzdXfEymOtJ5Ege2MsBnpZW8m/ud1ExNe+SkTcWKoIItFYcKRkWj2OhowRYnhE0swUczeisgIK0yMDahgQ/CWX14lrfOKV6vU7qvl+nUWRx6O4QTOwINLqMMtNKAJBB7hGV7hzZHOi/PufCxac042cwR/4Hz+AAMLjsQ=</latexit>

I34

<latexit sha1_base64="Q8jL3ryrHubugkJjIUMQl18YIzM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVtnqSghe9VbAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxjczv/1ElWZSPJhJTP0IDwULGcHGSq27flqpTvvFklt250CrxMtICTI0+sWv3kCSJKLCEI617npubPwUK8MIp9NCL9E0xmSMh7RrqcAR1X46v3aKzqwyQKFUtoRBc/X3RIojrSdRYDsjbEZ62ZuJ/3ndxIRXfspEnBgqyGJRmHBkJJq9jgZMUWL4xBJMFLO3IjLCChNjAyrYELzll1dJ66Ls1cq1+0qpfp3FkYcTOIVz8OAS6nALDWgCgUd4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/BhaOxg==</latexit>

I45

<latexit sha1_base64="638bvg0ly9fpUObmkWUXO93+Kos=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVrZ6k4EVvFewHtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmG33oK0PBh7vzTAzL4g508Z1v53Cyura+kZxs7S1vbO7V94/aGmZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H45vMbz9RpZkUD2YSUz/CQ8FCRrCxUuuun15403654lbdGdAy8XJSgRyNfvmrN5AkiagwhGOtu54bGz/FyjDC6bTUSzSNMRnjIe1aKnBEtZ/Orp2iE6sMUCiVLWHQTP09keJI60kU2M4Im5Fe9DLxP6+bmPDKT5mIE0MFmS8KE46MRNnraMAUJYZPLMFEMXsrIiOsMDE2oJINwVt8eZm0zqperVq7P6/Ur/M4inAEx3AKHlxCHW6hAU0g8AjP8ApvjnRenHfnY95acPKZQ/gD5/MHAYiOww==</latexit>

I51

Resistor = (Fisher information)-1

<latexit sha1_base64="MfTRUWy1vBXXOEglaRCNIRGoLPw=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG8WHaLVE9S8KK3CvYDtmvJpmkbmk2WZFYoy/4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL4wFN+C6387K6tr6xmZhq7i9s7u3Xzo4bBmVaMqaVAmlOyExTHDJmsBBsE6sGYlCwdrh+Gbqt5+YNlzJB5jELIjIUPIBpwSs5N/1Uq+aPabnXtYrld2KOwNeJl5OyihHo1f66vYVTSImgQpijO+5MQQp0cCpYFmxmxgWEzomQ+ZbKknETJDOTs7wqVX6eKC0LQl4pv6eSElkzCQKbWdEYGQWvan4n+cnMLgKUi7jBJik80WDRGBQePo/7nPNKIiJJYRqbm/FdEQ0oWBTKtoQvMWXl0mrWvFqldr9Rbl+ncdRQMfoBJ0hD12iOrpFDdREFCn0jF7RmwPOi/PufMxbV5x85gj9gfP5A1gvkKY=</latexit>

I�1
12

<latexit sha1_base64="rbniMbc/ciYRB06/T/iNuc5TlLk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWpUj1JwYveKtgPSGPZbDft0s0m7G6EEvIzvHhQxKu/xpv/xm2bg7Y+GHi8N8PMPD/mTGnb/rYKK6tr6xvFzdLW9s7uXnn/oK2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3wz9TtPVCoWiQc9iakX4qFgASNYG8m966e18+wxPXOyfrliV+0Z0DJxclKBHM1++as3iEgSUqEJx0q5jh1rL8VSM8JpVuolisaYjPGQuoYKHFLlpbOTM3RilAEKImlKaDRTf0+kOFRqEvqmM8R6pBa9qfif5yY6uPJSJuJEU0Hmi4KEIx2h6f9owCQlmk8MwUQycysiIywx0SalkgnBWXx5mbRrVaderd9fVBrXeRxFOIJjOAUHLqEBt9CEFhCI4Ble4c3S1ov1bn3MWwtWPnMIf2B9/gBbRJCo</latexit>

I�1
23

<latexit sha1_base64="ojLiUk+G8+RyOSWE+rA7fhv1zME=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBiyXRUj1JwYveKtgPSGPZbDft0s0m7G6EEvIzvHhQxKu/xpv/xm2bg7Y+GHi8N8PMPD/mTGnb/rYKK6tr6xvFzdLW9s7uXnn/oK2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3wz9TtPVCoWiQc9iakX4qFgASNYG8m966cXtewxPXOyfrliV+0Z0DJxclKBHM1++as3iEgSUqEJx0q5jh1rL8VSM8JpVuolisaYjPGQuoYKHFLlpbOTM3RilAEKImlKaDRTf0+kOFRqEvqmM8R6pBa9qfif5yY6uPJSJuJEU0Hmi4KEIx2h6f9owCQlmk8MwUQycysiIywx0SalkgnBWXx5mbTPq069Wr+vVRrXeRxFOIJjOAUHLqEBt9CEFhCI4Ble4c3S1ov1bn3MWwtWPnMIf2B9/gBeWZCq</latexit>

I�1
34

<latexit sha1_base64="0FZr7F9UMTFKA1YteAV85F7eaW8=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgxZJIrZ6k4EVvFewHpLFstpt26WY37G6EEvIzvHhQxKu/xpv/xm2bg7Y+GHi8N8PMvCBmVGnH+bYKK6tr6xvFzdLW9s7uXnn/oK1EIjFpYcGE7AZIEUY5aWmqGenGkqAoYKQTjG+mfueJSEUFf9CTmPgRGnIaUoy0kby7flq7yB7TMzfrlytO1ZnBXiZuTiqQo9kvf/UGAicR4RozpJTnOrH2UyQ1xYxkpV6iSIzwGA2JZyhHEVF+Ojs5s0+MMrBDIU1xbc/U3xMpipSaRIHpjJAeqUVvKv7neYkOr/yU8jjRhOP5ojBhthb29H97QCXBmk0MQVhSc6uNR0girE1KJROCu/jyMmmfV916tX5fqzSu8ziKcATHcAouXEIDbqEJLcAg4Ble4c3S1ov1bn3MWwtWPnMIf2B9/gBhbpCs</latexit>

I�1
45

<latexit sha1_base64="oF5p+z1pDyex7ddFd9cZOHaJKUk=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBC8GHZFoycJeNFbBPOAzRpmJ7PJkNmZZaZXCMt+hhcPinj1a7z5N04eB00saCiquunuChPBDbjut7O0vLK6tl7YKG5ube/slvb2m0almrIGVULpdkgME1yyBnAQrJ1oRuJQsFY4vBn7rSemDVfyAUYJC2LSlzzilICV/LtuduHlj9mpl3dLZbfiToAXiTcjZTRDvVv66vQUTWMmgQpijO+5CQQZ0cCpYHmxkxqWEDokfeZbKknMTJBNTs7xsVV6OFLalgQ8UX9PZCQ2ZhSHtjMmMDDz3lj8z/NTiK6CjMskBSbpdFGUCgwKj//HPa4ZBTGyhFDN7a2YDogmFGxKRRuCN//yImmeVbxqpXp/Xq5dz+IooEN0hE6Qhy5RDd2iOmogihR6Rq/ozQHnxXl3PqatS85s5gD9gfP5A1zRkKk=</latexit>

I�1
51

<latexit sha1_base64="g9CaUANnXyxqQpNl9eR47SddQBA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWehB9t1+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVL1atXZ/Wanf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8wf1oY2X</latexit>

i0
<latexit sha1_base64="C10VvbFr75kF9Ctt/7EIfKxgRc4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SQFLx4r2g9oQ9lsN+3azSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91hPXRsTqAccJ9yM6UCIUjKKV7h97bq9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZqRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0ijYEb/HlZdI8r3jVSvXuoly7zuMowDGcwBl4cAk1uIU6NIDBAJ7hFd4c6bw4787HvHXFyWeO4A+czx/3J42Y</latexit>

j0

Microscope: Electron random walk

Electric current <latexit sha1_base64="0Ae5lHPV1kdbTFotg/fl52OGzH4="></latexit>

Jij = P((i, j) 2 R(i0 ! j0))

<latexit sha1_base64="k61hLsI87LSFRdWovSr1+cjXspw=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4Krsi1ZMUvOitgv2Adi3ZNG1js0lIskpZ+j+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8SHFmrO9/e0vLK6tr67mN/ObW9s5uYW+/bmSiCa0RyaVuRthQzgStWWY5bSpNcRxx2oiGVxO/8Ui1YVLc2ZGiYYz7gvUYwdZJ922lpbIS3XRS9jDuFIp+yZ8CLZIgI0XIUO0UvtpdSZKYCks4NqYV+MqGKdaWEU7H+XZiqMJkiPu05ajAMTVhOr16jI6d0kU9qV0Ji6bq74kUx8aM4sh1xtgOzLw3Ef/zWontXYQpEyqxVJDZol7CkftzEgHqMk2J5SNHMNHM3YrIAGtMrAsq70II5l9eJPXTUlAulW/PipXLLI4cHMIRnEAA51CBa6hCDQhoeIZXePOevBfv3fuYtS552cwB/IH3+QOqYJKg</latexit>

/ Iij

Macroscope: Ohm’s law

Voltage = Current x Resistence

<latexit sha1_base64="9MA26ZkrTDXPG4J9+dyna3MHgj4="></latexit>

Vi � Vj = P((i, j) 2 R(i0 ! j0))I
�1
ij

<latexit sha1_base64="vYwIFjiUOQlTF2NJ7+YbXXFetfk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD62+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6R1UfVq1dr9ZaV+k8dRhBM4hXPw4ArqcAcNaAKDITzDK7w5wnlx3p2PRWvByWeO4Q+czx/aM42F</latexit>

V1

<latexit sha1_base64="AkHdjF5vqmcrIlUFrB5BOOMKzhc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6kkKXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlh1a/2i+V3Yo7B1klXk7KkKPRL331BjFLI5SGCap113MT42dUGc4ETou9VGNC2ZgOsWuppBFqP5ufOiXnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHpFG0I3vLLq6RVrXi1Su3+sly/yeMowCmcwQV4cAV1uIMGNIHBEJ7hFd4c4bw4787HonXNyWdO4A+czx/bt42G</latexit>

V2

<latexit sha1_base64="iPmID+d6Ox1lt30l1T5s1jBxVRU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqicpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GNzO//YhK81g+mEmCfkSHkoecUWOl+1b/vF+uuFV3DvKXeDmpQI5Gv/zZG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWGVAwljZkobM1Z8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsv/yWts6pXq9buLir16zyOIhzBMZyCB5dQh1toQBMYDOEJXuDVEc6z8+a8L1oLTj5zCL/gfHwD3TuNhw==</latexit>

V3

<latexit sha1_base64="8v3JoHwRGmVetq7dHKnIXEb/bLQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD63+Zb9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5LWRdWrVWv3l5X6TR5HEU7gFM7Bgyuowx00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8A3r+NiA==</latexit>

V4
<latexit sha1_base64="qHMA+ZFeUakn2KUSk3l6kyTZR60=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqycpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GNzO//YhK81g+mEmCfkSHkoecUWOl+1b/ol+uuFV3DvKXeDmpQI5Gv/zZG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWGVAwljZkobM1Z8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsv/yWts6pXq9buziv16zyOIhzBMZyCB5dQh1toQBMYDOEJXuDVEc6z8+a8L1oLTj5zCL/gfHwD4EONiQ==</latexit>

V5



Semiparametric Efficiency

Var for direct compare Preference Var

where

Theorem. When     is good,          is semiparametric efficient and
<latexit sha1_base64="z4etzINFmAFU1V+8AWrVDfQVuHw=">AAACAnicbVBNS8NAEN34WetX1ZN4CRbBU0lEqicpePFYwX5AU8pmO2mXbjZhd6KUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzDw/Flyj43xbS8srq2vrhY3i5tb2zm5pb7+po0QxaLBIRKrtUw2CS2ggRwHtWAENfQEtf3Sd+a17UJpH8g7HMXRDOpA84IyikXqlQ++B92FIMfVCikM/SD0cAtLJpFcqOxVnCnuRuDkpkxz1XunL60csCUEiE1TrjuvE2E2pQs4ETIpeoiGmbEQH0DFU0hB0N52+MLFPjNK3g0iZkmhP1d8TKQ21Hoe+6czu1PNeJv7ndRIMLrspl3GCINlsUZAIGyM7y8PucwUMxdgQyhQ3t9psSBVlaFIrmhDc+ZcXSfOs4lYr1dvzcu0qj6NAjsgxOSUuuSA1ckPqpEEYeSTP5JW8WU/Wi/Vufcxal6x85oD8gfX5A3RfmB4=</latexit>

b✓
<latexit sha1_base64="soQ5mHm+ew3RPXI2VxeNVwa6B0o=">AAACAnicbVDJSgNBEO2JW4xb1JN4GQyCpzAjEj1JQA8eI5gFknHo6alJ2vQsdNcoYQhe/BUvHhTx6ld482/sLAdNfFDweK+KqnpeIrhCy/o2cguLS8sr+dXC2vrG5lZxe6eh4lQyqLNYxLLlUQWCR1BHjgJaiQQaegKaXv9i5DfvQSoeRzc4SMAJaTfiAWcUteQW9zoP3Icexc4lCKRuxl3rzrWGt75bLFllawxznthTUiJT1NziV8ePWRpChExQpdq2laCTUYmcCRgWOqmChLI+7UJb04iGoJxs/MLQPNSKbwax1BWhOVZ/T2Q0VGoQerozpNhTs95I/M9rpxicORmPkhQhYpNFQSpMjM1RHqbPJTAUA00ok1zfarIelZShTq2gQ7BnX54njeOyXSlXrk9K1fNpHHmyTw7IEbHJKamSK1IjdcLII3kmr+TNeDJejHfjY9KaM6Yzu+QPjM8fGxWXPg==</latexit>

b�d
i0j0

„ ƒ‚ … „ ƒ‚ …

Resistance distance:
<latexit sha1_base64="z5mvPWQ0eXjrGaf7ReWaEdEuwO0="></latexit>

�(i0, j0) = (ei0 � ej0)
>L†(ei0 � ej0)

<latexit sha1_base64="4b4mDhBcIDWVteOmI/mXy0uJQKU=">AAAB7nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKRE8S8OIxgnlAsoTZyWwyZHZmmOkVQshHePGgiFe/x5t/4yTZg0YLGoqqbrq7Yi24xSD48gpr6xubW8Xt0s7u3v5B+fCoZVVmKGtSJZTpxMQywSVrIkfBOtowksaCtePx7dxvPzJjuZIPONEsSslQ8oRTgk5q97RRGlW/XAmqwQL+XxLmpAI5Gv3yZ2+gaJYyiVQQa7thoDGaEoOcCjYr9TLLNKFjMmRdRyVJmY2mi3Nn/plTBn6ijCuJ/kL9OTElqbWTNHadKcGRXfXm4n9eN8PkOppyqTNkki4XJZnwUfnz3/0BN4yimDhCqOHuVp+OiCEUXUIlF0K4+vJf0rqohrVq7f6yUr/J4yjCCZzCOYRwBXW4gwY0gcIYnuAFXj3tPXtv3vuyteDlM8fwC97HN6U5j8c=</latexit>/ Fisher commute time <latexit sha1_base64="aR5LzUpy3zysvtoS798vf1buOi0=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBFclRmR6koKblxWsA9oS8mkmTY2MxmSO0oZ+gFu/BU3LhRx6we4829M21lo64HAyTnnktzjx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XjUo04zWmpNJNnxouRcRrKFDyZqw5DX3JG/7wauI37rk2QkW3OIp5J6T9SASCUbRSt1AUXZe0tegPkGqtHsjd3N36NuWW3CnIIvEyUoQM1W7hq91TLAl5hExSY1qeG2MnpRoFk3ycbyeGx5QNaZ+3LI1oyE0nnS4zJsdW6ZFAaXsiJFP190RKQ2NGoW+TIcWBmfcm4n9eK8HgopOKKE6QR2z2UJBIgopMmiE9oTlDObKEMi3sXwkbUE0Z2v7ytgRvfuVFUj8teeVS+easWLnM6sjBIRzBCXhwDhW4hirUgMEjPMMrvDlPzovz7nzMoktONnMAf+B8/gCviprD</latexit>

i0 ! j0 ! i0 <latexit sha1_base64="MfTRUWy1vBXXOEglaRCNIRGoLPw=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG8WHaLVE9S8KK3CvYDtmvJpmkbmk2WZFYoy/4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL4wFN+C6387K6tr6xmZhq7i9s7u3Xzo4bBmVaMqaVAmlOyExTHDJmsBBsE6sGYlCwdrh+Gbqt5+YNlzJB5jELIjIUPIBpwSs5N/1Uq+aPabnXtYrld2KOwNeJl5OyihHo1f66vYVTSImgQpijO+5MQQp0cCpYFmxmxgWEzomQ+ZbKknETJDOTs7wqVX6eKC0LQl4pv6eSElkzCQKbWdEYGQWvan4n+cnMLgKUi7jBJik80WDRGBQePo/7nPNKIiJJYRqbm/FdEQ0oWBTKtoQvMWXl0mrWvFqldr9Rbl+ncdRQMfoBJ0hD12iOrpFDdREFCn0jF7RmwPOi/PufMxbV5x85gj9gfP5A1gvkKY=</latexit>

I�1
12

<latexit sha1_base64="rbniMbc/ciYRB06/T/iNuc5TlLk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWpUj1JwYveKtgPSGPZbDft0s0m7G6EEvIzvHhQxKu/xpv/xm2bg7Y+GHi8N8PMPD/mTGnb/rYKK6tr6xvFzdLW9s7uXnn/oK2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3wz9TtPVCoWiQc9iakX4qFgASNYG8m966e18+wxPXOyfrliV+0Z0DJxclKBHM1++as3iEgSUqEJx0q5jh1rL8VSM8JpVuolisaYjPGQuoYKHFLlpbOTM3RilAEKImlKaDRTf0+kOFRqEvqmM8R6pBa9qfif5yY6uPJSJuJEU0Hmi4KEIx2h6f9owCQlmk8MwUQycysiIywx0SalkgnBWXx5mbRrVaderd9fVBrXeRxFOIJjOAUHLqEBt9CEFhCI4Ble4c3S1ov1bn3MWwtWPnMIf2B9/gBbRJCo</latexit>

I�1
23

<latexit sha1_base64="ojLiUk+G8+RyOSWE+rA7fhv1zME=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBiyXRUj1JwYveKtgPSGPZbDft0s0m7G6EEvIzvHhQxKu/xpv/xm2bg7Y+GHi8N8PMPD/mTGnb/rYKK6tr6xvFzdLW9s7uXnn/oK2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3wz9TtPVCoWiQc9iakX4qFgASNYG8m966cXtewxPXOyfrliV+0Z0DJxclKBHM1++as3iEgSUqEJx0q5jh1rL8VSM8JpVuolisaYjPGQuoYKHFLlpbOTM3RilAEKImlKaDRTf0+kOFRqEvqmM8R6pBa9qfif5yY6uPJSJuJEU0Hmi4KEIx2h6f9owCQlmk8MwUQycysiIywx0SalkgnBWXx5mbTPq069Wr+vVRrXeRxFOIJjOAUHLqEBt9CEFhCI4Ble4c3S1ov1bn3MWwtWPnMIf2B9/gBeWZCq</latexit>

I�1
34

<latexit sha1_base64="0FZr7F9UMTFKA1YteAV85F7eaW8=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgxZJIrZ6k4EVvFewHpLFstpt26WY37G6EEvIzvHhQxKu/xpv/xm2bg7Y+GHi8N8PMvCBmVGnH+bYKK6tr6xvFzdLW9s7uXnn/oK1EIjFpYcGE7AZIEUY5aWmqGenGkqAoYKQTjG+mfueJSEUFf9CTmPgRGnIaUoy0kby7flq7yB7TMzfrlytO1ZnBXiZuTiqQo9kvf/UGAicR4RozpJTnOrH2UyQ1xYxkpV6iSIzwGA2JZyhHEVF+Ojs5s0+MMrBDIU1xbc/U3xMpipSaRIHpjJAeqUVvKv7neYkOr/yU8jjRhOP5ojBhthb29H97QCXBmk0MQVhSc6uNR0girE1KJROCu/jyMmmfV916tX5fqzSu8ziKcATHcAouXEIDbqEJLcAg4Ble4c3S1ov1bn3MWwtWPnMIf2B9/gBhbpCs</latexit>

I�1
45

<latexit sha1_base64="oF5p+z1pDyex7ddFd9cZOHaJKUk=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBC8GHZFoycJeNFbBPOAzRpmJ7PJkNmZZaZXCMt+hhcPinj1a7z5N04eB00saCiquunuChPBDbjut7O0vLK6tl7YKG5ube/slvb2m0almrIGVULpdkgME1yyBnAQrJ1oRuJQsFY4vBn7rSemDVfyAUYJC2LSlzzilICV/LtuduHlj9mpl3dLZbfiToAXiTcjZTRDvVv66vQUTWMmgQpijO+5CQQZ0cCpYHmxkxqWEDokfeZbKknMTJBNTs7xsVV6OFLalgQ8UX9PZCQ2ZhSHtjMmMDDz3lj8z/NTiK6CjMskBSbpdFGUCgwKj//HPa4ZBTGyhFDN7a2YDogmFGxKRRuCN//yImmeVbxqpXp/Xq5dz+IooEN0hE6Qhy5RDd2iOmogihR6Rq/ozQHnxXl3PqatS85s5gD9gfP5A1zRkKk=</latexit>

I�1
51

<latexit sha1_base64="g9CaUANnXyxqQpNl9eR47SddQBA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWehB9t1+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVL1atXZ/Wanf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8wf1oY2X</latexit>

i0 <latexit sha1_base64="C10VvbFr75kF9Ctt/7EIfKxgRc4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SQFLx4r2g9oQ9lsN+3azSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91hPXRsTqAccJ9yM6UCIUjKKV7h97bq9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZqRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0ijYEb/HlZdI8r3jVSvXuoly7zuMowDGcwBl4cAk1uIU6NIDBAJ7hFd4c6bw4787HvHXFyWeO4A+czx/3J42Y</latexit>

j0<latexit sha1_base64="MtDWOnFR6NFWiAIQChNP1i6Vvys=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJViEClISkepJCl48VrAf0Iaw2W7atbubsLsRaugv8eJBEa/+FG/+G7dtDlp9MPB4b4aZeWHCqNKu+2UVVlbX1jeKm6Wt7Z3dsr2331ZxKjFp4ZjFshsiRRgVpKWpZqSbSIJ4yEgnHF/P/M4DkYrG4k5PEuJzNBQ0ohhpIwV2ua/okKMqDdzT+8A9CeyKW3PncP4SLycVyNEM7M/+IMYpJ0JjhpTqeW6i/QxJTTEj01I/VSRBeIyGpGeoQJwoP5sfPnWOjTJwoliaEtqZqz8nMsSVmvDQdHKkR2rZm4n/eb1UR5d+RkWSaiLwYlGUMkfHziwFZ0AlwZpNDEFYUnOrg0dIIqxNViUTgrf88l/SPqt59Vr99rzSuMrjKMIhHEEVPLiABtxAE1qAIYUneIFX69F6tt6s90VrwcpnDuAXrI9vMiSSIw==</latexit>

�(i0, j0)

<latexit sha1_base64="NIGH4vKxHsub2ROzWnILyn8TxNg=">AAAB+HicdVDLSgNBEJyNrxgfWfXoZTAInpbdGGJyC3rx4CGCeUCyhNnJbDJkdmeZ6VViyJd48aCIVz/Fm3/j5CGoaEFDUdVNd1eQCK7BdT+szMrq2vpGdjO3tb2zm7f39ptapoqyBpVCqnZANBM8Zg3gIFg7UYxEgWCtYHQx81u3TGku4xsYJ8yPyCDmIacEjNSz890rFoLigyEQpeRdzy64jlutuKdVvCCl4hdxsee4cxTQEvWe/d7tS5pGLAYqiNYdz03AnxAFnAo2zXVTzRJCR2TAOobGJGLan8wPn+Jjo/RxKJWpGPBc/T4xIZHW4ygwnRGBof7tzcS/vE4KYcWf8DhJgcV0sShMBQaJZyngPleMghgbQqji5lZMh0QRCiarnAnh61P8P2kWHa/slK9Lhdr5Mo4sOkRH6AR56AzV0CWqowaiKEUP6Ak9W/fWo/VivS5aM9Zy5gD9gPX2CaW/k8U=</latexit>,
Insight: Efficiency = Graph resistance

<latexit sha1_base64="LaG6iy13hbKekh2paMUq5iUeIoA="></latexit>

�2 = E⌦[�i0j0(X)� E(�i0j0(X))]2 + (ei0 � ej0)
>L†(ei0 � ej0)

<latexit sha1_base64="K3JYhfavqCnPzVjfHl90htsQrw4="></latexit>p
n · E⌦

⇥�b�d
i0j0(X)��i0j0(X)

�⇤ d�! N(0,�2),



Next Step

LLM Evaluation: Preference inference for LLM

LLM Fine-tuning: Preference fine-tuning for LLM



Preference Fine-Tuning
• Besides LMArena, LLM itself will collect your preferences



<latexit sha1_base64="y/JfHYmtDWXbT16yldoWDU0sL4Y="></latexit>

P(Yjk = 1|X = x) =
1

1 + exp(✓(aj |x)� ✓(ak|x))

Preference Fine-Tuning
Prompt: <latexit sha1_base64="ay4J2Gva9gT7mheW8idhGXAsPOI=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclRmR6kYounFZwT5gOpRMmmlDM8mQZMQy9DPcuFDErV/jzr8x085CWw8EDufcS849YcKZNq777aysrq1vbJa2yts7u3v7lYPDtpapIrRFJJeqG2JNORO0ZZjhtJsoiuOQ0044vs39ziNVmknxYCYJDWI8FCxiBBsr+b0Ym1EYZU/T636l6tbcGdAy8QpShQLNfuWrN5AkjakwhGOtfc9NTJBhZRjhdFrupZommIzxkPqWChxTHWSzyFN0apUBiqSyTxg0U39vZDjWehKHdjKPqBe9XPzP81MTXQUZE0lqqCDzj6KUIyNRfj8aMEWJ4RNLMFHMZkVkhBUmxrZUtiV4iycvk/Z5zavX6vcX1cZNUUcJjuEEzsCDS2jAHTShBQQkPMMrvDnGeXHenY/56IpT7BzBHzifP4aCkW4=</latexit>x = “A dog is …”

a furry 
mammal 

man’s 
best friend

<latexit sha1_base64="eo57F2+3fCZYo6bldjAyWcQIBlQ="></latexit>

P(Yjk = 1|X = x) =
1

1 + exp(✓j(x)� ✓k(x))
Comparison graph

• LLMs to Answers:
<latexit sha1_base64="Kl5L7zzDQb0EYaK5o6kDE/YyLaY="></latexit>

aj ⇠ ⇡j(·|x), ak ⇠ ⇡k(·|x) ! aj , ak ⇠ ⇡ref(·|x)

• Reward to QA pairs: 
<latexit sha1_base64="mbJ69PhNdYWd9FkUQFP5exy9/ws=">AAACInicbVDLSgMxFM34rPU16tJNsAh1U2ZE6mNVcOOygn1ApwyZNNPGZh4kd9Qy9lvc+CtuXCjqSvBjzLRd1NYDgcM555J7jxcLrsCyvo2FxaXlldXcWn59Y3Nr29zZrasokZTVaCQi2fSIYoKHrAYcBGvGkpHAE6zh9S8zv3HHpOJReAODmLUD0g25zykBLbnmuQM9BsS9LToBgZ7npw/DI+xI3u0BkTK6x+NAUUfwI54KuWbBKlkj4HliT0gBTVB1zU+nE9EkYCFQQZRq2VYM7ZRI4FSwYd5JFIsJ7ZMua2kakoCpdjo6cYgPtdLBfiT1CwGP1OmJlARKDQJPJ7MV1ayXif95rQT8s3bKwzgBFtLxR34iMEQ46wt3uGQUxEATQiXXu2LaI5JQ0K3mdQn27MnzpH5cssul8vVJoXIxqSOH9tEBKiIbnaIKukJVVEMUPaEX9IbejWfj1fgwvsbRBWMys4f+wPj5BegkpH4=</latexit>

✓j(x) ! ✓(aj |x)

• Comparison graph on answers

From evaluation to fine-tuning:

<latexit sha1_base64="xQN22Qw3qbiEpiQbxg5DjDFoft0="></latexit>

aj , ak ⇠ ⇡ref(·|x) aj ⇠ ⇡j(·|x), ak ⇠ ⇡k(·|x)
<latexit sha1_base64="YERmbSvujCCzzgkcug1lswPoHps=">AAAB/nicbVDJSgNBEO2JW4zbqHjy0hgknsKMSPQiBL14jGAWSULS06kkTXoWumvEMAT8FS8eFPHqd3jzb+wsB018UPB4r4qqel4khUbH+bZSS8srq2vp9czG5tb2jr27V9FhrDiUeShDVfOYBikCKKNACbVIAfM9CVVvcD32qw+gtAiDOxxG0PRZLxBdwRkaqWUfMHpJGwiPmLTb96EaCMjlRi076+SdCegicWckS2YoteyvRifksQ8Bcsm0rrtOhM2EKRRcwijTiDVEjA9YD+qGBswH3Uwm54/osVE6tBsqUwHSifp7ImG+1kPfM50+w76e98bif149xu5FMxFBFCMEfLqoG0uKIR1nQTtCAUc5NIRxJcytlPeZYhxNYhkTgjv/8iKpnObdQr5we5YtXs3iSJNDckROiEvOSZHckBIpE04S8kxeyZv1ZL1Y79bHtDVlzWb2yR9Ynz8qpJUA</latexit>

a = “Yorkie”



Direct Preference Optimization
DPO Loss:

LLM inference is secretly preference inference
<latexit sha1_base64="xZ4Gna4oETTL9RlH5zq5xzyu7tQ="></latexit>

H0 : ⇡⇤
(aj |x)  ⇡⇤

(ak|x) () H0 : ✓(aj |x)� ✓(ak|x)  �� log
⇡ref(aj |x)
⇡ref(ak|x)

<latexit sha1_base64="h7/fKQjS87iQPjA9yuLIB5F+rEk="></latexit>

max
⇡

Ea⇠⇡(·|x)[✓(a|x)]� �DKL(⇡(·|x)|⇡ref(·|x))„ ƒ‚ … „ ƒ‚ …
max reward not too far from ref

Your language model is secretly a reward model!
<latexit sha1_base64="23W07xS0pyOrMA0yW5A7yQl471w="></latexit>

⇡⇤(a|x) / ⇡ref(a|x) exp
✓
1

�
✓(a|x)

◆ <latexit sha1_base64="jyH1GpBid3X6hYSV2z7XiS+g0P8="></latexit>

✓(a|x) = � log
⇡⇤(a|x)
⇡ref(a|x)

+ C
<latexit sha1_base64="QJ0o7VgvxXHNVylYz0p74YwKKYE=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtyJRCsJ2FhYRDAfkBxhb7OXLNnbPXbnlHjkl9hYKGLrT7Hz37hJrtDEBwOP92aYmRcmghvwvG9nZXVtfWOzsFXc3tndK7n7B02jUk1ZgyqhdDskhgkuWQM4CNZONCNxKFgrHF1P/dYD04YreQ/jhAUxGUgecUrASj231L1lEWg+GALRWj323LJX8WbAy8TPSRnlqPfcr25f0TRmEqggxnR8L4EgIxo4FWxS7KaGJYSOyIB1LJUkZibIZodP8IlV+jhS2pYEPFN/T2QkNmYch7YzJjA0i95U/M/rpBBdBhmXSQpM0vmiKBUYFJ6mgPtcMwpibAmhmttbMR0STSjYrIo2BH/x5WXSPKv41Ur17rxcu8rjKKAjdIxOkY8uUA3doDpqIIpS9Ixe0Zvz5Lw4787HvHXFyWcO0R84nz86lJN4</latexit>,

Hypothesis for better answer / hallucination
„ ƒ‚ …

=

=
<latexit sha1_base64="MlNYrcl0tItEF/NwUAjtcuFHPJ8=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREpLqSghuXFewDmlAm00k7dPJg5kassfgrblwo4tb/cOffOGmz0NYDA4dz7uWeOV4suALL+jYKS8srq2vF9dLG5tb2jrm711JRIilr0khEsuMRxQQPWRM4CNaJJSOBJ1jbG11lfvuOScWj8BbGMXMDMgi5zykBLfXMAweGDEiFPDoBgaHnp/eTk55ZtqrWFHiR2DkpoxyNnvnl9COaBCwEKohSXduKwU2JBE4Fm5ScRLGY0BEZsK6mIQmYctNp+gk+1kof+5HULwQ8VX9vpCRQahx4ejKLqOa9TPzP6ybgX7gpD+MEWEhnh/xEYIhwVgXuc8koiLEmhEqus2I6JJJQ0IWVdAn2/JcXSeu0ateqtZuzcv0yr6OIDtERqiAbnaM6ukYN1EQUPaBn9IrejCfjxXg3PmajBSPf2Ud/YHz+AKFJlVg=</latexit>

✓(a|x)
<latexit sha1_base64="Fj0mrcHVIZInI/k6JkPwQjdHTKM=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoiUl1JwY3LCvYBTSiT6aQdOnkwM1FL2k9x40IRt36JO//GSZuFth4YOJxzL/fM8WLOpLKsb6Owtr6xuVXcLu3s7u0fmOXDtowSQWiLRDwSXQ9LyllIW4opTruxoDjwOO1445vM7zxQIVkU3qtJTN0AD0PmM4KVlvpm2YlZFU+dAKuR56dPs7O+WbFq1hxoldg5qUCOZt/8cgYRSQIaKsKxlD3bipWbYqEY4XRWchJJY0zGeEh7moY4oNJN59Fn6FQrA+RHQr9Qobn6eyPFgZSTwNOTWUS57GXif14vUf6Vm7IwThQNyeKQn3CkIpT1gAZMUKL4RBNMBNNZERlhgYnSbZV0Cfbyl1dJ+7xm12v1u4tK4zqvowjHcAJVsOESGnALTWgBgUd4hld4M6bGi/FufCxGC0a+cwR/YHz+ADsIk/0=</latexit>

⇡(a|x)

Or “answer selection”

Example: What is GPT5’s favorite dog breed?
<latexit sha1_base64="VlInATM8lbtM1Ruv35heyoNh8pw=">AAACGXicbVC7SgNBFJ31bXxFLW0Ggxgtwq6IipVgYxkhMYFsTGZnb5LB2Z1l5q4Y1vyGjb9iY6GIpVb+jZOYwteBgcM593LnnCCRwqDrfjgTk1PTM7Nz87mFxaXllfzq2oVRqeZQ5UoqXQ+YASliqKJACfVEA4sCCbXg6nTo165BG6HiCvYTaEasG4uO4Ayt1Mq71E/E5W7R56HCWx/hBrN2u9IDylMEgzRUXRpogJAKs7092GnlC27JHYH+Jd6YFMgY5Vb+zQ8VTyOIkUtmTMNzE2xmTKPgEgY5PzWQMH7FutCwNGYRmGY2SjagW1YJaUdp+2KkI/X7RsYiY/pRYCcjhj3z2xuK/3mNFDtHzUzEiU0Z869DnVRSVHRYEw2FBo6ybwnjWti/Ut5jmnG0ZeZsCd7vyH/JxV7JOygdnO8XTo7HdcyRDbJJisQjh+SEnJEyqRJO7sgDeSLPzr3z6Lw4r1+jE854Z538gPP+CRmcn7Y=</latexit>

⇡⇤(·|“The cutest dog breed is”)



<latexit sha1_base64="w1WhaNsmXNVxWRp4GyY3PBbZqGk=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKR6rLoxmUF+4AmlMl00g6dTMLMjRJD8VfcuFDErf/hzr9x2mahrQcuHM65l3vvCRLBNTjOt7W0vLK6tl7aKG9ube/s2nv7LR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB6Hrit++Z0jyWd5AlzI/IQPKQUwJG6tmHEnuKD4ZAlIofsMdlCFnPrjhVZwq8SNyCVFCBRs/+8voxTSMmgQqiddd1EvBzooBTwcZlL9UsIXREBqxrqCQR034+vX6MT4zSx2GsTEnAU/X3RE4irbMoMJ0RgaGe9ybif143hfDSz7lMUmCSzhaFqcAQ40kUuM8VoyAyQwhV3NyK6ZAoQsEEVjYhuPMvL5LWWdWtVWu355X6VRFHCR2hY3SKXHSB6ugGNVATUfSIntErerOerBfr3fqYtS5ZxcwB+gPr8weYfZVX</latexit>

n ! 1

?

LLM Inference by Fisher Random Walk
• Debias DPO estimator by Fisher Random Walk

• Preference variance = resistance distance

• Our goal: Design the answer manifold with best efficiency;
manifold design!

<latexit sha1_base64="X071zzU/qz7bdc8aDlL0I1U/mi0="></latexit>

b�d(ai0 , aj0) = b�(ai0 , aj0)�
P

(i,j)2E(V (ai)� V (aj))(bYij � Yij)

<latexit sha1_base64="25z7o/I8B8Gf86Dy/3M2p+wuF9E=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKR6koKblxWsA9oQplMJ+3QySTM3CgxFH/FjQtF3Pof7vwbp20W2nrgwuGce7n3niARXIPjfFtLyyura+uljfLm1vbOrr2339Jxqihr0ljEqhMQzQSXrAkcBOskipEoEKwdjK4nfvueKc1jeQdZwvyIDCQPOSVgpJ59KLGn+GAIRKn4AXtchpD17IpTdabAi8QtSAUVaPTsL68f0zRiEqggWnddJwE/Jwo4FWxc9lLNEkJHZMC6hkoSMe3n0+vH+MQofRzGypQEPFV/T+Qk0jqLAtMZERjqeW8i/ud1Uwgv/ZzLJAUm6WxRmAoMMZ5EgftcMQoiM4RQxc2tmA6JIhRMYGUTgjv/8iJpnVXdWrV2e16pXxVxlNAROkanyEUXqI5uUAM1EUWP6Bm9ojfryXqx3q2PWeuSVcwcoD+wPn8Al0mVUw==</latexit>

n ! 1As             , comparison graph      comparison manifold           <latexit sha1_base64="aFblQtYYO8z/l7O8vEHd1jW52ec=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SQFLx6r2A9oQtlsN+3STTbsTpRS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaVSmGW8wJZVuh9RwKRLeQIGSt1PNaRxK3gqHN1O/9ci1ESp5wFHKg5j2ExEJRtFKvn8v+gOkWqsn0i2V3Yo7A1kmXk7KkKPeLX35PcWymCfIJDWm47kpBmOqUTDJJ0U/MzylbEj7vGNpQmNugvHs5gk5tUqPRErbSpDM1N8TYxobM4pD2xlTHJhFbyr+53UyjK6CsUjSDHnC5ouiTBJUZBoA6QnNGcqRJZRpYW8lbEA1ZWhjKtoQvMWXl0nzvOJVK9W7i3LtOo+jAMdwAmfgwSXU4Bbq0AAGKTzDK7w5mfPivDsf89YVJ585gj9wPn8A7XaRng==</latexit>)
<latexit sha1_base64="0cYGbOC5Np+s4F34aZdY0xyM8V4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFYwX5AG8JmO2nXbjZhdyOU0h/hxYMiXv093vw3btsctPXBwOO9GWbmhang2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kimGTJSJRnZBqFFxi03AjsJMqpHEosB2Obmd++wmV5ol8MOMU/ZgOJI84o8ZKbR645DFwg3LFrbpzkFXi5aQCORpB+avXT1gWozRMUK27npsaf0KV4UzgtNTLNKaUjegAu5ZKGqP2J/Nzp+TMKn0SJcqWNGSu/p6Y0FjrcRzazpiaoV72ZuJ/Xjcz0bU/4TLNDEq2WBRlgpiEzH4nfa6QGTG2hDLF7a2EDamizNiESjYEb/nlVdK6qHq1au3+slK/yeMowgmcwjl4cAV1uIMGNIHBCJ7hFd6c1Hlx3p2PRWvByWeO4Q+czx83nY7U</latexit>

i0j0 <latexit sha1_base64="0cYGbOC5Np+s4F34aZdY0xyM8V4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFYwX5AG8JmO2nXbjZhdyOU0h/hxYMiXv093vw3btsctPXBwOO9GWbmhang2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kimGTJSJRnZBqFFxi03AjsJMqpHEosB2Obmd++wmV5ol8MOMU/ZgOJI84o8ZKbR645DFwg3LFrbpzkFXi5aQCORpB+avXT1gWozRMUK27npsaf0KV4UzgtNTLNKaUjegAu5ZKGqP2J/Nzp+TMKn0SJcqWNGSu/p6Y0FjrcRzazpiaoV72ZuJ/Xjcz0bU/4TLNDEq2WBRlgpiEzH4nfa6QGTG2hDLF7a2EDamizNiESjYEb/nlVdK6qHq1au3+slK/yeMowgmcwjl4cAV1uIMGNIHBCJ7hFd6c1Hlx3p2PRWvByWeO4Q+czx83nY7U</latexit>

i0j0
<latexit sha1_base64="SJEkpVnsBMLA8XKnvY4PDuGBuio=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6EkCXjxGMA9MljA7mU2GzM4s81DCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KUs608f1vb2V1bX1js7BV3N7Z3dsvHRw2tbSK0AaRXKp2hDXlTNCGYYbTdqooTiJOW9HoZuq3HqnSTIp7M05pmOCBYDEj2DjpQXRtipWST6hXKvsVfwa0TIKclCFHvVf66vYlsQkVhnCsdSfwUxNmWBlGOJ0Uu1bTFJMRHtCOowInVIfZ7OIJOnVKH8VSuRIGzdTfExlOtB4nketMsBnqRW8q/ud1rImvwoyJ1BoqyHxRbDkyEk3fR32mKDF87AgmirlbERlihYlxIRVdCMHiy8ukeV4JqpXq3UW5dp3HUYBjOIEzCOASanALdWgAAQHP8ApvnvZevHfvY9664uUzR/AH3ucPmT2Q3w==</latexit>

n "

Fisher process

<latexit sha1_base64="NBGO7rpNImVDhAw4Jh8uevUMMpM="></latexit>

V (ai) = [L†(ei0 � ej0)]i
<latexit sha1_base64="JDXHPjACP/Hlx07i5ZyQ81oY9rg="></latexit>

�(i0, j0) = (ei0 � ej0)
>L†(ei0 � ej0),

<latexit sha1_base64="MtDWOnFR6NFWiAIQChNP1i6Vvys=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJViEClISkepJCl48VrAf0Iaw2W7atbubsLsRaugv8eJBEa/+FG/+G7dtDlp9MPB4b4aZeWHCqNKu+2UVVlbX1jeKm6Wt7Z3dsr2331ZxKjFp4ZjFshsiRRgVpKWpZqSbSIJ4yEgnHF/P/M4DkYrG4k5PEuJzNBQ0ohhpIwV2ua/okKMqDdzT+8A9CeyKW3PncP4SLycVyNEM7M/+IMYpJ0JjhpTqeW6i/QxJTTEj01I/VSRBeIyGpGeoQJwoP5sfPnWOjTJwoliaEtqZqz8nMsSVmvDQdHKkR2rZm4n/eb1UR5d+RkWSaiLwYlGUMkfHziwFZ0AlwZpNDEFYUnOrg0dIIqxNViUTgrf88l/SPqt59Vr99rzSuMrjKMIhHEEVPLiABtxAE1qAIYUneIFX69F6tt6s90VrwcpnDuAXrI9vMiSSIw==</latexit>

�(i0, j0)



<latexit sha1_base64="0cYGbOC5Np+s4F34aZdY0xyM8V4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFYwX5AG8JmO2nXbjZhdyOU0h/hxYMiXv093vw3btsctPXBwOO9GWbmhang2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kimGTJSJRnZBqFFxi03AjsJMqpHEosB2Obmd++wmV5ol8MOMU/ZgOJI84o8ZKbR645DFwg3LFrbpzkFXi5aQCORpB+avXT1gWozRMUK27npsaf0KV4UzgtNTLNKaUjegAu5ZKGqP2J/Nzp+TMKn0SJcqWNGSu/p6Y0FjrcRzazpiaoV72ZuJ/Xjcz0bU/4TLNDEq2WBRlgpiEzH4nfa6QGTG2hDLF7a2EDamizNiESjYEb/nlVdK6qHq1au3+slK/yeMowgmcwjl4cAV1uIMGNIHBCJ7hFd6c1Hlx3p2PRWvByWeO4Q+czx83nY7U</latexit>

i0j0

<latexit sha1_base64="0cYGbOC5Np+s4F34aZdY0xyM8V4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFYwX5AG8JmO2nXbjZhdyOU0h/hxYMiXv093vw3btsctPXBwOO9GWbmhang2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kimGTJSJRnZBqFFxi03AjsJMqpHEosB2Obmd++wmV5ol8MOMU/ZgOJI84o8ZKbR645DFwg3LFrbpzkFXi5aQCORpB+avXT1gWozRMUK27npsaf0KV4UzgtNTLNKaUjegAu5ZKGqP2J/Nzp+TMKn0SJcqWNGSu/p6Y0FjrcRzazpiaoV72ZuJ/Xjcz0bU/4TLNDEq2WBRlgpiEzH4nfa6QGTG2hDLF7a2EDamizNiESjYEb/nlVdK6qHq1au3+slK/yeMowgmcwjl4cAV1uIMGNIHBCJ7hFd6c1Hlx3p2PRWvByWeO4Q+czx83nY7U</latexit>

i0j0

Theorem. The comparison graph is generated as

then preference variance has

<latexit sha1_base64="n/s0RusS4zd7MEl4oVYdIJ1Gnio="></latexit>

P((j, k) 2 E) = ⇡ref(aj |x) · ⇡ref(ak|x),

<latexit sha1_base64="G3BPDbaABQYNDhrzZxJaKXb3m9k="></latexit>

lim
n!1

�(i0, j0) =
1

⇡ref(ai0 |x)
+

1

⇡ref(aj0 |x)
in prob.

LLM Inference
<latexit sha1_base64="xQN22Qw3qbiEpiQbxg5DjDFoft0="></latexit>

aj , ak ⇠ ⇡ref(·|x) aj ⇠ ⇡j(·|x), ak ⇠ ⇡k(·|x)Standard preference fine-tuning sampling

Urchin limit:

Good: Path decoherence, dim-free 
Bad: Efficiency bottleneck by rare token

Superconductor

Point resistance



<latexit sha1_base64="dq2dlrpKes7xXxZOC0tyzfEhV2E=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjK11HYjBTfurGAf0A4lk2ba2DyGJCOU0n9w40IRt/6PO//G9CGo6IELh3Pu5d57ooQzYxH68DIrq2vrG9nN3Nb2zu5efv+gaVSqCW0QxZVuR9hQziRtWGY5bSeaYhFx2opGlzO/dU+1YUre2nFCQ4EHksWMYOukZvda0AHu5QvIR9UKOqvCBSkVvwiCgY/mKIAl6r38e7evSCqotIRjYzoBSmw4wdoywuk0100NTTAZ4QHtOCqxoCaczK+dwhOn9GGstCtp4Vz9PjHBwpixiFynwHZofnsz8S+vk9q4Ek6YTFJLJVksilMOrYKz12GfaUosHzuCiWbuVkiGWGNiXUA5F8LXp/B/0iz6Qdkv35QKtYtlHFlwBI7BKQjAOaiBK1AHDUDAHXgAT+DZU96j9+K9Lloz3nLmEPyA9/YJy4aPSw==</latexit>

⌦

Optimal Sampling by Shape Design
Q: Better sampling for better efficiency of

A: Design a manifold      and sample answer embeddings from it 
<latexit sha1_base64="20cm8sqi7/WkkjsoQwEaalbjllk=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHoxZsRzAOSJcxOepMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0ehm6reeQBum5IMdJxAKMpAsZpRYJzW7dwIGpFcq+xV/BrxMgpyUUY56r/TV7SuaCpCWcmJMJ/ATG2ZEW0Y5TIrd1EBC6IgMoOOoJAJMmM2uneBTp/RxrLQrafFM/T2REWHMWESuUxA7NIveVPzP66Q2vgozJpPUgqTzRXHKsVV4+jruMw3U8rEjhGrmbsV0SDSh1gVUdCEEiy8vk+Z5JahWqvcX5dp1HkcBHaMTdIYCdIlq6BbVUQNR9Iie0St685T34r17H/PWFS+fOUJ/4H3+AGLDjwY=</latexit>

⌦

Entangle two answers when sampling

• Sampling: Random geometric graph
<latexit sha1_base64="FgMWaY9cyfQ6EV7FPO4EQKDuoV4="></latexit>

(j, k) 2 E if d⌦(aj , ak)  ✏, where ✏ ⇣ (log n/n)1/d

geodesic dist.
„ ƒ‚ …

Connectivity
„ ƒ‚ …

<latexit sha1_base64="n/s0RusS4zd7MEl4oVYdIJ1Gnio="></latexit>

P((j, k) 2 E) = ⇡ref(aj |x) · ⇡ref(ak|x),
<latexit sha1_base64="SYYMHabBO0mMz6xeV1Ui0euU4H4=">AAAB/3icdVDLSgNBEJz1GeNrVfDiZTAIESTsRo3xIgEv3oxgHpANS+9kkoyZfTAzK4Q1B3/FiwdFvPob3vwbJ5sIKlrQUFR1093lRZxJZVkfxszs3PzCYmYpu7yyurZubmzWZRgLQmsk5KFoeiApZwGtKaY4bUaCgu9x2vAG52O/cUuFZGFwrYYRbfvQC1iXEVBacs1tJ+ozN3EufdqDUR7cmwNwB/uumbMKx5Z9WjrEVsFKkZKyXSxje6rk0BRV13x3OiGJfRoowkHKlm1Fqp2AUIxwOso6saQRkAH0aEvTAHwq20l6/wjvaaWDu6HQFSicqt8nEvClHPqe7vRB9eVvbyz+5bVi1S23ExZEsaIBmSzqxhyrEI/DwB0mKFF8qAkQwfStmPRBAFE6sqwO4etT/D+pFwt2qVC6OspVzqZxZNAO2kV5ZKMTVEEXqIpqiKA79ICe0LNxbzwaL8brpHXGmM5soR8w3j4BfLGVxA==</latexit>

�⌦(aj , ak)

<latexit sha1_base64="aM3k0Y+0m8YeZpnSgBBunhuWhac=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0WogiUpUsVVwY3LCvYBTQ2T6aQdO3kwMxFLzH+48VfcuFDEleDCv3HSRrCtBy4czrmXe+9xQkaFNIxvLbewuLS8kl8trK1vbG7p2ztNEUQckwYOWMDbDhKEUZ80JJWMtENOkOcw0nKGF6nfuiNc0MC/lqOQdD3U96lLMZJKsvWKFdKboxKyY2obyYPlITlw3Pg+OYTH8Ne7ndJtvWiUjTHgPDEzUgQZ6rb+afUCHHnEl5ghITqmEcpujLikmJGkYEWChAgPUZ90FPWRR0Q3Hv+WwAOl9KAbcFW+hGP170SMPCFGnqM60xvFrJeK/3mdSLpn3Zj6YSSJjyeL3IhBGcA0KNijnGDJRoogzKm6FeIB4ghLFWdBhWDOvjxPmpWyWS1Xr06KtfMsjjzYA/ugBExwCmrgEtRBA2DwCJ7BK3jTnrQX7V37mLTmtGxmF0xB+/oBvBOgmQ==</latexit>

⇡⇤(ai0 |x)� ⇡⇤(aj |x)



<latexit sha1_base64="RNXtMrorr1rz7GzqMhlzpt7bg4Y=">AAACBXicbVA9SwNBEN2LXzF+nVpqsRiE2IQ7kWgZYmNnBPMBSTjmNptkye7dsbsnhOMaG/+KjYUitv4HO/+Nm+QKTXww8Hhvhpl5fsSZ0o7zbeVWVtfWN/Kbha3tnd09e/+gqcJYEtogIQ9l2wdFOQtoQzPNaTuSFITPacsfX0/91gOVioXBvZ5EtCdgGLABI6CN5NnH3QikZsBxzUu6t4IOIS2BlzDPSc88u+iUnRnwMnEzUkQZ6p791e2HJBY00ISDUh3XiXQvmW4gnKaFbqxoBGQMQ9oxNABBVS+ZfZHiU6P08SCUpgKNZ+rviQSEUhPhm04BeqQWvan4n9eJ9eCql7AgijUNyHzRIOZYh3gaCe4zSYnmE0OASGZuxWQEEog2wRVMCO7iy8ukeV52K+XK3UWxWsviyKMjdIJKyEWXqIpuUB01EEGP6Bm9ojfryXqx3q2PeWvOymYO0R9Ynz+5HZgW</latexit>

@B⌦(ai0)

<latexit sha1_base64="3pN1daJupQpOUpSe01kA/D4yBz4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0IUy2m3bpZhN2N0IJ/RFePCji1d/jzX/jts1Bqw8GHu/NMDMvTAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTlLVpIhLVC1EzwSVrG24E66WKYRwK1g0nt3O/+8iU5ol8MNOU+TGOJI84RWOlLgY5D9xZUK25dXcB8pd4BalBgVZQ/RwME5rFTBoqUOu+56bGz1EZTgWbVQaZZinSCY5Y31KJMdN+vjh3Rs6sMiRRomxJQxbqz4kcY62ncWg7YzRjverNxf+8fmaiaz/nMs0Mk3S5KMoEMQmZ/06GXDFqxNQSpIrbWwkdo0JqbEIVG4K3+vJf0rmoe4164/6y1rwp4ijDCZzCOXhwBU24gxa0gcIEnuAFXp3UeXbenPdla8kpZo7hF5yPbyyij3s=</latexit>ai0

Manifold is not learned, it is designed!

<latexit sha1_base64="gkcfljOU1Ghbe5MSGx/WuaRBO10=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM12067dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrpnvYee6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn81OnZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gBCnI3N</latexit>aj

Q: Better sampling for better efficiency of
A: Design a manifold      and sample answer embeddings from it 

<latexit sha1_base64="20cm8sqi7/WkkjsoQwEaalbjllk=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHoxZsRzAOSJcxOepMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0ehm6reeQBum5IMdJxAKMpAsZpRYJzW7dwIGpFcq+xV/BrxMgpyUUY56r/TV7SuaCpCWcmJMJ/ATG2ZEW0Y5TIrd1EBC6IgMoOOoJAJMmM2uneBTp/RxrLQrafFM/T2REWHMWESuUxA7NIveVPzP66Q2vgozJpPUgqTzRXHKsVV4+jruMw3U8rEjhGrmbsV0SDSh1gVUdCEEiy8vk+Z5JahWqvcX5dp1HkcBHaMTdIYCdIlq6BbVUQNR9Iie0St685T34r17H/PWFS+fOUJ/4H3+AGLDjwY=</latexit>

⌦

Geometry: min exit time starting at ball center <latexit sha1_base64="3pN1daJupQpOUpSe01kA/D4yBz4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0IUy2m3bpZhN2N0IJ/RFePCji1d/jzX/jts1Bqw8GHu/NMDMvTAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTlLVpIhLVC1EzwSVrG24E66WKYRwK1g0nt3O/+8iU5ol8MNOU+TGOJI84RWOlLgY5D9xZUK25dXcB8pd4BalBgVZQ/RwME5rFTBoqUOu+56bGz1EZTgWbVQaZZinSCY5Y31KJMdN+vjh3Rs6sMiRRomxJQxbqz4kcY62ncWg7YzRjverNxf+8fmaiaz/nMs0Mk3S5KMoEMQmZ/06GXDFqxNQSpIrbWwkdo0JqbEIVG4K3+vJf0rmoe4164/6y1rwp4ijDCZzCOXhwBU24gxa0gcIEnuAFXp3UeXbenPdla8kpZo7hF5yPbyyij3s=</latexit>ai0

Statistics: min avg preference var. for       comparisons<latexit sha1_base64="3pN1daJupQpOUpSe01kA/D4yBz4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0IUy2m3bpZhN2N0IJ/RFePCji1d/jzX/jts1Bqw8GHu/NMDMvTAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTlLVpIhLVC1EzwSVrG24E66WKYRwK1g0nt3O/+8iU5ol8MNOU+TGOJI84RWOlLgY5D9xZUK25dXcB8pd4BalBgVZQ/RwME5rFTBoqUOu+56bGz1EZTgWbVQaZZinSCY5Y31KJMdN+vjh3Rs6sMiRRomxJQxbqz4kcY62ncWg7YzRjverNxf+8fmaiaz/nMs0Mk3S5KMoEMQmZ/06GXDFqxNQSpIrbWwkdo0JqbEIVG4K3+vJf0rmoe4164/6y1rwp4ijDCZzCOXhwBU24gxa0gcIEnuAFXp3UeXbenPdla8kpZo7hF5yPbyyij3s=</latexit>ai0

<latexit sha1_base64="A6XvXTllu2MhINDmDFhTMBB0pXs=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiQi1WWpG3dWsA9oQ5hMJ+3QmUmYmQghxF9x40IRt36IO//GaZuFth64cDjnXu69J4gZVdpxvq219Y3Nre3STnl3b//g0D467qookZh0cMQi2Q+QIowK0tFUM9KPJUE8YKQXTG9mfu+RSEUj8aDTmHgcjQUNKUbaSL5dafnZ8I6TMcpryM+o7+Tnvl116s4ccJW4BamCAm3f/hqOIpxwIjRmSKmB68Tay5DUFDOSl4eJIjHCUzQmA0MF4kR52fz4HJ4ZZQTDSJoSGs7V3xMZ4kqlPDCdHOmJWvZm4n/eINHhtZdRESeaCLxYFCYM6gjOkoAjKgnWLDUEYUnNrRBPkERYm7zKJgR3+eVV0r2ou4164/6y2mwVcZTACTgFNeCCK9AEt6ANOgCDFDyDV/BmPVkv1rv1sWhds4qZCvgD6/MH73WUUw==</latexit>

B⌦(ai0)is unit geodesic ball, where
<latexit sha1_base64="KHYdq8SZYThe0ypABIgGqvLU8AM="></latexit>

min
⌦

Ej2@B⌦ [�(i0, j)]

• Shape design: Fix dim  (LLM budget), find -dim  to
<latexit sha1_base64="cyaOPY3/3bH7xJoN+XmfkY9IGwM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvNpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0N/PbT6g0T+SDGafox3QgecQZNVZqhP1S2a24c5BV4uWkDDnq/dJXL0xYFqM0TFCtu56bGn9CleFM4LTYyzSmlI3oALuWShqj9ifzQ6fk3CohiRJlSxoyV39PTGis9TgObGdMzVAvezPxP6+bmejGn3CZZgYlWyyKMkFMQmZfk5ArZEaMLaFMcXsrYUOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDy3uM8w==</latexit>

d
<latexit sha1_base64="cyaOPY3/3bH7xJoN+XmfkY9IGwM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvNpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0N/PbT6g0T+SDGafox3QgecQZNVZqhP1S2a24c5BV4uWkDDnq/dJXL0xYFqM0TFCtu56bGn9CleFM4LTYyzSmlI3oALuWShqj9ifzQ6fk3CohiRJlSxoyV39PTGis9TgObGdMzVAvezPxP6+bmejGn3CZZgYlWyyKMkFMQmZfk5ArZEaMLaFMcXsrYUOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDy3uM8w==</latexit>

d
<latexit sha1_base64="20cm8sqi7/WkkjsoQwEaalbjllk=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHoxZsRzAOSJcxOepMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0ehm6reeQBum5IMdJxAKMpAsZpRYJzW7dwIGpFcq+xV/BrxMgpyUUY56r/TV7SuaCpCWcmJMJ/ATG2ZEW0Y5TIrd1EBC6IgMoOOoJAJMmM2uneBTp/RxrLQrafFM/T2REWHMWESuUxA7NIveVPzP66Q2vgozJpPUgqTzRXHKsVV4+jruMw3U8rEjhGrmbsV0SDSh1gVUdCEEiy8vk+Z5JahWqvcX5dp1HkcBHaMTdIYCdIlq6BbVUQNR9Iie0St685T34r17H/PWFS+fOUJ/4H3+AGLDjwY=</latexit>

⌦

<latexit sha1_base64="aM3k0Y+0m8YeZpnSgBBunhuWhac=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0WogiUpUsVVwY3LCvYBTQ2T6aQdO3kwMxFLzH+48VfcuFDEleDCv3HSRrCtBy4czrmXe+9xQkaFNIxvLbewuLS8kl8trK1vbG7p2ztNEUQckwYOWMDbDhKEUZ80JJWMtENOkOcw0nKGF6nfuiNc0MC/lqOQdD3U96lLMZJKsvWKFdKboxKyY2obyYPlITlw3Pg+OYTH8Ne7ndJtvWiUjTHgPDEzUgQZ6rb+afUCHHnEl5ghITqmEcpujLikmJGkYEWChAgPUZ90FPWRR0Q3Hv+WwAOl9KAbcFW+hGP170SMPCFGnqM60xvFrJeK/3mdSLpn3Zj6YSSJjyeL3IhBGcA0KNijnGDJRoogzKm6FeIB4ghLFWdBhWDOvjxPmpWyWS1Xr06KtfMsjjzYA/ugBExwCmrgEtRBA2DwCJ7BK3jTnrQX7V37mLTmtGxmF0xB+/oBvBOgmQ==</latexit>

⇡⇤(ai0 |x)� ⇡⇤(aj |x)



<latexit sha1_base64="RNXtMrorr1rz7GzqMhlzpt7bg4Y=">AAACBXicbVA9SwNBEN2LXzF+nVpqsRiE2IQ7kWgZYmNnBPMBSTjmNptkye7dsbsnhOMaG/+KjYUitv4HO/+Nm+QKTXww8Hhvhpl5fsSZ0o7zbeVWVtfWN/Kbha3tnd09e/+gqcJYEtogIQ9l2wdFOQtoQzPNaTuSFITPacsfX0/91gOVioXBvZ5EtCdgGLABI6CN5NnH3QikZsBxzUu6t4IOIS2BlzDPSc88u+iUnRnwMnEzUkQZ6p791e2HJBY00ISDUh3XiXQvmW4gnKaFbqxoBGQMQ9oxNABBVS+ZfZHiU6P08SCUpgKNZ+rviQSEUhPhm04BeqQWvan4n9eJ9eCql7AgijUNyHzRIOZYh3gaCe4zSYnmE0OASGZuxWQEEog2wRVMCO7iy8ukeV52K+XK3UWxWsviyKMjdIJKyEWXqIpuUB01EEGP6Bm9ojfryXqx3q2PeWvOymYO0R9Ynz+5HZgW</latexit>

@B⌦(ai0)

Manifold is not learned, it is optimized!

<latexit sha1_base64="A6XvXTllu2MhINDmDFhTMBB0pXs=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiQi1WWpG3dWsA9oQ5hMJ+3QmUmYmQghxF9x40IRt36IO//GaZuFth64cDjnXu69J4gZVdpxvq219Y3Nre3STnl3b//g0D467qookZh0cMQi2Q+QIowK0tFUM9KPJUE8YKQXTG9mfu+RSEUj8aDTmHgcjQUNKUbaSL5dafnZ8I6TMcpryM+o7+Tnvl116s4ccJW4BamCAm3f/hqOIpxwIjRmSKmB68Tay5DUFDOSl4eJIjHCUzQmA0MF4kR52fz4HJ4ZZQTDSJoSGs7V3xMZ4kqlPDCdHOmJWvZm4n/eINHhtZdRESeaCLxYFCYM6gjOkoAjKgnWLDUEYUnNrRBPkERYm7zKJgR3+eVV0r2ou4164/6y2mwVcZTACTgFNeCCK9AEt6ANOgCDFDyDV/BmPVkv1rv1sWhds4qZCvgD6/MH73WUUw==</latexit>

B⌦(ai0)is unit geodesic ball, where
<latexit sha1_base64="KHYdq8SZYThe0ypABIgGqvLU8AM="></latexit>

min
⌦

Ej2@B⌦ [�(i0, j)]

• Shape design: Fix dim  (LLM budget), find -dim  to
<latexit sha1_base64="cyaOPY3/3bH7xJoN+XmfkY9IGwM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvNpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0N/PbT6g0T+SDGafox3QgecQZNVZqhP1S2a24c5BV4uWkDDnq/dJXL0xYFqM0TFCtu56bGn9CleFM4LTYyzSmlI3oALuWShqj9ifzQ6fk3CohiRJlSxoyV39PTGis9TgObGdMzVAvezPxP6+bmejGn3CZZgYlWyyKMkFMQmZfk5ArZEaMLaFMcXsrYUOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDy3uM8w==</latexit>

d
<latexit sha1_base64="cyaOPY3/3bH7xJoN+XmfkY9IGwM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvNpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0N/PbT6g0T+SDGafox3QgecQZNVZqhP1S2a24c5BV4uWkDDnq/dJXL0xYFqM0TFCtu56bGn9CleFM4LTYyzSmlI3oALuWShqj9ifzQ6fk3CohiRJlSxoyV39PTGis9TgObGdMzVAvezPxP6+bmejGn3CZZgYlWyyKMkFMQmZfk5ArZEaMLaFMcXsrYUOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDy3uM8w==</latexit>

d
<latexit sha1_base64="20cm8sqi7/WkkjsoQwEaalbjllk=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHoxZsRzAOSJcxOepMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0ehm6reeQBum5IMdJxAKMpAsZpRYJzW7dwIGpFcq+xV/BrxMgpyUUY56r/TV7SuaCpCWcmJMJ/ATG2ZEW0Y5TIrd1EBC6IgMoOOoJAJMmM2uneBTp/RxrLQrafFM/T2REWHMWESuUxA7NIveVPzP66Q2vgozJpPUgqTzRXHKsVV4+jruMw3U8rEjhGrmbsV0SDSh1gVUdCEEiy8vk+Z5JahWqvcX5dp1HkcBHaMTdIYCdIlq6BbVUQNR9Iie0St685T34r17H/PWFS+fOUJ/4H3+AGLDjwY=</latexit>

⌦

• Embedding totally for optimizing efficiency without using 
any semantics. Calculus of 

 variations



Optimal Shape
Theorem. Among all manifolds with Ricci scalar curvature 
bounded from below K < 0,  

has constant negative curvature K.

<latexit sha1_base64="aJQWJpOnZFsiPrVZW7OF8LX+y9c="></latexit>

⌦⇤ = arg min
⌦:R(⌦)�K

Ej2@B⌦ [�(i0, j)]

<latexit sha1_base64="9OEMPpQuJWuOeTJ2Vnue+noBJ/o=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHoqBS/erGI/oF1KNp1tQ5PsmmQLpfR3ePGgiFd/jDf/jWm7B219MPB4b4aZeUHMmTau++1k1tY3Nrey27md3b39g/zhUUNHiaJQpxGPVCsgGjiTUDfMcGjFCogIODSD4c3Mb45AaRbJRzOOwRekL1nIKDFW8h+KnTsBfXKOK9jt5gtuyZ0DrxIvJQWUotbNf3V6EU0ESEM50brtubHxJ0QZRjlMc51EQ0zokPShbakkArQ/mR89xWdW6eEwUrakwXP198SECK3HIrCdgpiBXvZm4n9eOzHhtT9hMk4MSLpYFCYcmwjPEsA9poAaPraEUMXsrZgOiCLU2JxyNgRv+eVV0rgoeeVS+f6yUK2kcWTRCTpFReShK1RFt6iG6oiiJ/SMXtGbM3JenHfnY9GacdKZY/QHzucPdbWQmQ==</latexit>

R(⌦) > 0
<latexit sha1_base64="NzZq9PlYGC6W9NzJabmOEK56qGI=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquSPWiFLx4s4r9gHYp2TRtQ5PsmmQLZenv8OJBEa/+GG/+G9N2D9r6YODx3gwz84KIM21c99vJrKyurW9kN3Nb2zu7e/n9g7oOY0VojYQ8VM0Aa8qZpDXDDKfNSFEsAk4bwfBm6jdGVGkWykczjqgvcF+yHiPYWMl/KLbvBO3jU3SF3E6+4JbcGdAy8VJSgBTVTv6r3Q1JLKg0hGOtW54bGT/ByjDC6STXjjWNMBniPm1ZKrGg2k9mR0/QiVW6qBcqW9Kgmfp7IsFC67EIbKfAZqAXvan4n9eKTe/ST5iMYkMlmS/qxRyZEE0TQF2mKDF8bAkmitlbERlghYmxOeVsCN7iy8ukflbyyqXy/Xmhcp3GkYUjOIYieHABFbiFKtSAwBM8wyu8OSPnxXl3PuatGSedOYQ/cD5/AHQvkJg=</latexit>

R(⌦) = 0
<latexit sha1_base64="K8ZqgP7I9Y27vuYMDw8hw9NYioM=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquSPUgUvDizSr2A9qlZNO0DU2ya5ItlKW/w4sHRbz6Y7z5b0zbPWjrg4HHezPMzAsizrRx3W8ns7K6tr6R3cxtbe/s7uX3D+o6jBWhNRLyUDUDrClnktYMM5w2I0WxCDhtBMObqd8YUaVZKB/NOKK+wH3JeoxgYyX/odi+E7SPT9EVcjv5gltyZ0DLxEtJAVJUO/mvdjcksaDSEI61bnluZPwEK8MIp5NcO9Y0wmSI+7RlqcSCaj+ZHT1BJ1bpol6obEmDZurviQQLrccisJ0Cm4Fe9Kbif14rNr1LP2Eyig2VZL6oF3NkQjRNAHWZosTwsSWYKGZvRWSAFSbG5pSzIXiLLy+T+lnJK5fK9+eFynUaRxaO4BiK4MEFVOAWqlADAk/wDK/w5oycF+fd+Zi3Zpx05hD+wPn8AXKpkJc=</latexit>

R(⌦) < 0
Positive curvature Zero curvature Negative curvature

Manifold

Graph



Hyperbolic Space as Optimal Shape
Corollary. The optimal shape to maximize the efficiency of 
preference inference is hyperbolic space.



Hyperbolic Space as Optimal Shape
Efficiency optimality matches semantic geometry.

• Empirical Ricci curvature of Llama2-7B is negative. 
So just use LLM’s own embeddings.

• Hierarchical structures compatible w. hyperbolic geometry

ICD 10



Next Step

LLM Evaluation: Preference inference for LLM

LLM Fine-tuning: Preference fine-tuning for LLM

Application: LLM for Medical Knowledges



LLM Evaluation vs Comparison Graph
• Massive Multitask Language Understanding (MMLU) dataset

K=20 K=10 K≈6.95 K=4

57 domains; we choose         medical genetics, LLM-as-judge
<latexit sha1_base64="ureoha8hDBL5w3vFrRvZMzgmhLw=">AAAB8XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKVC9KwYs3K9gPbJeSTWfb0CS7JFmhLP0XXjwo4tV/481/Y7bdg7Y+GHi8N8PMvCDmTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKWjRFFo0ohHqhMQDZxJaBpmOHRiBUQEHNrB+Cbz20+gNIvkg5nE4AsylCxklBgrPfbuBAwJvsKlfrniVt0Z8DLxclJBORr98ldvENFEgDSUE627nhsbPyXKMMphWuolGmJCx2QIXUslEaD9dHbxFJ9YZYDDSNmSBs/U3xMpEVpPRGA7BTEjvehl4n9eNzHhpZ8yGScGJJ0vChOOTYSz9/GAKaCGTywhVDF7K6Yjogg1NqQsBG/x5WXSOqt6tWrt/rxSv87jKKIjdIxOkYcuUB3dogZqIookekav6M3Rzovz7nzMWwtOPnOI/sD5/AHMDI+x</latexit>

⌦ =

Sig. level 5%, Kirchhoff index 
<latexit sha1_base64="4MMtEN6Jqd2z/TAxQi3xEbcvLtw=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoKtUEHKTBfVjVB0I7ipYC/QDkMmTdvYJDMkGaEM3bjxVdy4UMSt7+DOtzFtZ6GtPwQ+/nMOJ+cPIkaVdpxvK7O0vLK6ll3PbWxube/Yu3sNFcYSkzoOWShbAVKEUUHqmmpGWpEkiAeMNIPh1aTefCBS0VDc6VFEPI76gvYoRtpYvn1YuIEXsKNi7if09H5skPY5Kho+Kfh23ik5U8FFcFPIg1Q13/7qdEMccyI0ZkiptutE2kuQ1BQzMs51YkUihIeoT9oGBeJEecn0ijE8Nk4X9kJpntBw6v6eSBBXasQD08mRHqj52sT8r9aOde/cS6iIYk0Eni3qxQzqEE4igV0qCdZsZABhSc1fIR4gibA2weVMCO78yYvQKJfcSqlyW85XL9M4suAAHIEicMEZqIJrUAN1gMEjeAav4M16sl6sd+tj1pqx0pl98EfW5w+eGpbA</latexit>

K =
P

i,j �(i, j)



LLM Inference for Medical Questions 
• MediQ data: >10k samples of medical QA + preference
• Task: Select top answers of

<latexit sha1_base64="RjCkjqYyd68eL8s7xSS5D5LmtZE=">AAACAHicbVC7TsMwFHXKq5RXgIGBJaJCKgxVglBhrGBhLBJ9SE2oHMdprTp2ZDuIKmThV1gYQIiVz2Djb3DaDFA40pWOzrlX997jx5RIZdtfRmlhcWl5pbxaWVvf2Nwyt3c6kicC4TbilIueDyWmhOG2IoriXiwwjHyKu/74Mve7d1hIwtmNmsTYi+CQkZAgqLQ0MPfcmNwe11wUcPXgRlCN/DC9z44GZtWu21NYf4lTkCoo0BqYn27AURJhphCFUvYdO1ZeCoUiiOKs4iYSxxCN4RD3NWUwwtJLpw9k1qFWAivkQhdT1lT9OZHCSMpJ5OvO/EQ57+Xif14/UeG5lxIWJwozNFsUJtRS3MrTsAIiMFJ0oglEguhbLTSCAiKlM6voEJz5l/+SzkndadQb16fV5kURRxnsgwNQAw44A01wBVqgDRDIwBN4Aa/Go/FsvBnvs9aSUczsgl8wPr4BkPSWag==</latexit>

⇡⇤(·|x)

“[Disease] has [relationship] as”<latexit sha1_base64="ay4J2Gva9gT7mheW8idhGXAsPOI=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclRmR6kYounFZwT5gOpRMmmlDM8mQZMQy9DPcuFDErV/jzr8x085CWw8EDufcS849YcKZNq777aysrq1vbJa2yts7u3v7lYPDtpapIrRFJJeqG2JNORO0ZZjhtJsoiuOQ0044vs39ziNVmknxYCYJDWI8FCxiBBsr+b0Ym1EYZU/T636l6tbcGdAy8QpShQLNfuWrN5AkjakwhGOtfc9NTJBhZRjhdFrupZommIzxkPqWChxTHWSzyFN0apUBiqSyTxg0U39vZDjWehKHdjKPqBe9XPzP81MTXQUZE0lqqCDzj6KUIyNRfj8aMEWJ4RNLMFHMZkVkhBUmxrZUtiV4iycvk/Z5zavX6vcX1cZNUUcJjuEEzsCDS2jAHTShBQQkPMMrvDnGeXHenY/56IpT7BzBHzifP4aCkW4=</latexit>x =
“[Drug] has [side-effects] such as”<latexit sha1_base64="ay4J2Gva9gT7mheW8idhGXAsPOI=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclRmR6kYounFZwT5gOpRMmmlDM8mQZMQy9DPcuFDErV/jzr8x085CWw8EDufcS849YcKZNq777aysrq1vbJa2yts7u3v7lYPDtpapIrRFJJeqG2JNORO0ZZjhtJsoiuOQ0044vs39ziNVmknxYCYJDWI8FCxiBBsr+b0Ym1EYZU/T636l6tbcGdAy8QpShQLNfuWrN5AkjakwhGOtfc9NTJBhZRjhdFrupZommIzxkPqWChxTHWSzyFN0apUBiqSyTxg0U39vZDjWehKHdjKPqBe9XPzP81MTXQUZE0lqqCDzj6KUIyNRfj8aMEWJ4RNLMFHMZkVkhBUmxrZUtiV4iycvk/Z5zavX6vcX1cZNUUcJjuEEzsCDS2jAHTShBQQkPMMrvDnGeXHenY/56IpT7BzBHzifP4aCkW4=</latexit>x =
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AUC

DPO+Fisher 
DPO 
        :Llama3-8B<latexit sha1_base64="v4V93CznV8BPHdAA1GmtFsqJJ48=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKiQamiyLblxWsA9oQphMJ+3QyYOZiVhCfsWNC0Xc+iPu/BsnbQUVPTBwOOde7pkTZowKaZofWm1tfWNzq77d2Nnd2z/QD5t9keYckx5OWcqHIRKE0YT0JJWMDDNOUBwyMghnV5U/uCNc0DS5lfOM+DGaJDSiGEklBXrTy2hQeDGSUx4XnERlGegt0zBt23IdaBoXjmtariJtx7YcC1qGuUALrNAN9HdvnOI8JonEDAkxssxM+gXikmJGyoaXC5IhPEMTMlI0QTERfrHIXsJTpYxhlHL1EgkX6veNAsVCzONQTVYhxW+vEv/yRrmMXL+gSZZLkuDloShnUKawKgKOKSdYsrkiCHOqskI8RRxhqepqqBK+fgr/J/1zw2ob7Ru71blc1VEHx+AEnAELOKADrkEX9AAG9+ABPIFnrdQetRftdTla01Y7R+AHtLdPZyWVXQ==</latexit>⇡ref

Comorbidity Related drugs

DPO+Fisher DPO DPO+Fisher
<latexit sha1_base64="HVSIEcS/DkmxnjcpF7pELA72fRM=">AAAB+3icdVDLSsNAFJ34rPUV69LNYBFchaSWtu6KblxWsA9oQphMJ+3QySTMTMQS8ituXCji1h9x59846QNU9MDA4Zx7uWdOkDAqlW1/GmvrG5tb26Wd8u7e/sGheVTpyTgVmHRxzGIxCJAkjHLSVVQxMkgEQVHASD+YXhd+/54ISWN+p2YJ8SI05jSkGCkt+WbFTaifuRFSExFlgoR57ptV26pdtuyLFlyQenNFatCx7DmqYImOb364oxinEeEKMyTl0LET5WVIKIoZyctuKkmC8BSNyVBTjiIivWyePYdnWhnBMBb6cQXn6veNDEVSzqJATxYh5W+vEP/yhqkKW15GeZIqwvHiUJgyqGJYFAFHVBCs2EwThAXVWSGeIIGw0nWVdQmrn8L/Sa9mOQ2rcVuvtq+WdZTACTgF58ABTdAGN6ADugCDB/AInsGLkRtPxqvxthhdM5Y7x+AHjPcvcwiVZQ==</latexit>⇡ref
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Llama3-13B
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LLM Inference by Shape Design
• VA+MGB EHR data: 120,032 patients, ~12 yrs window
• Task: Predict Phecode relatedness, DPO by diff. sampling

Hyperbolic

ER

LLM embed + FT
LLM embed
Euclidean
Ref sample



Thank You!


