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1. Introduction
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Metaheuristics: Consensus-Based Optimization

Consensus-based optimization algorithm that finds the minimizer
¥ = argmin &(x)
z€R4
by “collective intelligence”:
@ Large number of participants
® Mean-field interaction
©® Consensus mechanism.

Figure: Snapshots of the PSO method, cr. [GHPQ21]
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Consensus-Based Optimization algorithms

We have a system of interacting particles
axMt = b ot + b (X Wi [N,

with vV & + ;\/:1 5thv,j.
Drift b pulls each X~/ towards the provisional optimizer m;¥

(consensus) to be constructed from v},

Volatility ||a|| helps avoid getting stuck at local optima and it

degenerates when consensus is attained.

o Advantage: We stay at the minimum.
o Disadvantage: Lack of noise at one point generates new difficulties.
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Consensus-based optimization: Intuition

Given the cost function £(z) to minimize, one can define consensus as

best participant: m}¥ = argmin{E(XZV’i)}ie[N], or

a weighted average (a-regularized best):

. N
o o) S X et
t [ el ) (dx) Zé\;l e—af(X[)

m

Laplace's principle: We find the global minimizer of &,

1
lim <—log/ e_o‘g(x)p(dac)>: inf E(x)
R4

a—>+00 o x€supp(p)

and for any full support probability measure p on R?

/e_ag(z)p(dx) ~e @) when a — oco.
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Consensus-Based Optimization: Particle System

In the dynamical system {X™:},. [y}, we use consensus

N

N xNijy—af(X
Zj:l ;e e

SN et (X

As proposed by Pinnau et al. [PTTM17], this leads to

dXN = XN —mMN)dt + o DX — mN)dw}

with initial distribution l/%i]tv.
One can choose D(x) = diag(z) or D(x) = |z| Iixq4.
For technical reasons we will study

AXPT = XN )t o | X (6w

for a cutoff function ¢ that is 0 outside of a large ball.
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Consensus-Based Optimization: Particle System

In the dynamical system {X™:},. [y}, we use consensus

N

N xNijy—af(X
Zj:l ;e e

SN et (X

As proposed by Pinnau et al. [PTTM17], this leads to

dXN = XN —mMN)dt + o DX — mN)dw}

with initial distribution l/%i]tv.

One can choose D(x) = diag(z) or D(x) = |z| Iixq4.
For technical reasons we will study

AXPT = XN )t o | X (6w

for a cutoff function ¢ that is 0 outside of a large ball.
We need to know that the minimum is inside the large ball.

Uniform-in-time weak propagation of chaos for CBO



Mean-field limit dynamics

The existence and uniqueness of solutions to the system for finite N
is simple; see [CCTT18].

When N — oo, the solution on [0, 7] behaves as
dXt = —A(Xt - mt)dt +o0o ‘Xt - mt‘ ¢(Xt)th 5

where - ~
E[X;e€(X0)] f:L‘e @) 5, (da)
Ee—af(X) [ eall= )Vt(d:E) '

[CCTT18] shows that lim;_,, Var(X;) — 0, so that

my =

vy = ﬁ(Xt) — 515
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Consensus-based Optimization: Pros and Cons

Advantages:
@ Gradient free optimization method
® No need for convexity
© Exponential convergence

O Escapes local minima

Disadvantages:

@ limit point not optimal (Z # z*)
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Numerical illustration: a clean success case

1
E(z) = Z(;52 —1)% 4 0.08z, z, ~ —1.04.

CBO on a tilted double well: black dots are particles

t=0 t=0.6 t=4

254
2.0 1
~ 154
w 1,01
0.5 1
0.0 1

Message

The colored background is the objective heat map; the black dots are particles.
The Gibbs-weighted consensus is biased toward the lower well, and the cloud
contracts near the global minimizer.
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Numerical illustration in two dimensions

1
E(zy,x2) = Z{(a:% — 12+ (22 — 1)} + 0.08(21 + x2), z, ~ (—1.04,—1.04).

Tilted four-well landscape: heat map shows objective value; black dots are particles

Message

The heat map shows the nonconvex objective landscape. The black particles first explore several
wells, then the weighted consensus drives the population toward the tilted global well.
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Accuracy/Error of CBO method

We run the algorithm for finite V and finite ¢ and we need to
estimate d(1}, 8,+).
Sources of error:

@ Finite running time and systemic error

d(vs,63) Se ™ and I #2*

@® Propagation of chaos
Ed(vY,0) SN

© time discretization
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Accuracy of CBO method: Finite running time

Large-population limit
dXy = =N Xy — my)dt + o | Xy — me| ¢(Xe)dWr
admits weak solution (#4)¢>0 such that 7y = vinjx and
17t = 0zl 1,00y < Ce™™

by [CCTT18].

The limit point T does not need be the global optimizer z*, but
|Z — 2*| is small for large a.

Thus, for large «,

lim 7 = lim lim ~ §g*.
t—o00 t—o00 N—oo

Uniform-in-time weak propagation of chaos for CBO



Accuracy of CBO method: Finite particle

Propagation of chaos (main concern of this project)

By an abstract convergence result, Huang and Qiu [HQ22] shows that

(VtN)te[O,T] - (Dt)te[07T] as N —

Uniform convergence on [0, 7] is shown in Gerber, Hoffmann and
Vaes [GHV23],

2

E | sup ‘ng’i — X'ti <COrN7t,
]

tel0,T

where X are i.i.d. copies of X.
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Accuracy of CBO method: Sum of the errors

Errors from items 1 and 2 lead to

E HVtN — Oy

2 s SCANTY + Ce ™+ Cy (|7 — a]).

The procedure of parameter setting:
@ Choose large enough « so that C1 | — z*| < ¢,
® Choose t so that Ce " < ¢,
© Choose N so that Cy(t)N™7 < e.

Major disadvantage: choice of N highly depends on t.
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Accuracy: Centered Fourier-Wasserstein metric

Using the the centered negative Sobolev metric which allow us to ignore
the issue & # z*, we have

2
< Co(t)N™7 + Ce "t

EHViVOT<Id7VgV> _60‘ 9

The procedure of parameter setting:
@ Choose t so that Ce™ " < ¢,
@® Choose N so that Cy(t)N™7 < e.
Major disadvantage: Choice of N highly depends on .
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Accuracy: Centered Fourier-Wasserstein metric

Using the the centered negative Sobolev metric which allow us to ignore
the issue & # z*, we have

2
< Co(t)N™7 + Ce "t

EHViVOT<Id7VgV> _60‘ 9

The procedure of parameter setting:
@ Choose t so that Ce™ " < ¢,
@® Choose N so that Cy(t)N™7 < e.

Major disadvantage: Choice of N highly depends on .
Goal: Improve propagation of chaos to make C5 uniform in .
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Uniform in time results for Langevin descent

The convergence properties of the mean-field Langevin descent are well
understood. [CRW22] shows the convergence of

dXN = —D, Fw), X"Vt + cdW}

whose mean field limit is dX; = —D,, F (0, Xy)dt + odW;.

@ With enough convexity, there is an exponential decay of an energy as
t — o0.

® i, converges to a unique invariant measure.

© The convergence of the finite particle system and the uniform in time
convergence can also be obtained.
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Uniform in time results for Langevin descent

The convergence properties of the mean-field Langevin descent are well
understood. [CRW22] shows the convergence of

dXN = —D, Fw), X"Vt + cdW}

whose mean field limit is dX; = —D,, F (0, Xy)dt + odW;.

@ With enough convexity, there is an exponential decay of an energy as
t — o0.

® i, converges to a unique invariant measure.

© The convergence of the finite particle system and the uniform in time
convergence can also be obtained.
O v; = 6, for any x is an invariant measure for the CBO algorithm, and

we cannot use the methodology of mean-field Langevin descent for
CBO.
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2. Main result
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Weak propagation of chaos: Objective

For a family of (nonlinear) functions @ : P(R?) — R, we expect

sup |® (o) — E‘I)(VtN)‘ — 0
t>0

as N — oo. This gives a constant C5 independent of ¢.
Typical functions ® of concern:
2
Q)(M) = HM - prefH_&Qy

CI)(,U) = WQZ(:Ua pref)v
where pyef is usually related to the limit .. We will use their centered
versions:

2
®(1t) = {10 Ty = Pref © Td pen) |

D (1) = W3 (1 © T(1d,p)» Pref © T, preg) )
We use the methodology developed by [DT25].
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Weak propagation of chaos: main theorem

Theorem (uniform-in-time weak propagation of chaos)

Suppose ® : P(RY) — R satisfies the following conditions:

©® T here exists some constant Cg such that

5P 52d
sup ‘5(;0 < Csp, sup ﬁ(u) < Csp,
peP(RE) || 01T 6,00 peEP(RA) |[ 0T 6,00
® and ;
—|  B(por;)=0 VpePRY,
dz z=0

where T, : x — x + z Is the translation operator.
Then for all N > 2 we have

_ C’m in
sup [B@ (")) — ()| < =22
t>0
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Clustering effect

Corollary

Let s > %. There exist some constants Cpyy, Cyw > 0 such that

2
S CFW(N_I + e—2mt)

s,2

and
EW;3 (1) o TldwNy 0) < Cw(N~' e
forall N > 2 and t > 0.

Decay of variance of 7; leads to decay of variance of v}¥ up to a
uniform error of size N~1.
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Numerical check: convergence in N

2
) p(x) = tanh(x) + 0.15 cos(3z).

Erry (¢ Z ‘<<,0,Vt °m> — (o, )

m=1
Empirical weak error versus particle number
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Takeaway

For several time horizons, the empirical squared weak error decreases
approximately like N~1.
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3. Methodology
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Toolbox: Nonlinear Fokker-Planck Equation

Recall that (#¢):>0 uniquely solves the nonlinear Fokker-Planck equation
(FPE)

* e 1
Orpe = Ly pue = =V - (b(-, pue) pie) + B tr[V?(a(-, i) pe)]
with initial data vj,;t, where
b, ) = =Mz — M),  alz,p) =0 ¢(x)’ |z — M(u)*,

with the consensus operator defined via

wr [ ye W p(dy)
- JeretWp(dy)

M(p)
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Toolbox: Master equation

We need to analyze the temporal error
ED (1) - 0(7).

Define the solution operator of FPE by 7y as Pt := vr..
Define U : [0,00) x P(R?) — R by U(t, ) = ®(P;jt) which solves
the master equation

QU(t, p) =
[ (009 S ) + ot )95 1 )Du(dw)

where the derivatives of function f : P(RY) — R in a measure
argument defined as in [CDLL19, CD18]:

(o2 i~ ) = L 1Fut (= 1)
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Analysis of temporal error

Following the methodology of [DT25, CD18], the temporal error
(3.1) E® (1)) — ®() = E[U0,}")] — UL, Vinit) »
is decomposed as

E [U(0,v)] — U(t, Vinit)
=E [U(t,})] — Ut vin) + E [UO,1Y) —U(t,1")]

error due to initial condition error due to difference in dynamics
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Objective function: Static Part

Thanks to Theorem 2.14 of [CST22] the error due to the difference in
initial conditions can be written as

EUt,v)) — U(t, vin)] = N/ /

522/1
E (5! (t M51,52777 77) 5 m2 (t Mshsyna ) d51d327
with 7] ~ vy independent of (Xév’j)év:l and

ﬂé\isg (1 — s1)Vinit + 51 <V(])V ((5 — 5XN 1)>
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Objective function: Dynamic Part

In order to control the error due to initial conditions, we apply Ito's
formula to U(0, ') — U(t,/)’) and using the master equation obtain

1 t

B(0.7) Ut = 5 3 |
5*Uu N N

E /Rd a(z, )()(lz)ld(“)lo (t—s,ys 2, 2)V5 (dz) | ds.

Thus, we need uniform (in ¢, i, z) bound of

U
W(tnu? 2, Z)

and uniform (in u, z) exponential decay (in ¢) of

52U
O3 O(ar ); iSm otz 2).
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Linearized Fokker-Planck equation

Fokker-Planck equation is associated to the linear operator
1
£1(w) = [ (G nlate ) V@] 4 ) V@) ) o)

As in [Tse21], we linearize the nonlinearity in p as

1

0y [ (o V2 f@)atdn) + [ b, )T f(@a(da)
1 da 9
+5 [ (Gt @ (@) ula)
+ [ e @mla) - Vi(@)a(d)
el CDIC x)p(dx).

Define the linearized Fokker-Planck equation (L-FPE) via

gt = Ly, qt + AL, qe + 1t

and denote by (¢¢):>0 = Linear-[u, qo, (7¢)1>0]-
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Linearized Fokker-Planck equation

We can decompose - 2y “ as in [DT25]

5°U 5%
W(L Ho, 21, 22) - W (Mt)<m(l) (t; K, 521 )7 m(l) (t; s 522))

0P

+ Sm (Nt)(m@) (t; M, 621 ) 57;2)) ’

where

m(l)(’ 7 y) of Linear—[u, vV — lo, 0] 5
m® (s p,vr,10) =

Linear-[u, 1o — va, Source-[pe, m™M (5 o, v1), mM (-, )] -
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Linearized Fokker-Planck equation

We can also decompose J.,) 8(22)j% by [DT25]

2

52U
e, Oy 5, (b 10y 21, 22) =
%P (1) (1) 0P )
sz W(di (& s z1), dy (G p, 22)) + < () (df (8 o, 21, 22)) 5
where

M. def |
d; (s 1, 2) = Linear-[p, —0z,6,0] ,
dz(?j)('§ﬂa 21, 22) =
Linear-[11,0, Source-[y1, ;") (- 1, 21). df) (1, 22)]]
Thus, uniform in time convergence can be obtained by only studying
the decay properties of the (L-FPE).
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Estimates on L-FPE

The proof relies on considering the adjoint backward equation

Osws + Ly ws + Ay, ws =0, s €[0,1]
£,
and the duality argument

t
Hth(npo)/ - e sup <£7qt> — sup <w8£7QO> +/0 <wt§ Ts>d8

ll7,00 <1 €11, 00 <1
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Estimates on L-FPE

Regularity assumptions: ® is C? with bounded derivatives; the
linearized semigroup has spectral gap «.

Mechanism: Adjoint PDE = & (spectral gap) = derivative decay =
O(N~Y)

With regularity on ®, one gets the desired upper bound and
exponential decay

52U

52U e
5 2(t o, 21, 22)| < O, |0 )8( Di52 2(t po, 21, 22)| < Ce ",

Given the decomposition of the temporal error this leads to

sup [E[®()] — ()| < O(N ).
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4. Summary
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For appropriate choice of parameters, the CBO algorithm enjoys
uniform in time propagation of chaos

2
< Cpw(N~'4e72%).

E HVEN © ThdwNy — 50‘ .
We decompose ®(7;) — ® (1Y) via the master equation.

The decomposition can be written with only (L-FPE).

Due to non-degeneracy, (L-FPE) only enjoys exponential decays up to
a projection.

We use a duality argument to show this decay.
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For appropriate choice of parameters, the CBO algorithm enjoys
uniform in time propagation of chaos

2
B[ o mg. - 50H_S L < Crw(NTH 4 e72),

We decompose ®(7;) — ® (1Y) via the master equation.
The decomposition can be written with only (L-FPE).

Due to non-degeneracy, (L-FPE) only enjoys exponential decays up to
a projection.
We use a duality argument to show this decay.

The estimate provides a clear reference to balance between the size of
the system of particle and the length of simulation.

CBO can solve high-dimensional non-convex optimization problem
and one can rigorously prove the convergence.
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Thank you!

Figure: paper@arxiv: 2502.00582, to appear in Annals of Applied Probability
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