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Key Message

The deterministic problem (v = 0)

defines the same optimal policy.
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MF-PhiBE and LQR policy approximation

Policy evaluation. For a fixed policy, the exact LQR structure. For the LQR benchmark,
continuous-time value solves

(L5x — BV () + (1) = 0

MF-PhiBE keeps the continuous-time equation and

b(s,u,a) = As + Zﬁ + Ba.

Since v = 0 defines the same policy, MF-PhiBE

replaces the unknown local drift by (Lbo )f/ (1) +ri(p) =0,
. st—s and " N
bs. )= B 5" s D" () = sup D™ (1.

MF-PhiBE error in LQR

The optimal MF-PhiBE policy is Gaussian, 7" (- | s, u) = N(m*(s, 1), gN—l) , with

(s, p) = —N"BT (K(s — g) + Am), m*(s,pn) = —N"2BT(K(s — i) + AR),

then = o 5
A" (s, ) — m*(s, p)|| < GCs,uAt, (VT =V | < Cu(At)=.

Moreover, when 3 = 0, we have Es~,[m* (s, p)] = Es~p[m* (s, p)]-
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Convergence order verification:

Im* —m°| |

Algorithm for LQR: Let 7.

Estimate drift: Policy gradient:
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Numerical implementation

» The value function and the policy are
parameterized:
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Parameter value

» We solve PhiBE with Galerkin with
cylindrical basis functions.

» Only the first and second moments of
1 are needed.

Beyond vanilla gradient descent: Since we have
access to VJ, we can implement different
gradient-based optimization methods.
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Model-free actor-critic: general setting

CRITIC

Estimate coefficients:
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Model-free actor-critic: general setting

— K
Estimate coefficients:
st — sy Policy gradient:
b ~ by:==2 — o
n At Pro | V(W) =32, wy 87 Vwlog pr, (ay | sy, 1n)
+ + o - o
[ {(5771Mr11371<5;1 fn)}:\,/gl]_> t ~ in o= (SWSTZM q,‘]" =ran + b77 . (')“1/’ W‘(/Ln)(sn)
t S )T
+ % 2yt De0u V™ (pn)(sn)

Solve MF-PhiBE:
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Thanks for your attention!
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Stochastic Differential Game Model (N agents)

Exogenous supply dynamics
dQ. = k(6(t) — Q) dt + o%dWy (1)
Battery State of Charge dynamics
dSi = (ph + o) dt + o' p dWP + o'\ /1 — (p)2 dW}, (2)
where i} = a'(t) + b'(t)Q; is hybrid asset self generation, and
a) = a'(t, @, St), charges (o > 0) and discharges (o} < 0).

Price

Pt{ = ,5i _C:{ (Qt W; at) (3)
Base price —

Net Supply
Optimization problem (Linear Quadratic (LQ) Structure)

& Gargman’(a &',

i
(o) =E| / Piaj + cj(af)? + cl(S{ = C(1)* dt + (ST — C(T))? |
fi(t, Qt,St,a;,a:i) g'(@:,S:)

(4)
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Main Technical Contribution

Markovian LQ Differential Game = Best Response Functions —-

Coupled HJB System — LQ Ansatz — Coupled Riccati ODEs

® The best response function V' for each agent i evaluated at
Nash Equilibrium & satisfies

2 Vi(t, q,s)+in_f{f’(t, q,s, a’,d*’)+£ai"i_iv’(t, q,s)} =0, (5)
o

with V/(T,q,s) = g'(q,s). The LQ ansatz is of the form.

a] " [pb(e) Pi(2) R()] " [a

i _ 0 0 i

vitas = |2 (B 0 |2+ [58] ]+ eo- @

® The heterogeneous setting requires solving O(N3) coupled
Riccati ODEs, while under homogeneous setting the system

collapses to O(1).
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What Does Equilibrium Look Like?

(Homogeneous,N = 8)

2
]
&
8
s
o
£
=4
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5
=
e
7
>
5
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3
a

® Batteries charge when
prices are low, and
discharge during
high-price periods

=10
1 S
0 5 .
_1N8 SJ\ ® SOC decreases in the

discharging period and
increase during charging

® Resulting prices are
0 6 12 18 24 0 6 12 18 24 . .
t (hours) ¢ (hours) lowest in the morning and
highest during the
evening.

® Evening Prices flattened
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How Does Competition Reshape Equilibrium?

Average charging rate £[di]

Average price E[P,]

15| — 4 Hybrid BESS b
7| === n Arbitrageurs [
1.0 4 6 8101214161820
: 4+ n Agents
0.5
0.0 s
—05f
-1.0
-1.5
0 6 12 18 24
t (hours)

—_— .
4 6 8101214161820
4 +n Agents

6 12 18 24
t (hours)

® More competition

reduces individual
market power, leading
to less charging and
discharging

Gap between the
charging rate of Hybrid
and Arbitrageurs
agents increase as
number of agents
increase

Peak shifts down and
valley shifts up,
meaning price goes up
in the charging period
and goes down when
discharging



Conclusion and Future Work

Main Takeaways Future Directions

® Strategic BESS ® Non-LQ structure
interaction creates

® Deep learnin
endogenous price effects P g/

reinforcement learning

® |ncreasing competition methods for non-LQ
reduces individual market games
power

® Major-Minor and mean
® The LQ game framework field game formulations
enables tractable

A . ® Heterogeneous and
equilibrium analysis

asymmetric equilibrium
structures

Thank you!
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Key Contributions of Lambrecht and Lauriere (2026)

» Theory: Convergence guarantees for imitation learning
proxies in Mean-Field Games with common noise.

> Algorithm: Deep Fictitious Play, a heuristic extension of
Fictitious Play to the common noise setting.

» Robustness: Empirical evidence showing the advantage of
population-aware policies over population-unaware ones.

arXiv preprint -

Grégoire Lambrecht Joint work with Mathieu Lauriere Population-Aware IL in MFGs with Common Noise



> Observe experts playing at equilibrium.

» Assume that the agents’ objective (i.e., the reward function)
is unknown.
» Questions:

(Q1) Equilibrium Recovery: Is it possible to recover actions to
reconstruct an equilibrium ?

(Q2) Performance Matching: s it possible to recover actions to
perform well against the experts?

» Without common noise: Ramponi et al. (2023).
Giorgia Ramponi, Pavel Kolev, Olivier Pietquin, Niao He, Mathieu Lauriére, and

Matthieu Geist. On imitation in mean-field games. Advances in Neural Information
Processing Systems, 36, 2023.

Grégoire Lambrecht Joint work with Mathieu Lauriere Population-Aware IL in MFGs with Common Noise



What is common noise? What changes with common

noise?
» An additional source of > The population distribution
randomness affecting all becomes stochastic.
agents simultaneously. > Policies become

population-aware.

No Common Noise Common Noise
e
i P @ P
, 2
9@ . o —4
e (K
S0'e’ 00 A

Lo

Can population-unaware imitation learning methods still
perform well under common noise?

Grégoire Lambrecht Joint work with Mathieu Lauriere Population-Aware IL in MFGs with Common Noise



» 7E: Expert Policy, 7#: Candidate Policy.
»(Q1) Equilibrium Recovery: Exploitability(7?) < Co(nA, 7F)
(Q2) Perf. Matching: Perf. vs. Expert(74) < C'6(7A, 7F)

Expert 7¥
Nash equilibrium

%pschitz Assumptions (Lp,Lg)
e

e Y Y
Adversarial Learning: 67V Behavioral Cloning: §°¢
Global - distribution-level Local - action-level
E [lIu® - A1) E [Ex.,z (IIn4(X, p2) = 72 (X, 071 )
A l J L i
e Y l

Q1 - Equilibrium recovery ‘ Q2 - Performance matching ‘

l \/ \’ l J

/ .. ™ p
(\Exponentlal in H, Lp, LE ) ( Polynomial in H )

Grégoire Lambrecht Joint work with Mathieu Lauriere



Expert World
at Equilibrium

(e.22)

20

. (
A YY
-~ _:Jovd

€

N/

Observe (xi,ai)

Behavioral Cloning

Adversarial Learning

Learner World = /\\\
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i 17, ) —

—=— Adaptive

o] .\'\.\_

e
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Policy Gradient Learning for Distributionally Robust
Markov Decision Processes under Wasserstein Ambiguity
Y. Hafsi  S. Mekkaoui H. Pham K. Yan

CMAP, Ecole Polytechnique
School of Mathematical Sciences, Xiamen University

Foundations of Multi-Agent and Mean Field Reinforcement Learning
May 21, 2026
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From MDPs to Robust MDPs

observe Xy 1, reward fy

state Xy transition X ~ P -
kernel i+l !
Py (X, at, )

unknown

)
\
\

0 \

H policy at ~ Ty \

T Alexe, ea(p0
Pe(X¢,at) = ‘3 (PP (X¢, at, )

//__\\

, N
7/ N
/ \
;. \
I . op) |
f /
\ . /

true transition kernel Py lies in this ball;

Nature picks the worst element

Standard MDP. Tuple

(X, A {P}ier, f,9,T) with X C RY,

A C R™ compact, T € N*,
T:={0,...,T—1}, P, : X x A — P(X),
fiTXXAXXAXX =R, g: X =R, and
trajectory reward

R(S) = Zt f(t7 X, at, XH-l) + g(XT)‘
Randomized parametric policy.

7l X = P(A), § € © C R¥ compact;
for po € P(X), optimize

J(0) = B [l (Xo)]

Specialization. Fore >0, ¢ > 1,

P X x A— P(X):

Pi(z,a) = BSYP(z,a,-)), Wy-ball of
radius e.

Robust criterion:

V(z) = sup Peigf EF[R(S))].
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Dynamic programming and the differentiation obstacle

Theorem (Robust DPP, Thm. 2.1)
For all (t,z) € T x X and all admissible 7,

VE@)=9@), W) = Eanmen], inf B [f 20, Xeon) + V(X)) .

A Borel-measurable worst-case selector P}™ attains the infimum and V™ (z0) = EX " [R(S)].

Obstacle. The recursion under the parametric policy reads
Vi(x) = / / [f(t,z,a,2") + Vi ()] By (2,0, da’) 7] (, da).
Adx

The kernel ]P’:‘O depends implicitly on 6 through Vtﬂ_l. In general 0 — IF’:‘G admits no closed form
and is not amenable to a straightforward induction.

Strategy. Pass to a dual representation in which P} % never appears explicitly.
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Wasserstein duality and policy gradient
Constrained OT. For V : X — R continuous, P’ € P(X), € > 0, c(z,y) = ||lx — y||%
inf  EF[V(Y)] = inf E[V(Y)].
PG]BIE{lq(PO) [ ( )} WEP}I}KXX): [ ( )]
prigy=P’, E7[c(X,Y)]<e?

Strong duality (Blanchet-Murthy, 2019). With F*(V)(z) := sup, e {1V (y) — Ac(z,y)}, A > 0:
inf  EF[V(Y)] = sup EP°[inf{V(y) + Ae(X, y)}] Y
A>0 yeEX

PEBe-a(PO)
Dual robust Bellman. For (¢,0,z,a) € T X © x X x A:
GY(x,a) = ig%{EXNP?(I’aV)I:_FA(_f(t71‘7 a,-) — Vf,_l)(X)] —e?\} €R,

Af’e(x,a) = arg max {_ -} C0,4], Yga(z,a;X):=argmin{f + VﬁH + Ae(X,y)} C X.
A€E[0,A] yex

Theorem (Policy gradient, Thm. 3.1)

For every r € R%, 0 el (z,a) admits one-sided directional derivatives:

DiGi(w.a)lr] =  suwp  Exipoian|  inf  DVii()l],
AN (z,a) YEY g A (2,0
DyGi(wa)lr] =  inf  Expepan| swp DoVa(ll].

reA;? (z,a) YEY S, o (w:a;X)

4/6



Robust actor—critic algorithm
Approximators updated backward in time, t =T —1,...,0:
Vo) # Vi (z),  Uea(a) = VoV (x).

Per step: draw a; ~ wf(z+,-) and Xt(Ql ~PY(x,a1,-),5=1,...,N.

1. Critic. Solve the scalar dual on [0, A], A\ € arg mMaxe[0,A] F?(\; 1, a4), then regress Vip,t(zt)

on GY (x4, ar).

2. Inner selector. For each i, y* (ij_)l) € arg rréi({)l{f(t, Ze,at,Y) + Vi er1(y) + Xf c(Xt(j_)l,y)}.
y

N
Gradient critic. Form VoGY(z¢,a1) = + Z Us, i1 (y" (Xt(f:l))7 then regress Ug ¢(z¢) on

i=1
Zt = éf(xt, at) Vg log Wf(mt, ar) + VoGY(xt, ar).
4. Actor. 0 + 0+mng- MM Ue o(X), X ~ po.

Remarks. (i) No small-e restriction. (ii) Tabular case is exact; function approximation is a
scalability device. (iii) Framework extends to any convex, weakly-compact ambiguity admitting

strong duality.



Numerical evidence — LQ control

Setup. Dynamics X¢+1 = AX: + Bu: + Zw;, quadratic costs xTQx + uTRu, terminal z " Przx.
Adversary perturbs the empirical noise distribution within a Wasserstein ball. Policy parametrized
as a truncated Gaussian with neural-network mean jg(t, ) and learned scalar variance o3.

Recovery of the Riccati structure. The learned VOG* is quadratic in z and pex (0, -) is linear,
matching the closed-form benchmark of Kim—Yang (2021):

251 — =005 — e=04
— e=02

— =07

po+(0,x)

Robust value

Policy variance

150

—o— £=0.05 —eo— £=04

—o= £=02

—o— =07

LT —

o

50 100
Chunk

150

50 100 150
Chunk

Training is stable for all €; the policy variance oy collapses toward 0, so the stochastic policy
becomes nearly deterministic, consistent with the deterministic Riccati optimizer Kix + L.

Take-away. Wasserstein duality + directional Danskin = tractable robust actor—critic; recovers the Riccati

optimum in LQ.

github.com/YadhHafsi/Policy-Gradient-Learning-for-DRO
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