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RL in the digital world (a.k.a. Markov Decision Process)
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RL in the physical world
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RL in the physical world

RL in the digital world
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RL Perspective: Why bother studying continuous-time RL?

Discrete-time data * why not treat it as a discrete-time RL?

Pros

e Model-free
- One can skip the identification of the
dynamics and directly compute V*(s)

e Many well-developed RL algorithms




How RL Approximates Optimal Control Problem

SO:S

SO =—SA) ]
(Discretized) Optimal-Bellman Equation (BE): P Optmat gt

V*(s) = max {rAt(S, a)At + ylE [V*(SN) | 5o = 5, ay = a] }
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Optimal-BE

Vi (s) satisfies the discretized optimal Bellman Equation (optimal-BE):

VZ(S) = max {7At(S, a) + yE lVZ(SHN) |s, =s,a.=a,7 € [t, 1+ At)] }

d

y = e PR Fals,a) = r(s,a)At.

Two important features about optimal-BE

¢ The dynamics information is hidden in the expectation
» The BE is the same for different dynamics (b(s, a), o(s, a))

e Only depends on the current state and next state
» Easy to plug in data directly

Is it the optimal tool for continuous-time RL?



Challenge I: Error bound

[Puterman-2014] [Asadi-Misra-Littman-2018]
IVEISA=p7  IVVEIS =97~ 0ar

Adapt to the continuous-time setting y = e 72!

n— o At - 0
. - Vi . . 4
finite-sample error algorithm error discretization error

Policy Evaluation [Lazaric - Ghavamzadeh - Munos - 2012]

Sample error: < (1 —y)™>~ p°Ar"%  Model error < (1 — y?) 12 ngin”q)TH = Vall ~ (BAL) ™12

10



Challenge Il: Numerics

()

max [ “' e P'(s'Os, + a'Ra,)

SO:S]

st.  ds,= {As+Bar) dt +edB, s,a€R%LA,B,Q,Re R

p — 0:

more difficult

__Problem setting

*We do not know the underlying dynamics 1s linear
*We only have access to the discrete-time dynamics:

(Sia a, 1;,

Vi
S;)i—0
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7Z'(S) 0

p € (0,0.1)
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O=—10,R=—0.1
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Why RL can be improved?

V*#(s) = max {rAt(s, a)At + ylE [V*(SN) | 5o = 5, ay = a] }

a

Ga
The optimal-BE only uses|py(s| s, a) — ds, = b(s,, a) dt + o(s,, a)dB,

| |

It can be derived from any The smooth information in
continuous-time dynamics, or continuous-time 1s not used 1n
even discrete-time dynamics optimal-BE/MDP framework.

——Optimal-BE 1s not ideal for CTRL

e MDP is designed tor discrete-time decision-making process

e The current theorem 1s not considering this structure

e There 1s nowhere 1in the MDP framework that one can
embed this continuous-time information.

13



A benchmark RL problem

; <104 Optimal-PhiBE vs Optimal-Bellman
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RL framework RL in the physical world

15



policy evaluation

Classical RL analysis:
The smoothness
structure 1s not utilized

Using the ellipticity
of the infinitesimal
generator

Challenge I: Error bound

4 R—
~ -

RL framework Apply RL framework
in the physical world

[Puterman-2014], [Asadi-Misra-Littman-2018]

~1
IVELL  IVVEL S oA

[Pham-Zhang-Z.-2026] Regularized HJ)B

HVZH, HVVZH S € Discretization error: |V*(s) — Vﬁ*(S)HLoo SO (Atl/(N“)log(At))
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policy evaluation

Classical RL analysis:
The smoothness
structure 1s not utilized

Using the ellipticity
of the infinitesimal
generator

Challenge I: Error bound

RL framework Apply RL framework
in the physical world

e.g. [Lazaric - Ghavamzadeh - Munos - 2012]

Sample error: < (BAD)"2  Model error < (BA) - mgnHCDTH — Vad

[Mou-Z.-2024]

IVe? = VI S p2A" +p7 mHiHHCDT@ ~ Vadlyn +B7" At

17
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Challenge Il: Numerics

Go beyond the
MDP framework

Find the optimal tool for

RL framework RL in the physical world

@ Utilize the underlying SDE structure

® Only based on the discrete-time transition dynamics p,(s’| s, a),
cannot based on the continuous-time dynamics b(s, a), o(s, a)

@ Can be applied to one-step transition data {s;, a;, r;, 5;}_,

Wishlist

@ Model-Iree algorithm

@ With minimum modification to the existing RL algorithms



Large At, (At = 5)

-20 0
g
40 ]
-20 -
-60 - i
740
-80 ¢ i
-60 -
-100 - 1
——True optimal
o data-driven based on Optimal-BE, (10 data)
-120 ¢ - - data-driven based on Optimal-PhiBE, (10° data) 1, -80 -
1
-140 - B 000000 °°°°°°°°°°ooooooooooooooooooooo°°°°°°°°ooooo°°o°o°o | -1 OO N
_1 60 To ‘ \ O | 5 oo:

Large |B|, (At = 0.1) 120
01°F ‘ -—-1800
-0.15 | -2000 -

0.2 |
-2200 #
-0.25 - i
-2400 -
-0.3 ]
2600 -
-0.35 - -
04 —True optimal |—-2800 -
e > data-driven based on Optimal-BE, (10° data)
045 - - - data-driven based on Optimal-PhiBE, (10° data) 1 -3000 -
05" + -3200 -
-0.55 - oo000000oo°0ooooo<3'°°°°°°°°° °°°°°000000°°°ooo°o°°o°ooo I -3400 -
1 0.5 0 0.5 1 -3600
state

Large Q/R, (At =1)

——True optimal
o data-driven based on Optimal-BE, (10° data)
- - data-driven based on Optimal-PhiBE, (10° data)

00000
0000°
000%°

0 0000000000000000000000000000000 0000
°oooO°°°°° N ? © OOOOOOOOQO
OOOOO
OOooo
°o°°<

n

Large |A|, (At = 0.01)

- -
— =

——True optimal
o data-driven based on Optimal-BE, (10° data)
- - data-driven based on Optimal-PhiBE, (10° data)

0000000000000000000000,
00000° 09900000,
000 0000,
00°° 0o,
o 0
o°°° o°°o
o0 Oo,
o° Oo
o° Oo
0 00
Oo,
%0
! ! ! °
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Optimal-PhiBE

Taking second-order Taylor expansion of Optimal-BE

Optimal-BE V*(s) = max {rAt(S, a)At +y

[7..-2024], [Z..-Zhang-Zhang-2(0235]

. [W‘St=saat=a]}

- - 1 - _
_ lv*(sf) + (Sppar = 8) - VVF(s) + E(SHAt — St)T VZV*(St)(SHAt —s)|s,=s,a,=a

Optimal-PhiBE:  BV*(s) = max {r(s, a) +
a

— | St+Ar T 5 |
At

S, al . V. VE(s) +

|

.
(Sprnr — S)(Sppn, — 5

At

| s, a] : VZV*(S)}

Wishlist

v Model-free algorithm

» Same formulation for different dynamics
» Only depends on the current state and

next state —> Can be applied to one-step

transition data {s;,

19 ri’
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Optimal-PhiBE

[Z..-2024], [Z..-Zhang-Zhang-20235]

n ) ) n 1 Son;— S)Sn—8)" n
optimal-PhiBE: AV*(s) = max {r(s, a)+ [E | t+AAtt t | s, al -V V¥(s) + > = [( Al I)A(:FN ) | s, a] : VZV*(S)}

pV*(s) = max {r(s, a)+ b(s,a) - V,V*(s) +% 3(s, a) : vsz*(s)}

Hamilton-Jacobi-Bellman Equation
BV*(s) = max {r(s,a) + b(s,a) - VV*(s) + Z(s,a) : VZV*(s) }

e Similarity: PDE, containing continuous-time e Difference: Only continuous information, has to
information estimate the dynamics first

o v/ Utilize the underlying SDE structure
Wishlist

v/ Only based on the discrete-time transition dynamics p,(s'| s, a),
cannot based on the continuous-time dynamics b(s, a), o(s, a)

21




Optimal-PhiBE Is Fundamentally Different From Numerical Scheme for HJB

Numerical Scheme

- Goal: Solve £}, xV* = 0 with known b, X

- Discretize £}, yV* = 0 uniformly in space
- VE(sg), VF(so + h), V¥(sy + 2h)

Optimal-PhiBE

- Goal: Solve £}, yV* = 0 with unknown b, X

Step 1: approximate the unknown operator £,
using discrete-time information

Optimal-PhiBE
<z, Z

> Vo 7N
o bs

Step 2: Solve & ,;,2‘7* = 0 using Sy, Sa. Soap *°*

Model-free R

50> SAp S2Ap ~ V*(s), 7%(s)

Do not explicitly estimate IA9, ))

22



What are the theoretical guarantees for PhiBE?

23



Policy evaluation

[Mou-Z.-2023]

Bellman equation [N et (IS [R7R s (P V7 i Vs +p7! meiHHCDT@ = Vadlar +p7At)

|
ZLpz = b(s) -V +22(s) ; V?

220241

PhiBE IVi® = VI S 12,55l (F72Ar7 247 minll @0 = Vy lly +p7A1)

® | ess sensitive to reward oscillation T
Common in RL applications

e The natural dynamics evolves slowly /

24



How does reward look like in RL applications?
-100

+1

achieve goal I
fail




Theoretical Guarantees in general deterministic dynamics

Stochastic Optimal-PhiBE [Pham-Zhang-Z.-26]

regularized Optimal BE |VE(s) — Vj?k(S)HLoo <0 (Atl/(NH) log(At))

Stochastic Optimal-PhiBE [Z.-Zhang-Zhang-25]

Optimal-PhiBE: ||V*(s) — V7 ()|, < O(A?)

20




Stochastic LQR

[Z.-Zhang-Zhang-25]

Let #%(s) = Ks, #*%(s) = Ks be the optimal policy from Optimal-BE and Optimal-PhiBE,

then
y)
. /O  |A] |A |
IK—K| < | |B] — + + |A — (/2] At
R \B\ | B |

At, when >0

K —K| IB\
=0, whenf=0

27



Unidentiability of the continuous-time dynamics from discrete-time data

2 _1, O B— 1, O
eg.s, =As,+Ba, s, €R°, A= 0. —1l = lo. 1

. . o . _ — At — At . . .
Given discrete-time transition dynamics p,(s,a) = e ~'s — (e )a -+ b(s,a) is linear

s; from (A, B) v.s. § from (A, B)

1.5

— 81, 52
- - §1
- - §2

-0.5

28



Optimal-BE: Vit(S) = max {7 ads,a) +y
A

Optimal-PhiBE: AV*(s) = max {

lAﬂ(S, a) =

SAt — 90
At

Wishlist

‘SO =s,a.=a,TE [O,At)l : i(s, a) —

|

2

(Sar — So)(Sas — SO)T

At

- lVL(SHN)\St =s5,a,=a,7 € |t,t+ At)] } x

r(s, a) + b(s, a) - V. V(s) + li(s, a): V? V*(S)} V

| s = 5,a, = a,t € [0,Ar)

BUT, how to solve 1t with discrete-time data?




Temporal Difference

-
Si— § (s;—s)(s; — 5;)

51 — I”ZAl‘ + }/VHI(SZ,) — VQZ(SZ) S A : i . VSVQi(Si) :

: V2V, (s)) — BV, (s;
l l At S «9,-( z) 16 9,-( z)

At

(discrete-time) Bellman residual

0., = 0.+ a,8V,V(s)

l

PhiBE residual

Semilog Error Plot

101 - :
f Error analysis

IV7 = Vyll S Ar+ min||V™ — 6T®|| +

0 \/ nAt

Error (log scale)
—
<

10~
] [— TD-Learning
103 § —— PhiBE Difference Learning
0 500 1000 1500 2000 2500 3000

Yutong Ren, Yuhua Zhu, PhiBE Difference for continuous-time policy evaluation. In preparation Yutong Ren
30

lteration




Algorithm: Q-learning with

Semilog Error Plot

Q-learning Given off policy data {s;, a;, 1;, s; Lol -
i o /

7 7 , A 1° & 12 771 .
a E 1

§ 100 4

o 1

s — . |

0, =r;+ -V maX Qe (s;,a’) S A

A n e e -
-1 _ _—
+(1 = f) maX Qg (s, a;) — OCs;, a;) R -
. —— Q-Learning
—— PhIBE Q-Learning

0 2000 4000 6000 8000 10000
lteration

L.
0, =0 +— 0.V ,0(s., a.
e+t = Ot — Z i Vo O(s;, a;)

Yuhua Zhu, Yutong Ren, PhiBE-Q-Learning: Bridging Off-Policy Reinforcement Learning and
Continuous-Time Control. 2026 31
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Algorithm: Policy lteration with off-policy data

Given off policy data {s,a,r, s’}

Solve Qg = arg min Z %&%—%ﬁ%) V@Q(Sia Cli) Chaorui Yao
100 ————

aA~7
| Gam error vs. 5 ( t— 1. 0. L /o0 | (b) Qailnl erTor Vs. Af (6 = 05) 0 At = 0.1, n = 200000
| f § : 10
I - | =@ PhiBE vs K} (stat+disc ] -
i 1 — =0~ = PhiBE vs K}, .. (At) (stat) _._ PhlBE—PI
1| 1 == BE vs K} (stat+disc) W BE_PI
S 10 ; : 10 F | = =0 = BE vs K} (At) (stat) ] L
=~ 3 3 A [ PhiBE disc. floor ] - -1
;% | [ | = BE disc. floor ] X O
M ] § [ slope —1/2 k !
| 10-2 . -2 - |
: 1 1 107@ ;
?;; —@— PhiBE-Q) ] B E -
2 —8— BE-Q 1 &g _ &
- - PhiBE disc. floor 1 Pl NN :
E = BE disc. floor [ e S e .ﬂ."ﬁ-..,ﬂ_ ] o
3P PPV T . B — R N Bty Y
1 O 1 0'3 ‘‘‘‘‘ ”Gw,g:s; _ .
‘‘‘‘‘ EH,,E:S
107 el 0 10 20 30
107 107 10 10° 10’ 1010-2 107" 10° _ .
g At PI iteration k

* 7y LU ) - ¢ e =
[V = VA S O(Ar) 75 rmodel OLaq,(ﬁ) \/ — J J
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Mean-field Optimal Control

.

Erhan Bayraktar Martin Hernandez Qinxin Yan

2025/03 2025/11 2026/1

33



Problem Setting

g*(-|s,u) =argmax V”

0

ds, = b™(s, u) dt + 6™(s,, u,)dB,, p, = Law(s,).
b™(s, u) = J blspa) n(da | s, 1), (s, p) = [ oep-ay(da | 5, 1)
A A

USjs Mis @i T S iy °S; ~ PalS| s i @), At >0
*One step transition data

ou; = E . [D(s)] (with cylindrical basis functions)

S~



RL approximation

s, (1) = argmax Vi, (@) = argmax lz y' 1, dt
i=0

—BAt

v/ T

/ /
Sirnar ™ Pl |Siao Hiae @n) - Ignore the SDE structure between the discrete-time data

ﬂO:ﬂla y =€

PhiBE

J e P'r(ji) dt
0

v/ T

/4():/4]

ds, = b™(s,, u) dt + 6™(s,, i) dB,, , = Law(s,).
T e _ l<s'—s><s'—s>T
S'~P s

s () = argmax Vp(u) = arg max [

n s'—
bs,p,a) = Eyp, At

S, W, a] 006 = 2(S,U,a) = v

,4]

35



How good is the PhiBE approximation?

General Dynamics

|[Bayraktar - Hernandez - Yan - Z. - 26]

d(zt, %) = ||V — VE|| S O(AD)

LQ-MFC

[Bayraktar - Hernandez - Yan - Z. - 26]

[V — VE|| S O(Ar)

When /= 0: E,_ |75 (s, u)] = Eg [77(Cs, p)]

36




How to solve PhiBE-MFC? M Actor Critic

Collect data under r, Critic:

US; A; ~ T, iy S, }?zl Approximate V()

— P

¢ |[Frikha-Germain-Lauriere-Pham-Song-2025]
- G(u) =V, V7" satisfies a new linear HIB equation:
pG = (V" ,Vyb,Vy2) + £, sG
- Another critic step betore the actor update
- In general, Vb, V 2 is not computable when the dynamics are unknown

37




Policy Gradient in MFC

Instantaneous Advantage Function

1
q"(u,s,a) :=r(s,u,a) — Alogn(a | s,u) + b(s,p,a) - 3,V (u)(s) + Py 2(s, 1, a) : D, V*(p)(s) .

e [Wei-Yu-25] [Ren-Wei-Yu-Zhou-26]

At each iteration

_ Compute q"(s, 3 ) = Eyp.15.,0[q7 (S, . @)1 for Vh( - |5, 1) € By()

1
~ Requires exp (qu(,u, S, a)) = 1 for Vs, u

33



Policy Gradient in MFC

Je) :=V¥(w). #da|s,p):=n(da]s,u)+epdals,p)= (1 + ew(s,ﬂ,a)) n(da | s, pn),

The Gateaux gradient

d
gf(e) = (5)~p qu (1, s,a) p(da | s, ﬂ)] -

e=0

The parametric gradient

me(a)) = = (u,9) ~ pf, lq”(ﬂ, s, a) Va)lOg n(a | s, /’t)]
aNﬂ(° | Sa/’t)

P,,,(S, u): discounted occupancy measure under policy z with initial distribution y,

I — [t I — [t d
P (8) = E[ e " us)dt Pu(H) 2 pp(B) = EJ e Pg(u)dt, YB € B(Py(RY)
0 0

The policy gradient update remai%s robust under biased distribution



How to solve PhiBE-MFC?

Collect data under r, Critic: Actor:

M Actor Critic

1850 ~ T, Fiy i Approximate V*(u) w<—w+nV, Jw)

l

a~ana(-|s,u

A : 1 &
q"(p,s,a) :=r(s,u,a) — Alogn(a | s, p) + b(s,u,a) - 0,V*(u)(s) + 5 2(s, 4, a) * Do, VE(u)(s) .

lAt (8] — Si)TDsaﬂV”(//t)(Si)(Si' —5;) .

/

AT S S T
q; = q" (W s a;) = 1; — Alog (a; | s;, ;) + vl 0,V (u)(s;) +

2

< e Keep the McKean—Vlasov structure of the problem
V(@) = Z gilog m(a; | s;> ;) e Model-free: same algorithm for any b, o

i=1 o Computationally etficient
40



Y

Parameter value
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Known dynamics

\/

Unknown dynamics
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tagged trajectories e initial tagged states
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