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Imitation vs. World Models

 Most SoTA robot demonstrations are trained via imitation learning. Vritree b1-T]

« Data bottleneck— how to collect “LLM scale” human demos?
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 World models provide an exciting alternative/augmentation:
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Reachability with (Latent) World Models

» Latent world models enable reachability analysis for safety:
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Generalizing Safety Beyond Collision-Avoidance
via Latent-Space Reachability Analysis
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Systems Analysis with Latent Models

 What does certifying stability/reachability analysis/barrier functions on a
latent model imply about closed-loop behavior on the true system?

* Key sources of error in the pipeline: _
- [This talk] N

Visual Encoder : State Encoder 7777777

Observations y, , State x, Reduced (Latent) Model 7, ;

[https://www.techeblog.com/tesla-optimus-robot-dance/| % [https://underactuated.csail.mit.egu/]
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Latent Models for Control Design

Joint work with P. Lutkus, K. Wang, and L. Lindemann



Latent Models for Control Design

* Goal: Transfer analysis guarantees for closed-loop latent model onto the
closed-loop original system.

* Q1: How do we measure model discrepancy between original and latent
models?

* Q2: How do we analyze the original closed-loop system utilizing the latent
system guarantees? :
ED

[More computationally efficient
a2 in lower dimension.]
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[https://www.techeblog.com/tesla-optimus-robot-dance/] [https://underactuated.csail.mit.edu/]

[~50 DoF + Environment] [2 DoF (SLIP Model)]
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Original system: x = f(x, u) (x € |
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Latent system + policy: 2 = f(z, u) (z € | A, 71(z) : |

Encoder: E(x) : RY » R?

Ny T . F Special case of static output
In II n o
duced policy 72'()6) ﬂ( ()C)) feedback with output E£(x). E(x)

Goal:
z=f Z(” \(2) := [z, n(2)) satisfies property A =>

X = fP(x) := f(x, 7(x)) satisfies property A.

A = exponential Lyapunov
stability for the rest of this talk.


https://www.techeblog.com/tesla-optimus-robot-dance/
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Comparing Dynamics

First attempt:
P00 — FPE = | U u

. Use Jacobian a—(x) e R4 1o adjust dimensions [Tabuada et al. 08, Szalai 23]:
X

oL _
a—(x)f(”)(x) — fz(”)(E(x)) <y [Approximate Forward Conjugacy]
X

/N
~

i} oF
FP(x) — O—(X)Tf D(E(x))
X



Latent Lyapunov Stability = Original System Stability

e Theorem [LWLT25]: Suppose V(z) is a Lyapunov function for the latent system:

V(z) = (VV(2).fP(2)) < — pV(2).

. The candidate Lyapunov function V(x) := V(E(x)) for the original system satisfies:

z=fz,u) = f(x, u) H@E(x)f(’_”)(x) _fz(ﬂ)(E(x))Hoo <Y

N

‘Approx. forward conjugacy

1fP(x) = OET () E@) || o < 7

~

OR

S ,.
V< —pV VL —pV+Ly



Latent Lyapunov Stability = Original System Stability

« What does V < — pV + Ly imply?

» The set {V(x) < Ly/p} is an attractive set — x(¢) flow towards this set.

. Ify =0, x(¢) flows towards { V(x) = 0}.




Zero-Manifold Convergence
+ x(t) = {V(x) = 0} implies x(f) — {E(x) = 0}. T Staveranid

+ The zero-surface / := {x € R? | E(x) =0} __,_L;:
is generally a manifold of dimension d — 7. "o

» The behavior of the system on ./ is not directly
controllable — not guaranteed to be stable.

i« No free lunch: In general, you have to give something up |
t (similar to partial feedback linearization).



Case Study: Cart-pole

» Task: Stabilize cart-pole using a latent LQR controller.

4

e Learnencoder £ : R™ > | 3, decoder D : R° — | 4, latent
dynamics model z,, ; = A(z,)z, + B(z)u;:

_ —1
¢ Jowa(E.D, @) :=T'Y " E, | (x, u) — D(@UEX), w)||?

Note: Discrete-time losses.
(Neural-ODEs are difficult to train!)

» Note: Includes auto-encoder loss [ [|x — D o E(x)||? as one term

 Closed-loop controller: 7(z) = LQR (A(zo),B(zO)), Zo := E(0).
T

Upright equilibrium


https://underactuated.csail.mit.edu/

Case Study: Cart-pole

Nonlinear Dynamics under Linear Latent Control:
latent dim=3
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Learning Stable Zero Dynamics

Joint work with P. Lutkus and L. Lindemann



Learning Stable Zero Dynamics

* Previous theory is agnostic to how encoder/decoder + latent Lyapunov
function Is recovered.

* Our experiment uses a specific recipe: multi-step backwards losses

1 T—1

Jowd(E, D, @) := — Z = || D(x, w) — D(PLE(), w))||>.
=0

- Q: Does minimizing J,,,4(E, D, ®@,) implicitly yield stable zero dynamics?



ldealized Encoder for Linear Systems

 Let’s use LTI systems and linear encoder/decoders in order to build our
understanding:

. Xt_l_l =Axt+Bl/tt, A E | d)(d, B E | Cl’XP,

e z=FEx, x=Dz, Ee€R> De R,

« Define stable (6_) and unstable (o0.) eigenvalues of A:

6 (A):={le€o)||Al <1}, o, (A):={1e€o)]|]|r]>1}



ldealized Encoder for Linear Systems

 Let us consider an ideal coordinate transform (z,7) = (Ex, Nx) := Sx, with:

range(ET) — € +(AT), [Generalized (real) eigenspaces ofAT]

range(NT) — ?_(AT)_ [Assume latent dimension £ = dim(& A

+ Since both ¥, (A") are A '-invariantand R = & (A" @ T_(A"), the |
(z, 7)-dynamics are block-diagonal:

<141 _ AZ 0
* | H1 0 A'?

» Also, the spectrum is preserved: 6(A,) = 0, (A), G(An) =o0_(A).

<y
H;

B

B
+ l Z] u, A,:=EAE', A, := NAN",
dl

BZ = EB, B,7 .= NB.



Ideallzed Encoder for Llnear Systems
’ . Clalm (A B) S stablllzable o (A B ) S stablllzable '

= direction: PBH test for stablllty
» < direction: Let K_ stabilize (A_, B,), i.e., A, + B_K_ is Schur stable.
» Plugging u, = K z, back into (A, B):

$t4+1 o AZ+BZKZ 0 <t
i1 B,7KZ A,7 H;

?

[Zero dynamics]

- Spectrum of the closed-loop matrix is stable: 6(A, + B K,) U 6(A,)



Learning Stable Zero Dynamics

. With target range(E') = & +(AT), let’s turn back to the multi-step loss:

1 -1

Jowd(EsD, @) = = Z = w191, w) — D(@LE(x), w) ||~
=0

 Simplifications for analysis:

e Autonomous flows: u = 0.
+ Linear dynamics: ®'(x,0) = A'z, ®1(z,0) = L'z.

 Linear encoder/decoder: E(x) = Ex, D(x) = Dx.

. |sotropic initial condition: E[x] = 0, E[xx'] = L



Learning Stable Zero Dynamics

o Simplified linear dynamics backwards loss:

1 T—1

1 T—1
. — 2 _ 2
Jowa(E.D,L) :=— Y E,_nopllA'x = DL'Ex||* = - ) llA"— DL'E|1%.

T
=0 =0

 Low-rank matrix factorization, with consistency across matrix powers.

. Orbit of solutions: J, . (E, D, L) = J, (M ~'E,DM, M~'LM) for M € GL(?).

i » Goal: Characterize optimal solutions (E,, D, L,) € argming p, ; Jy,o(E, D, L). |



Learnlng Stable Zero Dynamlcs

'  Theorem [LLT26 to appear] Any optlmal solutlon (E*, D*, L*) satlsfles 3

> C(A,d)
. 7llPg 4y = Pp lIr+ PrllPg amy — Perllp < m

[Optimal encoder span] [Multi-step length]
» where the constants (aT, pr) are:

t tT
[Loewner order in unstable subspace]

=T Z (Af)TAf BrPg (amy

 Note: a;, fr = (1) if A has marginally stable eigenvalues, Q(r!) if
r:e=miny |[A| |A€0c,.(A)} > 1.



Learning Stable Zero Dynamics

. Recall the main objective: J, (E,D,L) = T~! Zth_()lHAt — DL'E]||.
* For “large” 1, the unstable parts of A’ will dominate unless they are cancelled out.
. Recall (z,n7) = (Ex, Nx) =: Sx which block-diagonalizes A, i.e., SAS™! = blkdiag(A,, A,).
. Consequently, A’ = S~ 'blkdiag(A/, ADS = (S HAE +
. Setting DL'E = (S _1)1AZIE, the un-modeled error is:
e Jq(E, (ST 1)1,A ) =7y . dl |5 = O(T‘l) since 6(A,) = o_ (A)

o Hence (E (S 1)1,A ) is a O(I/T) approxmate solutlon— thls ylelds a bound on the }{’
. optimal (E,, D,, L,) via the restricted eigenvalue (a, ;) constants.



Learnlng Stable Zero Dynamlcs

, Latent dynamlcs recovery: Suppose that DTD IS mvertlble where |
. range(D,) = &, (A). Then, '

CA,dE..D,_ L
ey inf A, - ML M2 g SR P Doly) |
MeGL(?) A

. Where y;_; := A . ((T— 1)~ 12 At(At)T)



Back to the Cartpole Example

» Jacobian linearization about the upright equilibrium;

» Eigenvalues of [/ + 7A:

1,1, 14427, 1 —/27r = dim(¥_ (A") = 3, dim(&_(A") = 1.

4 3

— IR~ worked for stabilization.

e Hence why encoding E(x) : |


https://underactuated.csail.mit.edu/

Conclusions



Summary

* We built some insight into how certifying stability on closed-loop latent dynamics can
yield stable closed-loop behavior on the original system.

* A lot left to do to make control from latent variable models a rigorous tool:
* Learning zero-dynamics for non-linear systems:
* Local convergence (via Jacobian linearization or spectral sub-manifolds)

* Global convergence (via Koopman operators).

* Incorporating vision/sensory feedback.

SSSSSS S

Observations Latent Model



Thanks!

stephentu.github.io
stephen.tu@Qusc.edu
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Why ©_.(A") Instead of &_(A)?

» Our goal is to write z,, | = A,z,and 1| = A, 1, (forget the inputs for now).
» This means we want z,, | = Ex,, ; = EAXx, equal to A_Ex, = A_z,. Thus:

EA = A_E for some A, <=> ATET = ETAZT for some A,
<=>range(E") is A '-invariant
<= range(E') =& +(AT).



