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Tragedy of the Commons and Common Pool Resources

Tragedy of the commons (Hardin '68, dates back to Aristotle): the short sighted
overconsumption of common pool resources may lead to long term detrimental results.

Some examples of common pool resources: fish stocks, coffee, public parks, water...
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However, in real life this phenomenon is not observed commonly. This can be due to
some governing laws/ interventions or due to individualistic efforts:
Elinor Ostrom (2009 Nobel Laureate in Economics)
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However, in real life this phenomenon is not observed commonly. This can be due to
some governing laws/ interventions or due to individualistic efforts:
Elinor Ostrom (2009 Nobel Laureate in Economics)

Our motivation is to model possible altruism of the individuals in large populations.
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Mean Field Games vs Mean Field Control

Due to the exponentially increasing number of interactions among agents, it is
challenging to find solutions™ in the game problems.

*: Social Optimum (full cooperation) or Nash equilibrium (full competition)

Approach: using mean field approximations = Mean field game & Mean field control

Similarities:

— Assume N — oo.

— Agents are identical and infinitesimal.
— Agents interact symmetrically.

— There are mean field interactions.

— ldea: Focus on representative agent and her interactions with the distribution.
Differences:

— Mean field game: non-cooperative agents; Mean field control: cooperative agents



Mathematical Formulation Example of MFG and MFC

The representative agent'’s state process X< has the following dynamics:
dX;J :b(t,Xt,at,ut)dt+oth, te [0, T], Xoa ~ HOo- (1)

Mean Field Game:

For each fixed flow of probability measures p1 = (u¢)o<e<7, the representative agent
has the cost:

;
J(a; ) :E[/O f(tvxtavo‘fvﬂt)dt+g(X7q7NT)]7 (2)

Def: An MFG solution (i.e., MFG (Nash) equilibrium) is a pair (a™¥¢, pMFC) s t.:

— Best response: o™ minimizes J(-; uM") defined in (2),

— Fixed point: ut™C = £(XMFC) for all t € [0, T], where XM is the solution

to (1) controlled by a™¥¢.



Mathematical Formulation Example of MFG and MFC

The representative agent'’s state process X< has the following dynamics:
dX;J = b(t,Xt,C!t,,LLt)dt + O'th, te [0, 7—]7 Xoa ~ HOo- (1)

Mean Field Game:

For each fixed flow of probability measures p1 = (u¢)o<e<7, the representative agent
has the cost:

,
o) = E[ [ e X 0w )+ (X )] 2)
Def: An MFG solution (i.e., MFG (Nash) equilibrium) is a pair (a™¥¢, pMFC) s t.:

— Best response: o™ minimizes J(-; uM") defined in (2),
— Fixed point: ut™C = £(XMFC) for all t € [0, T], where XM is the solution

to (1) controlled by a™¥¢.

Mean Field Control:

Def: An MFC solution (i.e., MFC optimum) is a minimizer of the following cost:

.
MECa) =B [ (1 X0 u, L)) dt + g (XF £(XP))] 3)
0
where X< is determined by (1) using the control a.

Define the following notation: pf* := L(X)



Mean Field Games vs Mean Field Control with Common Pool Resources

— In MFG: Agents are insignificant and they do not see their effect. They overuse
the resources. = Tragedy of the commons is inevitable.

— In MFC: Agents are fully altruistic or the decisions are prescribed by outside
regulator. = Not a good representation of human nature.



Mean Field Games vs Mean Field Control with Common Pool Resources

— In MFG: Agents are insignificant and they do not see their effect. They overuse
the resources. = Tragedy of the commons is inevitable.

— In MFC: Agents are fully altruistic or the decisions are prescribed by outside
regulator. = Not a good representation of human nature.

Motivation: In real life, populations are a mixture of cooperative and non-cooperative
individuals, or even further, the individuals could have cooperative and
non-cooperative tendencies within themselves.

We want to model such situations.



Related Literature

Some related literature:

— Angiuli, Detering, Fouque, Lauriere, Lin (2022a, 2022b): Mean field control games
— Barreiro-Gomez, Duncan, Tembine (2020): Co-opetitive LQ MFG

In today’s talk, we will discuss topics mainly from:

— “Cooperation, Competition, and Common-Pool Resources in Mean Field Games”
by G.D. and Lauriere (2025) (ArXiv: 2504.09043)

— “Inverse Learning of the Altruism and Cost Level in Mixed-Individual Mean Field
Games” by Cao, G.D., Shi (2026)

Some other related work:

—  “From Nash Equilibrium to Social Optimum and vice versa: a Mean Field Perspective” by Carmona,

G.D., Delarue, Lauriére. Applied Mathematics and Optimization (ArXiv: 2312.10526)
s

“How can the tragedy of the commons be prevented?: Introducing Linear Quadratic Mixed Mean

Field Games” by G.D. and Lauriére. In Proceedings of IEEE Conference in Control and Decision
(CDC) 2024 (ArXiv: 2409.08235)

—  “Finite-State Mixed-Individual Mean Field Games with an Application to Epidemic Modeling” by Jia,
G.D. (2026)


https://arxiv.org/abs/2504.09043
https://arxiv.org/abs/2312.10526
https://arxiv.org/abs/2409.08235

Cooperation and Competition in Mean Field Games

Two population setups will be considered:

— Mixed Individual Mean Field Models
— Mixed Population Mean Field Models

(a) Mixed Individuals (b) Mixed Populations



Mixed Individual
Mean Field Models



MI: General Model Form

Idea: We have large number of homogeneous agents and they each see their
individual effect as well as the population effect.

Mathematically: Add the distribution of agent’s own state on the cost function and
dynamics.



MI: General Model Form

Idea: We have large number of homogeneous agents and they each see their
individual effect as well as the population effect.

Mathematically: Add the distribution of agent’s own state on the cost function and
dynamics.

The cost of the representative agent who chooses control o = (at)¢cpo, 7] given the
population distribution p = (jt¢)ecio, 7] is

T
J(avp‘) =E |:/ f(tvxtavah//(‘t,,uta)dt+g(X?7,U’T7.u€I:E) ’
0

where pf = L£(X) (i.e., individual effect). The representative agent’s state, X<, has
dynamics:
dthl = b(t7 Xta7 Aty [t /,L?)dt + Ude?

with po = uf* = L(Xo).



MI: Equilibrium Definition and Analysis (1)

Def: We will call (&, ft) a mixed individual mean field Nash equilibrium if

i. Best response: & is the best response of the representative agent given the
mean field distribution fi.
= & € argming, J(o; 1),

ii. Fixed point: For all t € [0, T], we have fi; = uf.



MI: Equilibrium Definition and Analysis (1)

Theorem:? Let (&, 1) be a mixed individual mean field Nash equilibrium. Then, it is
given by:
&¢ = argmin HMI(t:Xty Q, fhes fe, Ye), fie = e,

where e = L(X;) and (X, Y, Z) solve the MKV FBSDE:

dXe = b(t, Xz, Ge, put, e )dt + ocdWs

dY: = ( — 8XHMI(1-'7 Xt, &t, Mty Kty Yt) _I’E[a/LgHI\/H(t»)?tv &t: Kty e, Vt)(Xf)] )dt + ZidW;

Similar to MFG and MFC Similar to MFC
Xo ~ po, Y7 = 0xg(X7, 1, 17) + B0 (X7, o7, 1) (X7)].

2 . . A
Under suitable conditions, such as the ones given in Chapter 6.3 Carmona-Delarue Vol I.
Under suitable conditions such as drift is linear in control, running cost is bounded, quadratic in control and lipshitz in state and pop. distribution

and terminal cost is bounded

10
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Theorem:? Let (&, 1) be a mixed individual mean field Nash equilibrium. Then, it is
given by:
&¢ = argmin HMI(t:Xty , fie, e, Ye), fe = pe,
where e = L(X;) and (X, Y, Z) solve the MKV FBSDE:
dXe = b(t, Xz, Ge, put, e )dt + ocdWs
dY: = ( — 8XHMI(1-'7 Xt, &t, Mty Kty Yt) _I’E[a/LgHI\/H(t»)?tv &t: Kty e, Vt)(Xf)] )dt + ZidW;
Similar to MFG and MFC Similar to MFC

Xo ~ po, Y7 = 0xg(X7, 1, 17) + B0 (X7, o7, 1) (X7)].

Theorem:® Mixed individual mean field Nash equilibrium is an e-Nash equilibrium for

the finite player mixed individual game.

2 . . A
Under suitable conditions, such as the ones given in Chapter 6.3 Carmona-Delarue Vol I.
Under suitable conditions such as drift is linear in control, running cost is bounded, quadratic in control and lipshitz in state and pop. distribution

and terminal cost is bounded

10



Modeling Common Pool Resources with Mixed Individuals

Common Pool Resource will be denoted
by K = (Kt)tepo,7) with dynamics:

dK: = ( bo (t, Ke) — br (t, Ke, e, i) ) dit.
—_—

replenishment decay

11



Modeling Common Pool Resources with Mixed Individuals

Common Pool Resource will be denoted
by K = (Kt)tepo,7) with dynamics:

dK: = ( bo (t, Ke) — br (t, Ke, e, i) ) dit.
—_—

replenishment decay

With the addition of common pool resources the model becomes:
T
J(a; IL) =E |:/ f(t7 Xtav Kt7 Aty [ty /-’Lta)dt + g(X?» KT7 KT, /.L?):| )
0

where pf = L£(X) and with the dynamics:
dXta - b(ta Xtaa Kt? Qi [t /‘l’?)dt + Uth’
th = (b(l)<(t7 Kt) - b{((t7 Kta Mtau?))dt
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Modeling Common Pool Resources with Mixed Individuals

Common Pool Resource will be denoted
by K = (Kt)tepo,7) with dynamics:

dK: = ( bo (t, Ke) — br (t, Ke, e, i) ) dit.
—_—

replenishment decay

With the addition of common pool resources the model becomes:
T
J(a; IL) =E |:/ f(t7 Xtav Kt7 Aty [ty /-’Lta)dt + g(X?» KT7 KT, /.L?):| )
0

where pf = L£(X) and with the dynamics:
dXta - b(t7 Xtaa Kt? Qi [t /‘l’?)dt + Uth’
th = (b(lf(n Kt) - b{((tv Kta Mfau?))dt'

Remark: This model can be written in the general form where the modified state
X: = [Xe, Ki] T = Same technical analysis applies.

11



MI Special Case: A-interpolated MFGs

Everyone will have the same and constant level, (1 — A) € [0, 1], of altruism.

— When A = 0 = fully cooperative.

— When A = 1 = fully non-cooperative (i.e., competitive).

Then, the cost functions and drifts will depend on: Ape 4+ (1 — A)ug

12



Mixed Population
Mean Field Models



MP: General Model Form (1)

Idea: Now we have a large population of fully non-cooperative and cooperative agents
in the population mixed together.

Mathematically: Focus on two representative agents: Non-cooperative & Cooperative

— For the non-cooperative: MFG model given the distribution of cooperative agents.
— For the cooperative: MFC model given the distribution of the non-cooperative

agents.

13



MP: General Model Form (I1)

The cost of the representative non-cooperative agents:
NC(,NC. NC , C T N N NC  NC NC(yaNC NC
S (e, uY) =E : R XS o e s )dt+ g (XT L ur )|

. . NC .
The state of the representative non-cooperative agent, X® , has dynamics:

NC NC
dXp T =N X2, ar € i, pd)dt + o NCdW e

exogenous

The cost of the representative cooperative agents:
T
J@%pN) =E U fc(t,Xf‘c,atc,ulfc,uf‘c)dt+gc(X?Nc,u¥C7u?c)} ,
0

. . c .
The state of the representative cooperative agent, X , has dynamics:
c c c
axe” = bC(e, 8% af, N L ue)dt + oCdWC.
—~—
exogenous

where u‘t"c = £(X{"C),

14



MP: Equilibrium Definition and Analysis (1)

Def: We will call (dNC,ﬂNC,&C) a mixed population mean field equilibrium if

i. Non-cooperative best response: & is the best response of the representative

non-cooperative agent given the mean field distributions of non-cooperative &
. ~ A C
cooperative agents: aN¢, p®
N . N 5C
= &% € argmingneg, SNC(N; AN, pd ),

15



MP: Equilibrium Definition and Analysis (1)

Def: We will call (dNC,ﬂNC,&C) a mixed population mean field equilibrium if

NC is the best response of the representative

i. Non-cooperative best response: &
non-cooperative agent given the mean field distributions of non-cooperative &
cooperative agents: N, ué‘c

= & € argminneg, NN NG, ué‘c),

&aNC

ii. Non-cooperative fixed point: For all t € [0, T], we have ANC = pf ,
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MP: Equilibrium Definition and Analysis (1)

Def: We will call (dNC,ﬂNC,&C) a mixed population mean field equilibrium if

N

Non-cooperative best response: &~ C is the best response of the representative

non-cooperative agent given the mean field distributions of non-cooperative &
. ~ A C
cooperative agents: aN¢, p®
N . N 5C
= &% € argmingneg, SNC(N; AN, pd ),

&aNC

. Non-cooperative fixed point: For all t € [0, T], we have ¢ = p¢ ,

Cooperative optimality: &° is the optimal control of the representative

cooperative agent given the mean field distribution of non-cooperative agents:
~ANC
o

= &% € argminge o, SO fNO).

15



MP: Equilibrium Definition and Analysis (I1)

NC ~NC aC
ST, EY)

NC . MP,NC NC NC C NC
¢ =argminH (6, Xe oy pe, Y )
a

Theorem:* Let (& be a mixed population MF equilibrium. Then:

&

MP,C C C C C ~NC NC
(t, X, sl s Y ) =Wy

A C ) N
&, =argmin H ey p e
o

= L(XNC), uf = L(XE), and (XNC, yNC ZNC xC yC 7€) solve
dXNC = BN, XN, 6, ulC, g )dt + N AW

@Y = oMM XN Y, N, YN Yde + 2w

where 1N¢

dxS = b°(t, X°,aC, uNC, uSydt + oS aw S

dth = (_ 6XHMP,C(t7XS7dS7 F"I\Icv P‘?w Yzc)

~B10,0 (0 X BT N VX de |+ 28 WS

XS\IC NM(IJ\IC! Y'II:IC: Xg(XTNCﬁ"l;ICM"(TJ)’
X7~ YE = 0 XF L ) B0, (% iy k) |

4 B . . .
Under suitable conditions, such as the ones given in Chapters 3.3 & 6.3 Carmona-Delarue Vol I.
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NC ~NC aC
ST, EY)

NC . MP,NC NC NC C NC
¢ =argminH (6, Xe oy pe, Y )
a

Theorem:* Let (& be a mixed population MF equilibrium. Then:

&

MP,C C C C C ~NC NC
(t, X, sl s Y ) =Wy

A C ) N
&, =argmin H ey p e
o

= L(XNC), uf = L(XE), and (XNC, yNC ZNC xC yC 7€) solve
dXNC = BN, XN, 6, ulC, g )dt + N AW

@Y = oMM XN Y, N, YN Yde + 2w

where 1N¢

dxS = b°(t, X°,aC, uNC, uSydt + oS aw S

dth = (_ 6XHMP,C(t7XS7dS7 F"I\Icv P‘?w Yzc)

~B10,0 (0 X BT N VX de |+ 28 WS

XS\IC NM(IJ\IC! Y'II:IC: Xg(XTNCﬁ"l;ICM"(TJ)’
X7~ YE = 0 XF L ) B0, (% iy k) |

Theorem: Mixed population MF equilibrium is an (e1, €2) equilibrium/optimum for the finite
player mixed population problem.

4 B . . .
Under suitable conditions, such as the ones given in Chapters 3.3 & 6.3 Carmona-Delarue Vol I.

16



Modeling Common Pool Resources with Mixed Populations

Similarly to Ml, Common Pool Resource
will be denoted by K = (Kt)¢teo, 77-

Different than MI, non-cooperative and
cooperative agents will perceive different
dynamics for the common pool resource:

17



Modeling Common Pool Resources with Mixed Populations

Similarly to Ml, Common Pool Resource
will be denoted by K = (Kt)¢teo, 77-

Different than MI, non-cooperative and
cooperative agents will perceive different
dynamics for the common pool resource:

Non-cooperative agents:
dK = (b (6, K ) = b (6, KO, pit) ) it

replenishment decay

Cooperative agents:
dKE = (B (8 KO) — bl (2, K, i C, ) ) .
———

replenishment decay
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Modeling Common Pool Resources with Mixed Populations

Similarly to Ml, Common Pool Resource
will be denoted by K = (Kt)¢teo, 77-

Different than MI, non-cooperative and
cooperative agents will perceive different
dynamics for the common pool resource:
Non-cooperative agents:
NC K NC K NC NC C
th = (bO (t7 Kt )7b1 (tv Kt s Mt a/’Lt))dt

replenishment decay

Cooperative agents:
dKE = (B (8 KO) — bl (2, K, i C, ) ) .
———

replenishment decay

C
However, at the equilibrium: ;& = ;€

— Therefore: we will have only one flow (K) for the common pool resource.
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Similarly to Ml, Common Pool Resource
will be denoted by K = (Kt)¢teo, 77-

Different than MI, non-cooperative and
cooperative agents will perceive different
dynamics for the common pool resource:
Non-cooperative agents:
NC K NC K NC NC C
th = (bO (t7 Kt )7b1 (t7 Kt s Mt a/’Lt))dt

replenishment decay

Cooperative agents:
dKE = (B (8 KO) — bl (2, K, i C, ) ) .
———

replenishment decay

C
However, at the equilibrium: ;& = ;€
— Therefore: we will have only one flow (K) for the common pool resource.

Remark: This model can be written in the general form where the modified states
XNC = XN KNC)T and XE = [XC, KE]" = Same technical analysis applies.
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MP Special Case: p-Mixed MFGs

The population consists of constant p proportion of non-cooperative agents and
(1 — p) proportion of cooperative agents.

Then, the cost functions and drifts will depend on

— purC 4 (1 — p)us for non-cooperative agents,

— pur© 4+ (1 - p)u?‘c for cooperative agents

18



Motivating Example with

Common Pool Resources (CPRs):

Modeling Fishers and Fish Stock



Mixed Individual Fisher and Fish Stock Model®

We model a large population of fishers with an altruism level of (1 — \) € [0, 1].
— State: Fishing effort X;, Control: Change in fishing effort a;

— Common pool resource: Fish stock level K;

— Management Concern Level (TOTC): Following WWF, around 25-35% of
Spawning Stock Biomass (K) creates management concerns. We set it 30%.

5The model is motivated by the Ph.D. thesis “Integrating Ecology and Economics in the Mathematical
Modelling of Marine Ecosystems” R. McPike. (2021, University of Strathclyde, Glasgow).

19



Mixed Individual Fisher and Fish Stock Model®

We model a large population of fishers with an altruism level of (1 — \) € [0, 1].
— State: Fishing effort X;, Control: Change in fishing effort a;
— Common pool resource: Fish stock level K;
— Management Concern Level (TOTC): Following WWF, around 25-35% of
Spawning Stock Biomass (K) creates management concerns. We set it 30%.
The state and the common pool resource dynamics are given as follows:

dX = ardt + odW,, X§* ~ po

dK: = [rK: (1 — %) —qKe(AXe + (1 — A X&) ] dt, Ko = pK.

—_——— -
Logistic growth Decay due to fishing

5The model is motivated by the Ph.D. thesis “Integrating Ecology and Economics in the Mathematical
Modelling of Marine Ecosystems” R. McPike. (2021, University of Strathclyde, Glasgow).



Mixed Individual Fisher and Fish Stock Model®

We model a large population of fishers with an altruism level of (1 — \) € [0, 1].
— State: Fishing effort X;, Control: Change in fishing effort a;

— Common pool resource: Fish stock level K;

— Management Concern Level (TOTC): Following WWF, around 25-35% of
Spawning Stock Biomass (K) creates management concerns. We set it 30%.

The state and the common pool resource dynamics are given as follows:

dX = ardt + odW,, X§* ~ po

dK: = [rK: (1 — %) —qKe(AXe + (1 — A X&) ] dt, Ko = pK.

—_——— -
Logistic growth Decay due to fishing

The representative fisher has the following cost:

T - -
E[/ (PR AR+ (L= VX KXE +axe + 2P+ Tal ],
0

Fishing revenue

High effort cost Ramping up/down cost

Price function is taken as a linear inverse supply function, i.e., P(z) = po — p1z.

5The model is motivated by the Ph.D. thesis “Integrating Ecology and Economics in the Mathematical
Modelling of Marine Ecosystems” R. McPike. (2021, University of Strathclyde, Glasgow).



MI Theoretical Analysis

Theorem: Mixed individual mean field equilibrium control is given by
af = *Yr2/c3
where (K, X, Y, Y2 Z', Z?) solve the following FBSDE:
dKe = [rK: (1 — Kt /K) — qKeXe]dt

|6
dXy = ———dt + odW;
a3

2r - =
dy} = - [(r - K- aXe) Yi+ 2p1thXtXt—p0Xt] dt + ZLdW,
dy? = — [plq(2 — NK2X: + a1+ aaXe — q(1 — MK )_/tlfpoKt] dt + Z2dW,
Ko =pK, Xo~po, YE=Y2=0



MI Theoretical Analysis

Theorem: Mixed individual mean field equilibrium control is given by
af = *Yr2/c3
where (K, X, Y, Y2 Z', Z?) solve the following FBSDE:
dKe = [rK: (1 — Kt /K) — qKeXe]dt

|63
dX; = ——Ldt + odW,;
s

2r - -
dy} = - [(r - K- aXe) Yi+ 2p1thXtXt—p0Xt] dt + ZLdW,
dy? = — [plq(2 — NK2X: + a1+ aaXe — q(1 — MK )_/tlfpoKt] dt + Z2dW,
Ko=pK, Xo~po, YF=Y3=0

Theorem: Under small time condition, there exists a unique mixed individual mean
field equilibrium (&, K, X).

20



MI Numerical Results

Fish Stock Average Effort Change Average Effort

0 1 2 3 4 [ 1 2 3 4 0 1 2 3 4
Time (1) Time (t) Time (t)

Figure 6: Left: Fish Stock over time: K;; Middle: Average mixed individual mf equilibrium
change in fishing effort over time &}; Right: Average mixed individual mf equilibrium fishing
effort over time )_Q;

21



MI Numerical Results

Average Effort

Fish Stock Average Effort Change

2
Time (1) Time (t) Time (t)

Figure 6: Left: Fish Stock over time: K;; Middle: Average mixed individual mf equilibrium
change in fishing effort over time &}; Right: Average mixed individual mf equilibrium fishing

effort over time X;

As altruism increases (i.e., A decreases), fishing effort is lower, fish stock levels are

higher.

2 3 4

21



Mixed Population Fisher and Fish Stock Model (1)

We model a large population that is a mixture of p proportion of non-cooperative
fishers and (1 — p) proportion of cooperative fishers.

22



Mixed Population Fisher and Fish Stock Model (1)

We model a large population that is a mixture of p proportion of non-cooperative

fishers and (1 — p) proportion of cooperative fishers.

The state and the common pool resource dynamics are given as:

— Representative non-cooperative agent:
dXNC = ap%dt + odWNC,  XC ~ g
NC NC A NC [, NC g C
dK = rK; (1 - T) —qgK; (PXt +(1—p)X; )7
— Representative cooperative agent:
dXxC = aCdt +odWS,  X§ ~pu§

C _ 4C LF C (. wNC zaC
dKy = rk; (1— K )_th (PX:© + (1= p)X ),

Note: At the equilibrium: KN = KE = K.

KJ'C = pK.

K§ = pk

22



Mixed Population Fisher and Fish Stock Model (1)

The cost functions are as follows:

— Representative non-cooperative agent:

T NC/(,¥NC 3 C NC yaNC
E[/O (_'D(th (PXe ™ + (1= p)X; ))Kt X

Fishing revenue

NC CNc NC CNc
F X £ (x4 S (o) ) .

Fishing costs

— Representative cooperative agent:
T C(,wNC goC Cya®
E[ o (_ P(th (pPX: ™~ + (1 — p)X{ ))Kt X
c c
C C C C.
+ e X+ X ) %(a§)2>dt].

23



MP Theoretical Analysis

Theorem: Mixed population mean field equilibrium controls are given by
alt\IC,* _ 7Yt2,NC e atc *_ fYt2’C/c3C
where (K7XNC,XC, YI,NC7 YI’C, Y2,NC7 Y2,C7 zl,NC7 Zl,C7 ZZ,NC722,C) solve:
dK: = [rKe (1 — Ke/K) — gKe(pXNC + (1 — p)X©)]dt — Common for both
dxNC = —vPNC /X Cdt 4 oNCaWNC
dXC = — Y2 /S dt + oCdWE
dytl,NC _ [(r— 2r g q(pXNC +(1- )XC)) yLNC
1 2p1gKe(pXNC 4 (1 — p))_(tc)XthfpoXtNC] dt + zPNCqwNe
dypNe = - [—poK: +p1gKE(pXIC + (1= p)XT) + e © + CNCXNC} dt + 22N dWNC
dvPO = —[(r = 2K — q(pXFC + (1 - p)XO)) YO
+2p1Ke (PXNC + (1 — P)XOIXE —poXC | dt + 21O dwC
dYP© = = [=poKe + prakZ(PXNC + (1 = p)XE) + cf + e XC
— qKe(1 — p)VEC + prgK2(1 — p))_(c] dt + Z22Cawe

Ko = pK, XNC ~ i€ XE ~ 1S, YINC Ych ch Yzc:0



MP Numerical Results

Fish Stock Average Effort Change Average Effort
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Time (1) Time (t) Time (t)

Figure 7: Left: Fish Stock over time: K;; Middle: Average mixed population mf equilibrium
change in fishing effort over time @j; Right: Average mixed population mf equilibrium fishing
effort over time X;:
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MP Numerical Results

Average Effort
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Figure 7: Left: Fish Stock over time: K;; Middle: Average mixed population mf equilibrium
change in fishing effort over time @j; Right: Average mixed population mf equilibrium fishing

effort over time X;;

i) Cooperative agents fish less to protect the fish stock levels. Non-cooperative agents

enjoy free-riding.



MP Numerical Results

Average Effort

Fish Stock Average Effort Change
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Time (1) Time (t) Time (t)

Figure 7: Left: Fish Stock over time: K;; Middle: Average mixed population mf equilibrium
change in fishing effort over time @j; Right: Average mixed population mf equilibrium fishing

effort over time X;;

i) Cooperative agents fish less to protect the fish stock levels. Non-cooperative agents
enjoy free-riding. ii) As proportion of cooperative agents increases (i.e., p decreases),

fish stock levels are higher.

25



Comparison of Ml and MP Results
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Figure 8: Left: Fish Stock over time: K:; Middle: Average mixed individual and population
mf equilibrium change in fishing effort over time &} ; Right: Average mixed individual and
population mf equilibrium fishing effort over time X;;
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Comparison of Ml and MP Results
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Figure 8: Left: Fish Stock over time: K:; Middle: Average mixed individual and population
mf equilibrium change in fishing effort over time &} ; Right: Average mixed individual and
population mf equilibrium fishing effort over time X;;

At the same level of A and p, fish stock level is lower and fishing efforts are higher in
the mixed population case. = It is better to have everyone with some altruistic
tendencies instead of having a mixture of fully cooperative and fully non-cooperative

agents.
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How can we learn

altruism levels from data?



Learning Altruism Levels from Data (1)

Motivation: Incentive design builds on full model information. However, altruism

levels may not be externally observed.

Idea: Observe the state or control flows of agents, then inverse learn \.°

Set ¢

Get &€ and/or X*€

In Mixed Individual MFG model, we saw that the model is characterized with a

forward-backward differential equation system.

= This system is parameterized with \ and characterizes & and the corresponding X.

® “Inverse Learning of the Altruism and Cost Level in Mixed-Individual Mean Field Games” by Cao, G.D.,
Shi (2026)
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Learning Altruism Levels from Data (Il)

We start with the following model form:
1 T
Saim) = 35| [ cond b e X0+ uf (i) ]

where the controlled process follows
dX = (bao + bxXt) dt + odW, Xo ~ po-

Our aim is to learn A (and c,) from observed data.

Theorem: MI-MFNE control profile & is given as:
baOxu(t, x)

Co

&t =
where (u, m) = (ut, m¢)¢co, 1) solves the following forward-backward partial differential
equation (FBPDE) system:

1 242 b2 2 L2 | Cu o2 -
—Orur = 5005, u(t,x) — ﬁ(@xu(t, X)) 4 buxOxu(t, x) + $x* + X7+ cu(l — A)Rex,

Beme = %02, m(t, x) — O (m(t, ) — 22 Bu(t, %) + bex)),

Ca

ur =0, m(0, x) = po(x),

where % = [ xm(t, x)dx.
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Learning Altruism Levels from Data: Identifiability & Experiments

Theorem: Given X and « observations, A (or the couple (), co)) can be uniquely
identified.

We simulate M observations of N = 100 agents’ state and control flows at discrete
time. By using this simulated data, we learn the unknown parameters.

Estimation Interval v.s. Ground Truth Estimation Interval v.s. Ground Truth
0.104 0.104
X Ground truth T X Ground truth
0.103 ® Estimation Interval 0.103 @ Estimation Interval
0.102 0.102
~ ~
.—I< 0.101 .-‘. 0.101
5 5 L ]
3 0100 3 0100
] 3
> >
0.099 0.099
0.098 0.098
0.097 0.097
5 10 15 20 25 30 35 40 45 50 5 10 15 20 25 30 35 40 45 50
Number of Observations M Number of Observations M

Figure 9: Visualization of the learned 1 — X\ from observed data vs. the ground truth values
when only A is unknown (left) and when both X and c, are unknown (right).
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Theorem: Given X and « observations, A (or the couple (), co)) can be uniquely
identified.

We simulate M observations of N = 100 agents’ state and control flows at discrete
time. By using this simulated data, we learn the unknown parameters.
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Figure 9: Visualization of the learned 1 — X\ from observed data vs. the ground truth values
when only A is unknown (left) and when both X and c, are unknown (right).

Ongoing: General model form, introducing the optimization of the regulator.
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Conclusion

— We defined and analyzed different equilibrium notions when there are both
cooperative and competitive tendencies in the population.

e Mixed Individual Models

e Mixed Population Models

e We also modeled Common Pool Resources in these models
We discussed equilibrium definitions, characterizations, special cases.

We introduced, analyzed and solved a motivating example of fisher and fish stock.

L1l

We discussed the inverse learning problem for learning the altruism levels and
presented initial results.

Thank you!

gokcedQ@illinois.edu
www.gokcedayanikli.com
ArXiv: 2504.09043, 2312.10526, 2409.08235

30


mailto:%20gokced@illinois.edu
https://www.gokcedayanikli.com/
https://arxiv.org/abs/2504.09043
https://arxiv.org/abs/2312.10526
https://arxiv.org/abs/2409.08235

