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Policies and Q-functions

Let 7 : X — Al be a policy taking the state = as input and outputting a

probability distribution over the action set. Given a population distribution 1,
the Q-function for a single agent is

Qu(z,a) = f(x,a,u) + E Zv”f(XZ{’“,AmM) , <1
n>1
where

X(7)r,,u =uz,A = a,
Ap ~ (| XM, n>1
X;fl ~ p('|X?71T7MaAnaN)7 n >0
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Policies and Q-functions

Let 7 : X — Al be a policy taking the state = as input and outputting a
probability distribution over the action set. Given a population distribution 1,
the Q-function for a single agent is

Qn(z,a) = f(z,a, 1) + E [ Y _A"F(X7H Anyp) |, v<1

n>1

where

X(7)r,,u =uz,A = a,

Ap ~ (| XM, n>1

X;fl Np('|X?71T7M7AnaN)7 n >0
We restrict to II the set of all admissible policies which are such that for any u the
controlled process (X™#) has a limiting distribution, i.e. lim, ., £(X™*) exists.
For a finite state Markov chain this is the case if (X™#*) is irreducible and

aperiodic under proper assumptions on the transition kernel p.
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Mean Field Game Formulation

For fixed i, the optimal Q-function is defined as:
Qi(,0) = inf Qf(x,a)
which satisfies the Bellman equation:

Qp(w,0) = f(w,a,0) +7 ), p(a'|w, 0, p) min Q; (2’ ')
z'eXx
An optimal policy satisfies

Qr (z,a) = Qi(z,a),  forall (z,a).
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Mean Field Game Formulation

For fixed i, the optimal Q-function is defined as:
Qi(,0) = inf Qf(x,a)
which satisfies the Bellman equation:

Q) (z,a) = f(z,a, 1) +VZ 2|z, a, p) me“(x a’)
z'eX
An optimal policy satisfies

Qr (z,a) = Qi(z,a),  forall (z,a).

Definition

(f1,7) forms a Nash equnllbrlum if the following two statements hold:
© (best response) Q7 = Q7

@ (consistency) i = limy,_00 L(XAH).
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Two-timescale Mean Field Game Q-learning

Require: Ngteps: number of steps; ¢: parameter for soft-min policy; (pg,%a)n,%a: learning
rates for the value function; (p} z.a)n,»,a: learning rates for the population distribution:

MFG: p; v 4, < ngn

1: Initialization: Qo(z,a) =0 and o = [ﬁ ‘X‘] for all (z,a) € X x A.

2: Observe X ~ po

3: Update mean field: po = 6(Xo)

4: forn=0,1,2,..., Nsteps — 1 do

5: Choose action A,, ~ soft-ming @ (X, ) and observe the new state:
Xn+1 ~ p(:|Xn, An, pn) provided by the environment

6: Update population distributions: 11 = pun + pﬁvxnvAn (6(Xn+1) — pn)

7: Observe the cost fry1 = f (Xn, An, ttn)

8: Update value function: Q,+1(z,a) = Qn(z,a) for all (z,a) # (Xn, Ayn), and
Qn+1(Xn7 An) = Qn(Xn7 An)"‘pg’xn’An fn+1 + ’Yarpeig‘ Qn(Xn+17 a/) - Qn(Xn7 An)

9: end for

10: Return (un;.per @Nreps)
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Two-timescale Mean Field Game Q-learning

Require: Ngteps: number of steps; ¢: parameter for soft-min policy; (pg,%a)n,%a: learning
rates for the value function; (p} z.a)n,»,a: learning rates for the population distribution:

MFG: p; v 4, < ngn

1: Initialization: Qo(z,a) =0 and o = [ﬁ ‘X‘] for all (z,a) € X x A.

2: Observe X ~ po

3: Update mean field: po = 6(Xo)

4: forn=0,1,2,..., Nsteps — 1 do

5: Choose action A,, ~ soft-ming @ (X, ) and observe the new state:
Xn+1 ~ p(:|Xn, An, pn) provided by the environment

6: Update population distributions: 11 = pun + pﬁvxnvAn (6(Xn+1) — pn)

7: Observe the cost fry1 = f (Xn, An, ttn)

8: Update value function: Q,+1(z,a) = Qn(z,a) for all (z,a) # (Xn, Ayn), and
Qn+1(Xn7 An) = Qn(Xn7 An)"‘pg’xn’An fn+1 + ’Yarpeig‘ Qn(Xn+17 a/) - Qn(Xn7 An)

9: end for

10: Return (un;.per @Nreps)

Key features: stochastic approximation along one long trajectory and asynchronous
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|dealized Two-timescale Iteration Approach

We consider the following iterative procedure, where both variables are
updated at each iteration but with different rates, denoted by pl, and p;?
Starting from an initial guess (Qo, 110), define iteratively for n = 0, 1,

{un+1 = fin + PhP2(Qns i)
Qni1 = Qn + pETo(Qus i)

where Py : RI¥IXIAI 5 AlXl and 75 : RIFIXIAL 5 RIFIXIAL 3re defined by

{PQ(Q,M)(I‘) = w(@)p(zla, soft-miny Q(z'), n) — p(x)
T2(Q, 1)(w,a) = f(z,a,p) + 7>, p(@'|z, a, p) ming Q(a',a") — Q(z, a)
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|dealized Two-timescale lteration Approach

We consider the following iterative procedure, where both variables are
updated at each iteration but with different rates, denoted by pf, and pg.
Starting from an initial guess (Qo, 110), define iteratively for n = 0,1,...:

{un+1 = fin + PhP2(Qns i)
Qni1 = Qn + pETo(Qus i)

where Py : RIXIXIAl 5 AlI¥l and 75 : RIFIXIAL 5 RIFIXMI are defined by:
{7’2(62,#)(1‘) = 2w (@ )p(z|z’, soft-ming Q(a'), ) — p(x)

T2(Q, p)(, a) = f(x,a,p) +7 3 0 p(a']; a, p) ming Q(z',d') — Q(z, a)
Using the notation (aP™)(z) = >/ c v i(2') D c 4 m(alz)p(z]2’, a, p),

P2(Q,[L) — 'LLPsoft-min¢ Q. _ L
T2(Q, 1) = B,Q — Q, (Bfor Bellman)
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Multiscale Borkar's Approach

Our proof requires the functions 75 and Ps to be Lipschitz continuous.
Accordingly, we use soft-ming instead of argmin in P2 and we require
Lipschitz continuity of f.
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Multiscale Borkar's Approach

Our proof requires the functions 75 and Ps to be Lipschitz continuous.
Accordingly, we use soft-ming instead of argmin in P2 and we require
Lipschitz continuity of f.

Following Borkar, if pk/p? — 0 as n — 400, the solution (1in, @) to the

difference equations has a behavior that is described by the following system
of ODEs:

{ﬂt = Po(Q4, p1t)
Qi = 175(Q1, r)

in the regime where

pl/p@ ~e<1 and t— o0
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Convergence of the ldealized Two-timescale Iteration Scheme

Lipschitz assumptions:

|f(zya, 1) — f(z,a, 1) < Lyl — il
||p(~\a:,a, M) —p(-|az,a,u’)|]1 < LPHM - //Hlv
Ip(:-|2, 7(2), 1) — (12, w(@), )1 < Al — /1.
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Convergence of the ldealized Two-timescale Iteration Scheme

Lipschitz assumptions:

|f(zya, 1) — f(z,a, 1) < Lyl — il
||p(~\a:,a, M) —p(-|az,a,u’)|]1 < LPHM - //Hlv
Ip(:-|2, 7(2), 1) — (12, w(@), )1 < Al — /1.

Dobrushin condition: there exists o > 0 such that for all z € X and 7 € II

sup [|p(: |z, 7(x), 1) = p(-ly, 7(y), 1) |1 < 2(1 = ).
Hobt
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Convergence of the ldealized Two-timescale Iteration Scheme

Lipschitz assumptions:

|f(zya, 1) — f(z,a, 1) < Lyl — il
||p(~\a:,a, M) —p(-|az,a,u’)|]1 < LPHM - //Hlv
Ip(:-|2, 7(2), 1) — (12, w(@), )1 < Al — /1.

Dobrushin condition: there exists o > 0 such that for all z € X and 7 € II

sup [|p(: |z, 7(x), 1) = p(-ly, 7(y), 1) |1 < 2(1 = ).
Hobt

By Butkovsky (2014), an optimal condition for the existence of an invariant
distribution is A € [0, «).
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Convergence of the ldealized Two-timescale Iteration Scheme

Lipschitz assumptions:

|f(zya, 1) — f(z,a, 1) < Lyl — il
||p(~\a:,a, M) —p(-|az,a,u’)|]1 < LPHM - //Hlv
Ip(:-|2, 7(2), 1) — (12, w(@), )1 < Al — /1.

Dobrushin condition: there exists o > 0 such that for all z € X and 7 € II

sup [|p(: |z, 7(x), 1) = p(-ly, 7(y), 1) |1 < 2(1 = ).
Hobt

By Butkovsky (2014), an optimal condition for the existence of an invariant
distribution is A € [0, «).

Under these assumptions, we can show that the functions P and 73 are
Lipschitz continuous as follows:
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Lipschitz Properties of P, and 7

The function (Q, 1) — Pa(Q, ) is Lipschitz with respect to both @ and u:

1P2(Q, 1) = P2(Q', p)lloo < BIAIQ — Q'lloo
1P2(Q, 1) = Pa(Q, 1)1 < (2 — a+ Nl — /[y

The function (Q, 1) — T2(Q, w) is Lipschitz with respect to both @ and u:

172(Q, 1) = T2(Q", i)l < (v + DIIQ — @l
1T2(Q, 1) = T2(Q, 1)l < (Ly + YLp|IQlloo) It — 1 ll1
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Global Asymptotically Stable Equilibrium (GASE)

Under our assumptions, for any given u, the ODE

. 1
Q= g’B(Qt,M)
has a unique GASE denoted by @}, Moreover, Q}; is uniformly Lipchitz in p:

Ly + 25 Ll flloo

!
T [ = il

1Q), — @yl <
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Global Asymptotically Stable Equilibrium (GASE)

Under our assumptions, for any given u, the ODE

. 1
Q= g’B(Qt,M)
has a unique GASE denoted by @}, Moreover, Q}; is uniformly Lipchitz in p:

Ly + 25 Ll flloo
1 —

1Q), — Qullec < I — p'lln
Additionally, one can show that the ODE

i = Pa(Qy,, 1it)

has a unique GASE denoted by 1*?.

Jean-Pierre Fouque (UCSB) Q-Learning for MFG and MFC IMS| May 2026 10 / 28



Convergence

Assume that the learning rates pg and pl, are sequences of positive real

numbers satisfying

D= ph=00, D [pRP+Iphl* < oo,
n n n

Typically pf, = (1+71L)“u

N —

n—-+o0o
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Convergence

Assume that the learning rates pg and pl, are sequences of positive real
numbers satisfying

S - Shimem SRR <o e 0
n n

Typically pf, = (1+711)“’N and p% = W with 3 < wg <w, <1

Following Borkar, the solution (p.,, Q) to the idealized learning iterations

{#n+1 = fin + phP2(Qns pin)
Qni1 = Qn + pETa(Qns i)

converges as n — oo to (', Q*.,).

v
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Construction of the MFG solution

From (u*?, Q:*<¢>) obtained as the limit of the algorithm, we define:
@ Set 7" = argmin-e Q;w
@ Compute p* by using p* = p*P™ #
© For fix u*, compute Q* by using the Bellman equation.

Remark: If argmin-e @}~ = argmin-e Q”, then (p*,7*) is a solution to the MFG
problem.

V.
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Construction of the MFG solution

From (u*?, Q:*¢) obtained as the limit of the algorithm, we define:

@ Set 7" = argmin-e Q;w

@ Compute p* by using p* = p*P™ #

© For fix u*, compute Q* by using the Bellman equation.
Remark: If argmin-e @}~ = argmin-e Q”, then (p*,7*) is a solution to the MFG
problem.In general, we have the following closedness result:

Let §(¢) be the action gap defined as
§(¢) = minge x (Ming¢arg min, Qs sz(x, a) — min, Qz*d)(x, a)) >0, and

0(¢) = oo if Q:*d, (z) is constant with respect to a for each x. Then:

3
w6 an o 21ALS exp(—08(6))
| — ply < oy

. . (L+12 Lyll flloc)2I Al 3 exp(—5($))
Q%0 = Q7llc < =15 :

V.
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Main Result: ldentification of the Limit

Assuming additionally that § = liminfy_,., 6(¢) > 0, the distribution and
policy (u*,7*) form a solution to the MFG problem.
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Main Result: ldentification of the Limit

Assuming additionally that § = liminfy_,., 6(¢) > 0, the distribution and
policy (u*,7*) form a solution to the MFG problem.

Proof. From the idealized algorithm and by definition of 7*, we have:
* _ *¢ / *¢ . * /A
Qs (2,0) = f(x,a,p )+vzp(x |, a, p*) min Q. (2, )

Qs (x,a) > min Q7.4 (z,a’)  for all a ¢ support(n™(z)).
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Main Result: ldentification of the Limit

Assuming additionally that § = liminfy_,., 6(¢) > 0, the distribution and
policy (u*,7*) form a solution to the MFG problem.

Proof. From the idealized algorithm and by definition of 7*, we have:
* _ *¢ / *¢ . * /A
Qs (2,0) = f(x,a,p )+vzp(x |, a, p*) min Q. (2, )

Qs (x,a) > min Q7.4 (z,a’)  for all a ¢ support(n™(z)).

The difference in the inequality is greater than the gap 6(¢). By choosing ¢ large enough, we can replace Q**¢ by
M

Q* and p*? by p* and obtain: for all a ¢ support(r*(z)),

Q*(z,a) = f(z,a,u*) + 'yZp(x'|x,a,,u*) min Q*(z',d") > min Q*(z,d").

x!
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Main Result: ldentification of the Limit

Assuming additionally that § = liminfy_,., 6(¢) > 0, the distribution and
policy (u*,7*) form a solution to the MFG problem.

Proof. From the idealized algorithm and by definition of 7*, we have:
* _ *¢ / *¢ . * /A
Qs (2,0) = f(x,a,p )+vzp(x |, a, p*) min Q. (2, )

Qs (x,a) > min Q7.4 (z,a’)  for all a ¢ support(n™(z)).

The difference in the inequality is greater than the gap 6(¢). By choosing ¢ large enough, we can replace Q**¢ by
M

Q* and p*? by p* and obtain: for all a ¢ support(r*(z)),
Q*(x,a) = f(x,a, ™) + 'yZp(x'|x,a,,u*) min Q*(z',d") > min Q*(z,d").
:c/
Combined with the assumed uniqueness of Q*, we have
argmin-e Q" = argmin-e Q;.,, so that (u*, 7*) is indeed an MFG solution.
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Mean Field Control Problem

For a given policy 7 and a state-action pair (x,a) we define the modified
policy:

729 (2') = b if =2
m(z) for o' #x
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Mean Field Control Problem

For a given policy 7 and a state-action pair (x,a) we define the modified
policy:

. ;L
7?(:"“)(:6') :: 0, If 2=z
m(z) for o' #x
Then, the modified Q-function is given by

Q"(x,a) = f(z,a, 1™ ")+ E | S f(XT, An, i) |

n>1

where uﬁ(m’w is the limiting distribution of X};r(z’a), and where the expectation is
along the Markovian dynamics:

Xg =x,A0=a, A,~7(X]), X5, ~p(|X),An, p1")

no
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Mean Field Control Problem

For a given policy 7 and a state-action pair (x,a) we define the modified
policy:

. ;L
7?(:"“)(:6') :: 0, If 2=z
m(z) for o' #x
Then, the modified Q-function is given by

#(2,a)
Q" (x,0) = f(z,a, 1™ ") +E | A" F(X7, An,i") |
n>1
where uﬁ(m’w is the limiting distribution of X};r(m’a), and where the expectation is
along the Markovian dynamics:
)((7)r =z,Adg=a, A, NW(X:;)a X'g—i-l Np('|X77LraA7LaU7r)

The optimal Q-function is defined as:
Q" (z,a) :==inf Q" (x,a).
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McKean—Vlasov Bellman Equation

We assume that there exists a unique policy 7* such that: Q*(z,a) :== Q™ (x,a)
for every (x,a). We also assume that for every z € X,

{a € A: Q*(z,a) = miny Q*(x,a’)} is a singleton, whose element is a pure
control denoted by a*(x) = argmin,, Q*(z,d’) € A.

In other words, the policy 7* is a pure control o*
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McKean—Vlasov Bellman Equation

We assume that there exists a unique policy 7* such that: Q*(z,a) :== Q™ (x,a)
for every (x,a). We also assume that for every z € X,

{a € A: Q*(z,a) = miny Q*(x,a’)} is a singleton, whose element is a pure
control denoted by a*(x) = argmin,, Q*(z,d’) € A.

In other words, the policy 7* is a pure control o*

Then, Q* satisfies the McKean—Vlasov Bellman equation:

Q(w,0) = f(,0, %)+ 3 pla'|, a0, ) min @ (2!, ),
T'eEX

where ji* := p™ is the invariant distribution associated to the policy #* which
implicitly depends on (z,a).
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McKean—Vlasov Bellman Equation

We assume that there exists a unique policy 7* such that: Q*(z,a) :== Q™ (x,a)
for every (x,a). We also assume that for every z € X,

{a € A: Q*(z,a) = miny Q*(x,a’)} is a singleton, whose element is a pure
control denoted by a*(x) = argmin,, Q*(z,d’) € A.

In other words, the policy 7* is a pure control o*

Then, Q* satisfies the McKean—Vlasov Bellman equation:

Q(w,0) = f(,0, %)+ 3 pla'|, a0, ) min @ (2!, ),
T'eEX

where ji* := p™ is the invariant distribution associated to the policy #* which
implicitly depends on (z,a).

And of course, in the RL algorithm, we choose p% < p
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Two-timescale Mean Field Control Q-learning

Require: Nsteps: number of steps; ¢: parameter for soft-min policy; (pTQL z.a)n,z,a’ learning rates for the value

function; (/’n By o)n,z,a: learning rates for the population distribution: MFC: pg Xy An < pz Xy An

1: Initialization: Qo(z,a) = 0 and ,u(z o) = [ﬁ, e ‘—({,I] for all (z,a) € X x A.
2: Observe X{*'®) ~ H(L %) for all T,a
0 0
3: Update mean fields: péx’a) E J(X(()z’a>)
4: forn =0,1,2,..., Noteps — 1 do
5: Choose action: Choose Aﬁf’“) = aif X(JC @) = z, otherwise ASf'“) ~ soft-ming Q,L(Xflz‘a>, B)
6: Observe the new states X(I’a) ~ p(- X(I @) A(z’a) (z’a) provided by the environment
n+1

. . A Frrrme (z a) (a: a) (=, a) (z,a)
7: Update population distributions: = [l + pt X(l o) A(” a)( (X ) — )
8: Observe the costs fr(zif) =7f (X$lz‘“>,A51”’“), Hgf a))
9: Update value function: If X{*'%) = &,

_ Q (x,a) q (z,a) 7y
Qnt1(z,a) = Qn(z,a) +pn,x,(f*“>‘A£f’“) [fn+l + v Qn(X,11",a") — Qn(z,a)
Otherwise, Q,, 11 = Qn
10: end for ()
. z,a

11: Return (MNstepS ) QNsteps>
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|dealized Two-timescale Iteration Approach for MFC

The finite difference equation system for the MFC problem becomes:

pl@) — @9 | ppples) g o)y
Qni1(2,0) = Qu(, a) + pST2(Qn, ") (z, a)

where 752(x’a) : RIFIXIAL 5 Al* and 75 : RIFIXIAL 5 RIXIXIAL are defined by:

{ﬁéx’a)(Q,u)(y)Zx/#ﬂ( 2 )p(yla’, soft-mingQ ('), 1) + p(x)p(yle, a, n) — p(y)
Ta(Q, ) (w,a) = f(x,a, 1) + 7 X, p(@'|, a, 1) ming Q(«',a’) — Q(x, a)

and where the first function can also be written as

z,a softmln
( )(Qv) pP (z,a) O —H

which defines }:’?zfz)min”” @

Jean-Pierre Fouque (UCSB) Q-Learning for MFG and MFC IMS| May 2026 17 / 28



System of ODEs

Roughly speaking, in the regime p@ < p#, the solution (un ,a) ,Qr) to the above
iterations has a behavior that is described by the following system of ODEs, in the
regime where € is small and ¢ goes to infinity:

{%“)—1%“@, ™y
Qi(z,a) = To(Qs, 1i™™) (x, a)

where p% /p# is thought of being of order e < 1.
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System of ODEs

Roughly speaking, in the regime p@ < p#, the solution (un ,a) ,Qr) to the above
iterations has a behavior that is described by the following system of ODEs, in the
regime where € is small and ¢ goes to infinity:

{%“)—1%“@, ™y
Qi(z,a) = To(Qs, 1i™™) (x, a)

where p% /p# is thought of being of order e < 1.

Similarly to the MFG case, we make Lipschitz assumptions on Péz’a) so that the
first equation as a unique GASE ,qu (omitting the dependency on (z,a)), and we
assume that the second ODE along uQ has a unique GASE denoted by Q*¢.
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System of ODEs

Roughly speaking, in the regime p@ < p#, the solution (un ,a) ,Qr) to the above
iterations has a behavior that is described by the following system of ODEs, in the
regime where € is small and ¢ goes to infinity:

{%“)—1%“@, ™y
Qi(z,a) = To(Qs, 1i™™) (x, a)

where p% /p# is thought of being of order e < 1.

Similarly to the MFG case, we make Lipschitz assumptions on Péz’a) so that the
first equation as a unique GASE ,qu (omitting the dependency on (z,a)), and we
assume that the second ODE along uQ has a unique GASE denoted by Q*¢.

Let V*¢(z) = ming Q*?(x,a’) for all x € X and define V,,(z) = ming Q,(z,a’)
for all x € X, then we have the following convergence result:

Qdid,, V*?) as n — oo, where we recall that yi,, and uQ*d,

(tn, Vi) converges to (u
depend on (z,a).
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Construction of an MFC solution

Q Set a*(z) = argmin,, Q*%(x,a’)

@ For each (x,a), define &* and compute u® solution to

ply) = p@)pyla’, o ('), p) + p(@)p(ylz, a, p),  Vy.

x'#x

© Compute V" by using its definition (value of following a* along ")

V.
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Construction of an MFC solution

Q Set a*(z) = argmin,, Q*%(x,a’)

@ For each (z,a), define @* and compute u®" solution to

ply) = p@)pyla’, o ('), p) + p(@)p(ylz, a, p),  Vy.

x'#x
© Compute V" by using its definition (value of following a* along ")
The following result shows that (Nz;im V*%) are close to (u® , V")

Let 6(¢) be the action gap defined as
5(¢) = minweX(mina¢arg min, Q*% Q*¢($, CL) — min, Q*(b(xa a)) >0, and
5(¢) = oo if Q*?(x) is constant with respect to a for each x. Then,
3
o * A|2 exp(—¢d
s — |l < A xp(200(0)

. o (L+ 12 Lyl flloc)2I Al exp(—$5(¢))
IV*? =Vl € === 10 )
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Characterization of the MFC Solution

V¥(z) = il;f Vi(x) = main Q*(z,a).

By taking d,+(z) = 7*(z) in the Bellman equation for Q* one obtains the
Bellman equation for V* = V™"

V*(x) = f(=, w)+y Y pla|a,mt(z), 1wV (),

r’'eX
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Characterization of the MFC Solution

V¥(z) = il;f Vi(x) = main Q*(z,a).

By taking d,+(z) = 7*(z) in the Bellman equation for Q* one obtains the
Bellman equation for V* = V™"

V*(x) = f(=, w)+y Y pla|a,mt(z), 1wV (),

r’'eX

The solution o* of the MFC problem can be characterized as follows:
@ Define Q* by

Q*($aa) = Qa* (x’a) = f(x,a,,ud*) + ’yZp(x,‘x,a,/Ld*)V*(xl).

1./

@ Check that a*(z) = argmin, Q*(x, a), so that Q* satisfies the
Bellman equation.
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Final Result for MFC

Assuming additionally that § = liminfy_,., 6(¢) > 0, then the pure policy

o is a solution to the MFC problem.

Define Q* by
Q*(w,0) = Q* (z,a) = f(w,a,u™ ) +7 Y _ p(a'|z,a,u* )V ().

x

From our algorithm we have

F@a,pgs) +v Y (|2, 0,55, )V (a') > V*O(z) for a#a*(z).
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Final Result for MFC

Assuming additionally that § = liminfy_,., 6(¢) > 0, then the pure policy

o is a solution to the MFC problem.

Define Q* by

Q*(w,0) = Q* (z,a) = f(w,a,u™ ) +7 Y _ p(a'|z,a,u* )V ().

x

From our algorithm we have

F@a,pgs) +v Y (|2, 0,55, )V (a') > V*O(z) for a#a*(z).

Using the positive gap condition §(¢) > 0, by choosing ¢ large enough, we can replace V*? by ve™ and “:;;¢ by

a*

“w and obtain:

f@,a, 1)+ pla'le,a,u® )V (@) >V () for a+a*(x),

i.e. Q*(z,a) > V*(z) for a # a*(z) and therefore a*(z) = argmin, Q*(z, a)
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From the idealized MFG algorithm to the synchronous

stochastic approximation

The idealized algorithm relies on the operators P, and 75 which involve

expectations. Instead we sample X, , , ~ p(:|z,a, ), and we introduce
Tua(z,a) = f(2,a, 1) + yming Q(X, 4, ') — Q(z, a)
(Poa(m)@wex = (Lixs, =y = 1lz)

z,

r'eX
centered at Py and 7s.

Jean-Pierre Fouque (UCSB) Q-Learning for MFG and MFC IMS| May 2026 22 /28



From the idealized MFG algorithm to the synchronous

stochastic approximation

The idealized algorithm relies on the operators P, and T3 which involve

expectations. Instead we sample Xx ap ~ P(-|7,a, 1), and we introduce

775@(:3, a) = f(z,a,n) + yming Q(X;’a’u, a') — Q(z,a)
(Pra()@)wer = (Lix:  _py — n(@))

z,a,p

/' eX
centered at Py and 7s.
For MFG, starting from some initial Qq, po: forn =0,1,.

Pt () = pn (@) + PEPx,, soft-min Q(X,) (1in) (2)
= pin(z) + ph(P2(Qn, pn)(z) + Pr(z)), VzeX
Qnt1(z,a) = Qn(z,a) + Pg i Q. (T, @)
= Qu(z,a) + p(T2(Qn; pin) (x, @) + Tp(x,a), V(z,a) € X x A
Xn ™~ pn

..y

where T,, and P,, are martingale difference sequences.
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From the idealized MFG algorithm to the synchronous

stochastic approximation

The idealized algorithm relies on the operators P, and T3 which involve
expectations. Instead we sample Xx ap ~ P(-|7,a, 1), and we introduce

775@(:3, a) = f(z,a,n) + yming Q(X;’a’u, a') — Q(z,a)
(Pra()@)wer = (Lix:  _py — n(@))

.0, TEX
centered at Py and 7s.

For MFG, starting from some initial Qq, po: for n =0, 1,

Mn+1($) = Hn (Z’) + pﬁprn,soft—min Q(Xn) (Mn)({E)
:Mn( )+pn(P2(Qn7ﬂn)( )+Pn('r))7 Ve e X
Qnt1(z,a) = Qn(z,a) + pg 1@ (T, @)

= Qn(@,a) + p3 (T2(Qn, n) (2, @) + Ty(z,a)), Y(z,a) € X x A
Xn ~ n

ceey

where T,, and P,, are martingale difference sequences.
Then apply classical stochastic approximation.
Jean-Pierre Fouque (UCSB) Q-Learning for MFG and MFC IMS| May 2026 22 /28



From the idealized MFC algorithm to the synchronous

stochastic approximation

For MFC, we replace the deterministic updates by the following stochastic
ones, starting from some initial Q, ;L(()x’a): forn=0,1,...,

(155 ) = w5 () + APy 2 xo a>)(u5f”’“))<y)
= 189 + BT (Qu 1EV) () + PEV(y)), Yy
Qnii(z,0) = Qn(z ,a)+pn7'<“>Q (7,a)
= Qu(2,a) + p2(T2(Qn, 1) (2, 0) + Tu(z,a)), ¥(z,a)
x@a Mgp,a)
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From synchronous algorithm to the asynchronous full RL

algorithm

In the MFG asynchronous setting, we consider the system

Hnt1 = fpn + pﬁ,Xn,An (PQ(Qnaﬂn) + Pn)
Qn+1(Xna An) = Qn(XnaAn) + ngmAn (E(Qna,un)(XnaAn) + Tn(XnaAn))

forz € X, a € A,;n >0, where (X, A,) is the state-action pair at time n.
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From synchronous algorithm to the asynchronous full RL

algorithm

In the MFG asynchronous setting, we consider the system

Hnt1 = fpn + pﬁ,Xn,An (PQ(Qnaﬂn) + Pn)
Qn+1(Xna An) = Qn(XnaAn) + ngmAn (E(Qna,un)(XnaAn) + Tn(XnaAn))

forz € X, a € A,;n >0, where (X, A,) is the state-action pair at time n.
For MFC, we define the following system

ifD = B P ey Pa(Quo ) + PP

Qn+1(l‘, a) =Qn (SL‘, a) + pS,X,(,,z’a),ASf’a) (E(Qn» u%ﬂc,a))(x7 a) +Tn (xv a‘)l{Xff’“):m}
forz € X, a € A,n >0, where (Xff’a),A%m’a)) is the state-action pair at time n.
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Learning rates and trajectory properties

We use the following learning rates:

Q _ 1 “o_ 1
Proe = 0 vz, an)® T T +ne

where v(x,a,n) is the number of times that the algorithm visited state x
and performed action a until time ¢,,.

The exponent w? can take values in (3,1).

The value of w* is chosen depending on the value of w® and the MFG

(competitive) or MFC (cooperative) nature of the problem we want to
solve.
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Learning rates and trajectory properties

We use the following learning rates:

Q 1 I 1
(L+mn)="’

Prza = (1 i V(x, a, n))wQ ) Pn =
where v(x,a,n) is the number of times that the algorithm visited state x
and performed action a until time ¢,,.

The exponent w? can take values in (3,1).

The value of w* is chosen depending on the value of w® and the MFG
(competitive) or MFC (cooperative) nature of the problem we want to
solve.

These learning rates satisfy the Ideal tapering stepsize (ITS) properties
related to the (almost sure) good behavior of the number visits along
trajectories.

Additionally: there exists a deterministic A > 0 such that for all (z,a),
liminf,,— oo (ggs ) > A a.s.
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Extension to Mean Field Control Games (MFCG)

Competitive game between a large number of large collaborative groups
of agents in the infinite limit of number and size of groups.
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Extension to Mean Field Control Games (MFCG)

Competitive game between a large number of large collaborative groups
of agents in the infinite limit of number and size of groups.

f(x7a7lu‘7 M/)a p( ’ x7aalu'7:u'/)

where p is the global population distribution and p is the local
population distribution.
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Extension to Mean Field Control Games (MFCG)

Competitive game between a large number of large collaborative groups
of agents in the infinite limit of number and size of groups.

f(x,a,,u, M/)a p( ’ x7aalu'7:u'/)
where p is the global population distribution and p is the local
population distribution.

For instance, from a classical MFG setup f(z,a, ) and p(- | z,a, p),
introduce some degree \ of collaboration:

f(x,a,(l—)\)u—i—)\,u’), p( ’ x,a,(l—)\)/t+/\ul))
The algorithm becomes three-timescale with

Pt < p@ < pt
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Extension to Mean Field Control Games (MFCG)

Competitive game between a large number of large collaborative groups
of agents in the infinite limit of number and size of groups.

f(x,a,,u, M/)a p( ’ x7aalu'7:u'/)
where p is the global population distribution and p is the local
population distribution.

For instance, from a classical MFG setup f(z,a, ) and p(- | z,a, p),
introduce some degree \ of collaboration:
f(x,a,(l—)\)u—i—)\,u’), p( ’ x,a,(l—)\)/t+/\ul))
The algorithm becomes three-timescale with
Pt < p@ < pt
A. Angiuli, J.-P. Fouque, M. Lauriere, and M. Zhang: Analysis of Multiscale
Reinforcement Q-Learning Algorithms for Mean Field Control Games,

Applied Mathematics & Optimization, 2026 (arxiv.org/abs/2405.17017)
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MFCG 3-timescale Q-learning Algorithm

Require: Nsteps: number of steps; ¢: parameter for soft-min policy; (pg 2.a): learning rates for the value function;

GaPWN

&

11:
12:
13:

(ph): learning rate for the global distribution; (pg 2.a): learning rates for the local distribution.

. Initialization: Qq(z,a) = 0 for all (z,a) € X X A, po = M(()m,a) =[2L,..., 2]

[X] [X]

! Observe Xg ~ puo, X(()Zva) -~ H(():c,a)
! Update distributions: o = §(Xo) , #[():c,a) _ 6(Xc():c,a,))
forn=0,1,2,..., Nsteps — 1 do

Choose action A,, ~ soft-ming Qpn (Xn, ) and observe state X, 11 ~ p(:[Xn, An, pn, p,le""A")) and

cost fr41 = f(Xn,An, in, ‘u;X" ’A"’)) provided by the environment

Choose action Choose A = q if X{*'%) = &, otherwise A% ~ soft-min g Qn (X ) and

observe state Xf:i‘ll) ~ p(.|X7(f»a)’ A@a) “slz,a))
(z,a

Update local distributions: ”n+1) = ,_Lsf’a) L pﬁ (.a) ,(z,a) (J(Xfli"ll)) _ uﬁf’“))
n, Xy AR

Update global distribution: iy, 11 = pn + ph (8(Xn41) — pn)
if x{Xn0An) — X then
Update value function: Q,,11(z,a) = Qn(x,a) for all (z,a) # (Xn, An), and

Q1 (Xns An) = Qu(Xns An) + 27 x4, Unta +7 300 Qn(Xng1,a') = Qn(Xn, An)]
a

end if
end for

Return (uNsteps 5 u(m‘a)

Nsteps’ CNspeps)
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Infinite horizon paper:
https://arxiv.org/abs/2312.06659
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Infinite horizon paper:
https://arxiv.org/abs/2312.06659

Thank you all for your attention

Jean-Pierre Fouque (UCSB) Q-Learning for MFG and MFC IMS| May 2026 28 / 28



