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Competing Risks (General Case)

. critical event 1

. critical event 2
initial state .

. critical event m

Want to reason about which critical event will happen earliest and when

Note: standard survival analysis is a special case where m =1
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e The ML community has recently developed many competing risks models
(DeepHit [Lee et al 2018], DSM [Nagpal et al 2021],

DeSurv [Danks & Yau 2022], SurvivalBoost [Alberge et al 2025], ...)

e The focus has largely been on prediction performance & not on interpretability

- by design & not via post hoc explanation tool

e This paper: new interpretable deep competing risks model based on the
classical Aalen-Johansen (AJ) estimator [197/8]

each data point is represented as a
e Competitive against various baselines / weighted combination of clusters

e Provides a different notion of model interpretation compared to
Fine & Gray [1999] or cause-specitic Cox models [Prentice et al 1978]

't a data point only has nonzero weight tor 1 cluster
= prediction corresponds to AJ estimator fitted to only data points from that cluster
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Qutline

e Background: competing risks setup & the Aalen-Johansen (AJ) estimator

Technically I'll only be presenting the AJ estimator applied to competing risks
(the AJ estimator more generally is for multistate processes)

e How to go from the AJ estimator (population level) to a
kernel AJ estimator (individual level)

e How to parameterize the kernel tunction as a neural net
e The full deep kernel Aalen-Johansen (DKAJ) estimator

e Numerical experiments
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Competing Risks Problem Setup

Training data: (Xl, Yl, Al), (XQ, YQ, AQ), Cee (Xn, Yn, An)

/
XZ'GRd* \
AiE{O,l,...,m}

feature vector

Y; € 0,00) « indicates which event happened earliest
Is the time until the earliest event (0 means never left initial state, i.e., censored)

(or censoring)

/56{1,2,...,7”}

Common prediction task:
For test feature vector z, estimate: P(earliest event is 0 and happens within time ¢ | x)
cumulative incidence tfunction (CIF)
AJ estlr.nator estlmat.es Fy(t|x) 2 IP’(A* _ 5T <t | X — x)
population-level version . ,
b A ) A* refers to the earliest event type
EPP(t) £ P(A* =6,T < t) . .
T refers to the time of the earliest event
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2. Build table below
t1 to t3 tr
times event 1 happened di 1 d1 o dy 3 dy, L,
times event 2 happened | dsa; do - da 3 da, .
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0<ty1 <ty <---<tp L = # unigue times of any critical event
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tq to 3 tr,
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1. Find all unigue times in which any critical event occurred

0<ti <t <---<TIf L = # unigue times of any critical event
2. Build table below
t1 to t3 tr
times event 1 happened di 1 d1 o dig || dir
times event 2 happened | dsa; do - dos | -- | dor
times event m happened | dpn1 A 2 dma | *° | dm,L
at risk ni n9 n3 a nr

3. Output: ﬁgA‘

(1) 2

d N
Z SKM (te—1) ot SEM () & H (1 2i5=1 d(w)
be{t,..L} T~ Tt~ el1.. LY e

s.t. tp<t s.t. tp<t
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Kernel Aalen-Johansen Estimator
1. Find all unigue times in which any critical event occurred

0<ty <to<---<tp L = # unique times of any critical event
2. Build table below
tl tQ t3 tL
times event 1 happened dl,l(f) dlyg(QE) d1,3(217) T dlyL(iE)
times event 2 happened | do1(z) | daa(x) | dos(x) | - | do.r()
times event m happened |dp, 1(x) | dmo(z) | dms(@) | - | dm ()
at risk ni(x) | no(zx) | ng(x) | -+ | np(x)
ds, e

3. Output: Fy M (tlz) 2 Y S¥EM(¢,_4|z) &) SKEM(¢|z) 2 T (1 2t=

(e{l,...,L} \ n& ¢e{1,...,.L}

s.t. tp<t s.t. tp<t
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Kernel Aalen-Johansen Estimator
1. Find all unigue times in which any critical event occurred

3. QOutput:

0<ti <t <---<TIf L = # unigue times of any critical event
2. Build table below
t1 to t3 tr
times evert 1 I“appened dl 1(33) dl Q(ZE) dl 3(213) dl L(QE)
________ among patients who look like = "~ " 1
P ATRS SRS RPBSIRE o) P21 () | 22(@) | (@) | o | danlm)
s e W BSEAE o At (2] | m2(2) | dm3(@) | =" | dm,1(z)
| at risk ni(z) | na(z) | na(w) nr(z)
among patients who look like ds.o(z) mo
~ ~ XL ~
gAJ(t‘w) A Z SKKM(?fg_1|QZ) Tjj(aj) SKKM(t‘x) A H (1 25:1 ( 5,)€($>
le{l,...,L} \ / ¢ci{1,....L} et
s.t. o<t s.t. te<t




dso(x) £ 1{A; =06,Y; =t} K(z, X;)

j=1

times event 0 occurs at time ¢,
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tl tQ t3 tL

times evert 1 kappened dl 1($) dl Q(ZE) dl 3(37) dl L(QE)
________ among patients who look like = "~ " 1
IR SEONERPBSORE of 21 (7) | deal) | daal®) | = | dar(@)
e RPBSNRE 4| Pt (2) | m2(2) | dm3(@) | == | dm,2{w)

| at risk n1(£E) nz(CE’) nS(iU) nL(fE)

among patients who look like ds.o(2) Zm
= 4 5,0 ~ _
g{AJ(t‘x) A Z SKKM(t€_1|33) (@) SKKM(t‘Qj) éH (1 §5—

le{l,....L} \ / ¢e{1,...,.L}
s.t. t,<t s.t. tp<t
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times event 0 occurs at time ¢,

among those who look like x

2. Build table below

t to t3 tr

times evert 1 kappened dl 1(33) dl Q(ZE) dl 3(213) dl L(QE)
________ among patients who look like = "~ " 1
P es SSONSARRSIAE of Y21 (@) | d22(@) | das(x) | -7 | dar@)
RS aa T JRPRENRC | (@) | dm2(@) | dms(@) | " | dm, ()

| at risk n1(£E) nz(ﬂi) nS(Qf) nL(fE)
among patients who look like ds.o(2) .
3. Output: FEAY (tla) 2 37 S99 (1) I giont gy & [ (1 - Zomr o)
ne(x) ne(x)
teil,...,L} \ / ¢e{1,...,.L}
s.t. tp,<t s.t. ty<t
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ds ¢(T

71=1

Z]I{A = 5,Y; =t} K(x, X;)

times event 0 occurs at time ¢,

among those who look like x

né

Zn{y >tV K (2, X;)

_]—_

at risk at time t,
among those who look like

2. Build table below

tl tQ t3 tL

times event 1 Fappened dl 1($) dl Q(ZE) dl 3(37) dl L(QE)
________ among patients who look likex| " =~ =\ " o
o 5&%%3_Szﬁé_&%_yt?&ggkﬁs ___________ d2.1(2) | do2(@) | dasl@) | - | dalz)
______Té%_éég?gii‘e}_@?@?ﬂ _________________________ Q| 1 (#) | dm,2(2) | dm (@) | = | dm (2]

| at r|s|< 711(56) nz(iﬁ) 77/3(93) nL(@

among patients who look like 7 ( ) .

3. Output: FEAY (tla) 2 37 S99 (1) I giont gy & [ (1 - Zomr o)
T
66{17 7L} \ é/ @E{l ..... L} ng(x)
s.t. tp,<t S.t. t,<t
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ds.o(x Z]I{A = 5,Y; =t} K(x, X;) ne(z

71=1

times event 0 occurs at time ¢,
among those who look like x

Zn{y >tV K (2, X;)

j—_

at risk at time t,

among those who look like

3. Output: FKAJ(t\:C) Z SKKM(Q ) ds0(2) SKKM(t\x) éH (1 > sy ds ()

te{l,...,.L} \ né/

S.t. tg<t

S.t. t,<t



measures how similar z and X; are

ds.o(x Z]I{A = 5,Y; =t} K(x, X;) ne(z
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times event 0 occurs at time ¢,
among those who look like x
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Example kernel functions:
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te{l,...,.L} \ né/

S.t. tg<t
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measures how similar z and X; are

ds.o(x Z]I{A = 5,Y; =t} K(x, X;) ne(z

71=1

times event 0 occurs at time ¢,
among those who look like x

Zn{y >tV K (2, X;)

j—_

at risk at time t,

among those who look like

Example kernel

K(z,z2') =1

functions:

for all z, 2’

3. Output: FKAJ(t\:C) Z SKKM(Q ) ds0(2) SKKM(t\:c) éH (1 > 51 dse(x)

te{l,...,.L} \ né/

S.t. tg<t

S.t. t,<t



measures how similar z and X; are

ds.o(x Z]I{A = 5,Y; =t} K(x, X;) ne(z

71=1

times event 0 occurs at time ¢,
among those who look like x

Zn{y >tV K (2, X;)

j—_

at risk at time t,

among those who look like

Example kernel

K(z,z2') =1

functions:

forallz,2 = recover classical (population-level) AJ estimator
,

3. Output: FKAJ(t\ac) Z SKKM(Q ) ds0(2) SKKM(t\:U) éH (1 > 51 dse(x)

te{1,....L} \ né/

S.t. tg<t

S.t. t,<t



measures how similar z and X; are
ds.o(x Z]I{A =45,Y; = t,} K (z, X;) ne(z Zn{y >tV K (2, X;)

1=1 1=1
times event § occurs at time ¢, at risk at time ¢,
among those who look like x among those who look like x

Example kernel functions:
K(z,z') =1 forallz,2” = recover classical (population-level) AJ estimator

kernel function parameterized by

K (z,1") = exp(—| f(z;0) — f(2';0)]]%) an "encoder" neural net f(-;0)

3. Output: FXA (¢z) £ Z SKEM (¢, 1 12) ds,¢(7) GREM (41,) & H (1 D 61 dé,z(af))

le{l,...,L} \ né/ ledl,..., L} né(x)

s.t. tp<t s.t. tp<t




measures how similar z and X; are
ds.o(x Z]I{A =45,Y; = t,} K (z, X;) ne(z Zn{y >tV K (2, X;)

1=1 1=1
times event § occurs at time ¢, at risk at time ¢,
among those who look like x among those who look like x

kernel function parameterized by

K(w,') = exp(—||f(;6) - f(a:’;@)HQ) an "encoder" neural net f(-;0)

3. Output: FXA (¢z) £ Z SKEM (¢, 1 12) ds,¢(7) GREM (41,) & H (1 D 61 d5,€($)>

te{l,....L} \ Tlg/ ¢c{1,...,.L} né(x)

s.t. tp<t s.t. tp<t




measures how similar z and X; are

ds.o(x Z]I{A = 5,Y; =t} K(x, X;) ne(z

71=1

times event 0 occurs at time ¢,
among those who look like x

Zn{y >tV K (2, X;)

j—_

at risk at time t,

among those who look like

Can learn neural net parameters using maximum likelihood
(train in minibatches via minibatch gradient descent)

K(z,z') = exp(—| f(z;0) — f(z';0)]]%)

kernel function parameterized by
an "encoder" neural net f(-;0)

3. Output: FXA (¢z) £ Z SKEM (¢, 1 12) ds,¢(2) GREM (41, & H (1 > 51 d5.0(7)

te{l,...,.L} \ né/

s.t. tp,<t

ne(x)

)
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DKAJ High-Level Idea

Raw feature space  encoder learned via Embedding space
maximum likelihood  (a circle in this example)

f(:0)

S

radius ¥ 7 = f(x;0) Colored points
correspond to

different clusters

CVD Death

O
< 0.10
O
f the shaded ball only has 1 cluster ~ £ °%
= prediction is AJ estimator restricted to(‘gts 000
training data in that one cluster! 3 0 2000 4000 6000 8000

Time (days)
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Step 1

L earn neural net

Recall: kernel function is K(x,z’) = exp(—||f(x:;:0) — f(z';0)|]?)
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~

Training data | arameters 0
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Step 2
Training feature vectors | Neural net
Xi,...,X J56)
jzi = f(Xi; 5)
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Training
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Recall: kernel function is K(x,z’) = exp(—||f(x:;:0) — f(z';0)|]?)
DKAJ Training

Step 1 We use e-net clustering

e ¢ = (0 means every point
IS Its own cluster

e Larger e = fewer clusters

L earn neural net

Training data -
ters 0
(X0, Y D),y (X, Vi, A, LPEEMELETSE T

)

Step 2 Step 3
Training feature vectors > NeuraLnet g 5(:1 X, Exemp\ar—.based
f(;0) e clustering
X1, Xn s — Training
Vectors Set of exemplars
Step 4 (each training patient
For each exemplar ¢ € Q, compute summary functions: assigned to 1 exemplar)
d%}?“er(q) times event ¢ happened at time tyamong patients in ¢'s cluster

nS"Ster (¢) = # at risk at time tyamong patients in ¢'s cluster



Reminder: DKAJ High-Level Idea

Raw feature space  encoder learned via Embedding space
maximum likelihood  (a circle in this example)
f(-50)

radius -7 = f(x;0) Colored points
correspond to

different clusters

CVD Death

S
< 0.10
O
=
Predicted CIF for x only depends v 0.05 -
on clusters within the shaded ball ks
= 0.00 -
- 1 1 | | |
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DKAJ Prediction

DKAJ (.CL’) R 25 dDKAJ (:C)
FDKAJ (tlx) = Z S (te—1|x) DKAJ(:E) S(t|lx) = H (1 SKAJ( ) )
veql,..., \ 7 vef{1,...,.L} e

s.t. tg<t s.t. tp<t

d??AJ( A Z K $ X )dcluster(q)

exemplar ¢
within distance 7 of
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DKAJ Prediction

ADKAJ DKAJ(l,) § . 1 25 1dDKAJ( )
FPKAT(¢]g) £ Z s (temrlo) Bicaryy () [T ( SRR ) )
0 vef{1,... L
?1{;1 tg<t \ / i tggt}
d??AJ Z K $ X dcluster ( )

exemplar ¢
within distance 7 of
(in embedding space)

DKAJ Z K LIZ‘ X cluster( )

exemplar q
within distance 7 of
(in embedding space)



DKAJ Prediction

DKAJ DKAJ(x) o A D5 1dDKAJ( )
FPu2 (tr) = Z S (te—1|x) DKAT (1) S(tlz) = H (1 pDKAT () )
reqL. ve{1,... L e
Si{: te<t \ / 31{3 teSt}

dDKAJ Z K .ZE X dcluster( )

exemplar ¢
within distance 7 of
(in embedding space)

DKAJ Z K CE‘ X cluster( )

exemplar q
within distance 7 of
(in embedding space)
Takeaway: CIFs for x are predicted using only close-enough exemplars

(in embedding space)
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Benchmark

e 4 standard datasets
each with 56/14/30

train/val/test split

e Val. setis for tuning
hyperparameters

e Evaluation metrics:
Ctd [Antolini et al 2015],
paper also has IBS

Test set Ctd index (mean=std dev across 10 experimental repeats)
for 4 datasets (each with 2 event types): bold = best, blue = 2nd best

Dataset Method Critical Event 1 Critical Event 2

Fine & Gray 0.8212+0.0119 0.8769+0.0203

PBC Cause-specific Cox 0.8292+0.0100 0.9091+0.0134

[Fleming & Harrington 1991] DeepHit 0.8407+0.0131 0.9060+0.0130
N2 1945 DSM 0.8319+0.0115 0.9039+0.0189

’ NeuralFG 0.8363+0.0150 0.9120+0.0149
# features=15 SurvivalBoost 0.8719+0.0107  0.9360+0.0114
DKAJ (ours) 0.8351+0.0106 0.8782+0.0412

Fine & Gray 0.7733+0.0106 0.7144+0.0182
Framingham Cause-specific Cox 0.7751+0.0107 0.7160+0.0174
Kannel & McGee 1979 DeepHit 0.7423+0.0198 0.6957+0.0195
N=4434 DSM 0.7664+0.0170 0.7095+0.0184

’ NeuralFG 0.6833+0.0619 0.6978+0.0287

# features=18 SurvivalBoost 0.7645+0.0152 0.7031+0.0156
DKAJ (ours) 0.7656+0.0147 0.7034+0.0185

Fine & Gray 0.8151+0.0021 0.8478+0.0099

SEER Cause-specific Cox 0.7630+0.0085 0.8413+0.0132
https://seer.cancer.qov] DeepHit 0.8239+0.0028 0.8548+0.0120
| N 224907 = DSM 0.7807+0.0088 0.8422+0.0119

’ NeuralFG 0.7743+0.0090 0.8362+0.0138

# features=22 SurvivalBoost 0.8418+0.0038  0.8583:0.0081
DKAJ (ours) 0.8247+0.0033 0.8549+0.0069

Fine & Gray 0.5823+0.0051 0.5917+0.0071

Synthetic Cause-specific Cox 0.5808+0.0052 0.5903+0.0072

lLee et al 2018] DeepHit 0.7401+0.0067 0.7437+0.0043
N=30000 DSM 0.7280+0.0055 0.7320+0.0042

’ NeuralFG 0.7481+0.0073 0.7513+0.0045

# teatures=12 SurvivalBoost 0.7160+0.0083 0.7190+0.0039
DKAJ (ours) 0.7399+0.0062 0.7446+0.0048
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Benchmark

e 4 standard datasets
each with 56/14/30

train/val/test split

e Val. setis for tuning
hyperparameters

e Evaluation metrics:
Ctd [Antolini et al 2015],
paper also has IBS

Test set Ctd index (mean=std dev across 10 experimental repeats)
for 4 datasets (each with 2 event types): bold = best, blue = 2nd best

Main takeaways:

Dataset Method Critical Event 1 Critical Event 2

Fine & Gray 0.8212+0.0119 0.87/69+0.0203

PBC Cause-specific Cox 0.8292+0.0100 0.9091+0.0134

[Fleming & Harrington 1991] DeepHit 0.8407+0.0131 0.9060+0.0130
N=1945 DSM 0.8319+0.0115 0.9039+0.0189

' NeuralFG 0.8363+0.0150 0.9120+0.0149
# features=15 SurvivalBoost 0.8719+0.0107  0.9360+0.0114
DKAJ (ours) 0.8351+0.0106 0.8782+0.0412

Fine & Gray 0.7/33+0.0106 0.7/144+0.0182
Framingham Cause-specific Cox 0.7751+0.0107 0.7160+0.0174
Kannel & McGee 1979 DeepHit 0.7423+0.0198 0.6957+0.0195
N=4434 DSM 0.7664+0.0170 0.7095+0.0184

’ NeuralFG 0.6833+0.0619 0.6978+0.0287

# features=18 SurvivalBoost 0.7645+0.0152 0.7031+0.0156
DKAJ (ours) 0.7/7656+0.0147/ 0.7/034+0.0185

Fine & Gray 0.8151+0.0021 0.8478+0.0099

SEER Cause-specific Cox 0.7630+0.0085 0.8413+0.0132
https://seer.cancer.qov] DeepHit 0.8239+0.0028 0.8548+0.0120
| N=24907 = DSM 0.7/807+0.0088 0.8422+0.0119

’ NeuralFG 0.7743+0.0090 0.8362+0.0138

# features=22 SurvivalBoost 0.8418+0.0038  0.8583:0.0081
DKAJ (ours) 0.8247+0.0033 0.8549+0.0069

Fine & Gray 0.5823+0.0051 0.5917+0.0071

Synthetic Cause-specific Cox 0.5808+0.0052 0.5903+0.0072

lLee et al 2018] DeepHit 0.7401+0.0067 0.7437+0.0043
N=30000 DSM 0.7280+0.0055 0.7320+0.0042

’ NeuralFG 0.7481+0.0073 0.7513+0.0045

# teatures=12 SurvivalBoost 0.7160+0.0083 0.7190+0.0039
DKAJ (ours) 0.7/399+0.0062 0.7446+0.0048
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Benchmark

e 4 standard datasets
each with 56/14/30

train/val/test split

e Val. setis for tuning
hyperparameters

e Evaluation metrics:
Ctd [Antolini et al 2015],
paper also has IBS

Test set Ctd index (mean=std dev across 10 experimental repeats)
for 4 datasets (each with 2 event types): bold = best, blue = 2nd best

Main takeaways:

 No single model is best
across all datasets

Dataset Method Critical Event 1 Critical Event 2

Fine & Gray 0.8212+0.0119 0.87/69+0.0203

PBC Cause-specific Cox 0.8292+0.0100 0.9091+0.0134

[Fleming & Harrington 1991] DeepHit 0.8407+0.0131 0.9060+0.0130
N=1945 DSM 0.8319+0.0115 0.9039+0.0189

' NeuralFG 0.8363+0.0150 0.9120+0.0149
# features=15 SurvivalBoost 0.8719+0.0107  0.9360+0.0114
DKAJ (ours) 0.8351+0.0106 0.8782+0.0412

Fine & Gray 0.7/33+0.0106 0.7/144+0.0182
Framingham Cause-specific Cox 0.7751+0.0107 0.7160+0.0174
Kannel & McGee 1979 DeepHit 0.7423+0.0198 0.6957+0.0195
N=4434 DSM 0.7664+0.0170 0.7095+0.0184

’ NeuralFG 0.6833+0.0619 0.6978+0.0287

# features=18 SurvivalBoost 0.7645+0.0152 0.7031+0.0156
DKAJ (ours) 0.7/7656+0.0147/ 0.7/034+0.0185

Fine & Gray 0.8151+0.0021 0.8478+0.0099

SEER Cause-specific Cox 0.7630+0.0085 0.8413+0.0132
https://seer.cancer.qov] DeepHit 0.8239+0.0028 0.8548+0.0120
| N=24907 = DSM 0.7/807+0.0088 0.8422+0.0119

’ NeuralFG 0.7743+0.0090 0.8362+0.0138

# features=22 SurvivalBoost 0.8418+0.0038  0.8583:0.0081
DKAJ (ours) 0.8247+0.0033 0.8549+0.0069

Fine & Gray 0.5823+0.0051 0.5917+0.0071

Synthetic Cause-specific Cox 0.5808+0.0052 0.5903+0.0072

lLee et al 2018] DeepHit 0.7401+0.0067 0.7437+0.0043
N=30000 DSM 0.7280+0.0055 0.7320+0.0042

’ NeuralFG 0.7481+0.0073 0.7513+0.0045

# teatures=12 SurvivalBoost 0.7160+0.0083 0.7190+0.0039
DKAJ (ours) 0.7/399+0.0062 0.7446+0.0048
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Benchmark

e 4 standard datasets
each with 56/14/30

train/val/test split

e Val. setis for tuning
hyperparameters

e Evaluation metrics:
Ctd [Antolini et al 2015],
paper also has IBS

Test set Ctd index (mean=std dev across 10 experimental repeats)
for 4 datasets (each with 2 event types): bold = best, blue = 2nd best

Main takeaways:

 No single model is best
across all datasets

e DKAJ is competitive with
various baselines

Dataset Method Critical Event 1 Critical Event 2

Fine & Gray 0.8212+0.0119 0.87/69+0.0203

PBC Cause-specific Cox 0.8292+0.0100 0.9091+0.0134

[Fleming & Harrington 1991] DeepHit 0.8407+0.0131 0.9060+0.0130
N=1945 DSM 0.8319+0.0115 0.9039+0.0189

' NeuralFG 0.8363+0.0150 0.9120+0.0149
# features=15 SurvivalBoost 0.8719+0.0107  0.9360+0.0114
DKAJ (ours) 0.8351+0.0106 0.8782+0.0412

Fine & Gray 0.7/33+0.0106 0.7/144+0.0182
Framingham Cause-specific Cox 0.7751+0.0107 0.7160+0.0174
Kannel & McGee 1979 DeepHit 0.7423+0.0198 0.6957+0.0195
N=4434 DSM 0.7664+0.0170 0.7095+0.0184

’ NeuralFG 0.6833+0.0619 0.6978+0.0287

# features=18 SurvivalBoost 0.7645+0.0152 0.7031+0.0156
DKAJ (ours) 0.7/7656+0.0147/ 0.7/034+0.0185

Fine & Gray 0.8151+0.0021 0.8478+0.0099

SEER Cause-specific Cox 0.7630+0.0085 0.8413+0.0132
https://seer.cancer.qov] DeepHit 0.8239+0.0028 0.8548+0.0120
| N=24907 = DSM 0.7/807+0.0088 0.8422+0.0119

’ NeuralFG 0.7743+0.0090 0.8362+0.0138

# features=22 SurvivalBoost 0.8418+0.0038  0.8583:0.0081
DKAJ (ours) 0.8247+0.0033 0.8549+0.0069

Fine & Gray 0.5823+0.0051 0.5917+0.0071

Synthetic Cause-specific Cox 0.5808+0.0052 0.5903+0.0072

lLee et al 2018] DeepHit 0.7401+0.0067 0.7437+0.0043
N=30000 DSM 0.7280+0.0055 0.7320+0.0042

’ NeuralFG 0.7481+0.0073 0.7513+0.0045

# teatures=12 SurvivalBoost 0.7160+0.0083 0.7190+0.0039
DKAJ (ours) 0.7/399+0.0062 0.7446+0.0048
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llustration of DKAJ Model Interpretation: Framingham

7 critical events:

CVD (cardiovascular disease) death,
Non-CVD death

Choose which clusters to focus on

Concrete example:
focus on the 5 largest ones
(clusters with the most training
patients assigned to them)



llustration of DKAJ Model Interpretation: Framingham

Largest 5 clusters, sorted by CVD CIF at max obs time;
cluster sizes are stated in square brackets

0.04

[379]

SYSBP in
SYSBP in

0.89
[98]

0.56
[70]

0.08
[126]

0.07
[210]

PREVHYP 0.95

SYSBP < 114.10
(114.10,124.00)
124.00,133.00)

SYSBP in [133.00,149.00)
SYSBP = 149.00

DIABP < 72.50

DIABP in
DIABP in
DIABP in

___________________________ DIABP = 92.00
CIGPDAY < 8.60
CIGPDAY in [8.60,20.00)

CIGPDAY = 20.00

0.80

72.50,80.00)
80.00,85.00)

in [41.00,46.00)
in [46.00,52.00)

85.00,92.00)

AGE < 41.00 0.60

in [52.00,59.00)

in [22.65,24.58)
in [24.58,26.42)

AGE = 59.00

BMI < 22.65

in [26.42,28.74)

BMI = 28.74

7 critical events:

CVD (cardiovascular disease) death,
Non-CVD death

Choose which clusters to focus on

Concrete example:
focus on the 5 largest ones
(clusters with the most training
patients assigned to them)



llustration of DKAJ Model Interpretation: Framingham

Largest 5 clusters, sorted by CVD CIF at max obs time;
cluster sizes are stated in square brackets

0.89] [0.56| [0.08] [0.07] [0.04
[98]\ [70] [210]] |[379]

PREVHYP 0.95

SYSBP < 114.10
SYSBP in [114.10,124.00)
SYSBP in [124.00,133.00)
SYSBP in [133.00,149.00)
SYSBP = 149.00

0.80

DIABP < 72.50

DIABP in [72.50,80.00)
DIABP in [80.00,85.00)
DIABP in [85.00,92.00)
2 DIABP = 92.00
L CIGPDAY < 8.60
CIGPDAY in [8.60,20.00)
CIGPDAY = 20.00
~  AGE <4100
AGE in [41.00,46.00)

AGE in [46.00,52.00)

AGE in [52.00,59.00)

AGE = 59.00

0.60

BMI < 22.65
BMI in [22.65,24.58)
BMI in [24.58,26.42)
BMI in [26.42,28.74)
BMI = 28.74




llustration of DKAJ Model Interpretation: Framingham

Largest 5 clusters, sorted by CVD CIF at max obs time;
cluster sizes are stated in square brackets

0.89 0.56 0.08 0.07 0.04
[98] [70] [126]] |[210]| |[379]

PREVHYP 0.95

SYSBP < 114.10
SYSBP in [114.10,124.00)
SYSBP in [124.00,133.00)
SYSBP in [133.00,149.00)
SYSBP = 149.00

Fach column: a different cluster
columns sorted by "risk of CVD death”

0.80

DIABP < 72.50

DIABP in [72.50,80.00)
DIABP in [80.00,85.00)
DIABP in [85.00,92.00)
2 DIABP = 92.00
L CIGPDAY < 8.60
CIGPDAY in [8.60,20.00)
CIGPDAY = 20.00
~  AGE <4100
AGE in [41.00,46.00)

AGE in [46.00,52.00)

AGE in [52.00,59.00)

AGE = 59.00

0.60

BMI < 22.65
BMI in [22.65,24.58)
BMI in [24.58,26.42)
BMI in [26.42,28.74)
BMI = 28.74




llustration of DKAJ Model Interpretation: Framingham

Largest 5 clusters, sorted by CVD CIF at max obs time;
cluster sizes are stated in square brackets
0.89 0.56 0.08 0.07 0.04

[98] [701| |[126]] [[210] |[379]

PREVHYP 0.95

r

SYSBP < 114.10 R

SYSBP in [114.10,124.00)
SYSBP in [124.00,133.00)
SYSBP in [133.00,149.00)

SYSBP = 149.00

"""""""""""""" DIABP < 72.50 B 000

DIABP in [72.50,80.00)
DIABP in [80.00,85.00)
DIABP in [85.00,92.00)

DIABP = 92.00

~ CIGPDAY < 8.60

CIGPDAY in [8.60,20.00)
CIGPDAY = 20.00

~  AGE<4100
AGE in [41.00,46.00)

AGE in [46.00,52.00)

AGE in [52.00,59.00)

AGE = 59.00

Fach column: a different cluster
columns sorted by "risk of CVD death”

technically: CIF ot CVD death
evaluated at 24 years (max obs. time)

0.80

0.60

BMI < 22.65
BMI in [22.65,24.58)
BMI in [24.58,26.42)
BMI in [26.42,28.74)
BMI = 28.74




llustration of DKAJ Model Interpretation: Framingham

Largest 5 clusters, sorted by CVD CIF at max obs time;
cluster sizes are stated in square brackets
0.89 0.56 0.08 0.07 0.04

[98] [701| |[126]] [[210] |[379]

PREVHYP 0.95

r

SYSBP < 114.10 R

SYSBP in [114.10,124.00)
SYSBP in [124.00,133.00)
SYSBP in [133.00,149.00)

SYSBP = 149.00

"""""""""""""" DIABP < 72.50 B 000

DIABP in [72.50,80.00)
DIABP in [80.00,85.00)
DIABP in [85.00,92.00)

DIABP = 92.00

~ CIGPDAY < 8.60

CIGPDAY in [8.60,20.00)
CIGPDAY = 20.00

~  AGE<4100
AGE in [41.00,46.00)

AGE in [46.00,52.00)

AGE in [52.00,59.00)

AGE = 59.00

Fach column: a different cluster
columns sorted by "risk of CVD death”

technically: CIF ot CVD death
evaluated at 24 years (max obs. time)

0.80

Rows: raw features

0.60

BMI < 22.65
BMI in [22.65,24.58)
BMI in [24.58,26.42)
BMI in [26.42,28.74)
BMI = 28.74




llustration of DKAJ Model Interpretation: Framingham

Largest 5 clusters, sorted by CVD CIF at max obs time;
cluster sizes are stated in square brackets
0.89 0.56 0.08 0.07 0.04

[98] [701| |[126]] [[210] |[379]

PREVHYP 0.95

r

SYSBP < 114.10 R

SYSBP in [114.10,124.00)
SYSBP in [124.00,133.00)
SYSBP in [133.00,149.00)

SYSBP = 149.00

"""""""""""""" DIABP < 72.50 B 000

DIABP in [72.50,80.00)
DIABP in [80.00,85.00)
DIABP in [85.00,92.00)
2 DIABP = 92.00
L CIGPDAY < 8.60
CIGPDAY in [8.60,20.00)
CIGPDAY = 20.00
~  AGE <4100
AGE in [41.00,46.00)

AGE in [46.00,52.00)

AGE in [52.00,59.00)

AGE = 59.00

Fach column: a different cluster
columns sorted by "risk of CVD death”

technically: CIF ot CVD death
evaluated at 24 years (max obs. time)

0.80

Rows: raw features

" Intensity value: fraction of people in a

cluster with a particular raw feature

BMI < 22.65
BMI in [22.65,24.58)
BMI in [24.58,26.42)
BMI in [26.42,28.74)
BMI = 28.74




hypertension, coronary heart disease

llustration of BKAJ Model Interpretation: Framingham

Largest usters, sorted by CVD CIF at max obs time;
uster sizes are stated in square brackets
0.89 0.56 0.08 0.07 0.04

[98] [126] |[210] |[379]
PREVHYP

PREVCHD

[70]

0.95

r

SYSBP < 114.10 R

SYSBP in [114.10,124.00)
SYSBP in [124.00,133.00)
SYSBP in [133.00,149.00)

SYSBP = 149.00

"""""""""""""" DIABP < 72.50 B 000

DIABP in [72.50,80.00)
DIABP in [80.00,85.00)
DIABP in [85.00,92.00)
2 DIABP = 92.00
L CIGPDAY < 8.60
CIGPDAY in [8.60,20.00)
CIGPDAY = 20.00
~  AGE <4100
AGE in [41.00,46.00)

AGE in [46.00,52.00)

AGE in [52.00,59.00)

AGE = 59.00

Fach column: a different cluster
columns sorted by "risk of CVD death”

technically: CIF ot CVD death
evaluated at 24 years (max obs. time)

0.80

Rows: raw features

" Intensity value: fraction of people in a

cluster with a particular raw feature

BMI < 22.65
BMI in [22.65,24.58)
BMI in [24.58,26.42)
BMI in [26.42,28.74)
BMI = 28.74




hypertension, coronary heart disease

llustration of BKAJ Model Interpretation: Framingham

Largest usters, sorted by CVD CIF at max obs time;

0.89
[98]

PREVHYP

PREVCHD

SYSBP < .
SYSBP in [114.10,124.00)
SYSBP in [124.00,133.00)
SYSBP in [133.00,149.00)
SYSBP = 149.00

DIABP < 72.50
DIABP in [72.50,80.00)
DIABP in [80.00,85.00)
DIABP in [85.00,92.00)

CIGPDAY in [8.60,20.00)

CIGPDAY = 20.00
~ AGE <4100

AGE in [41.00,46.00)

AGE in [46.00,52.00)

AGE in [52.00,59.00)

e AGE=09.00
_________________________________ CURSMOKE

BMI < 22.65
BMI in [22.65,24.58)
BMI in [24.58,26.42)
BMI in [26.42,28.74)
BMI = 28.74

uster sizes are stated insquarebrackets ~__» gngina (chest pain/discomfort)

[70]

[126]1 |[210]

0.95

r

Fach column: a different cluster
columns sorted by "risk of CVD death”
0.80

B | technically: CIF of CVD death
evaluated at 24 years (max obs. time)

o T Q'I'A'E'S'EE"%'QQ'——
g CIGPDAY < 8.60 Rows: raw features

" Intensity value: fraction of people in a

cluster with a particular raw feature




hypertension, coronary heart disease

llustration of BKAJ Model Interpretation: Framingham

Largest usters, sorted by C_VD CIF at max obs time; . . .

luster sizes are stated nsquare brackets: ~__» gngina (chest pain/discomfort)
[98] [70] |[126]| |[210]| S
PREVHYP 0.95 i

T T T T BREVEHD I Ig h b ‘ OOd p ressure

r

SYSBP < .
SYSBP in [114.10,124.00)
SYSBP in [124.00,133.00)
SYSBP in[133.00,149.00

Fach column: a different cluster
columns sorted by "risk of CVD death”
0.80

S AN technically: CIF of CVD death
evaluated at 24 years (max obs. time)

DIABP < 72.50
DIABP in [72.50,80.00)
DIABP in [80.00,85.00)
DIABP in [85.,00,92.00
DIABP = 92.00

CIGPDAY in [8.60,20.00)
CIGPDAY = 20.00

AGE < 41.00

Feature

Rows: raw features

AGE in [41.00,46.00) 0.60

AGE in [46.00,52.00)
AGE in [52.00,59.00)
AGE = 59.00

Intensity value: fraction ot people in a
cluster with a particular raw feature

BMI < 22.65
BMI in [22.65,24.58)
BMI in [24.58,26.42)
BMI in [26.42,28.74)
BMI = 28.74




llustration of DKAJ Model Interpretation: Framingham

Largest 5 clusters, sorted by CVD CIF at max obs time;
cluster sizes are stated in square brackets

0.89] [0.56| [0.08] [0.07] [0.04
[98]\ [70] [210]] |[379]

PREVHYP 0.95

SYSBP < 114.10
SYSBP in [114.10,124.00)
SYSBP in [124.00,133.00)
SYSBP in [133.00,149.00)
SYSBP = 149.00

0.80

DIABP < 72.50

DIABP in [72.50,80.00)
DIABP in [80.00,85.00)
DIABP in [85.00,92.00)
2 DIABP = 92.00
L CIGPDAY < 8.60
CIGPDAY in [8.60,20.00)
CIGPDAY = 20.00
~  AGE <4100
AGE in [41.00,46.00)

AGE in [46.00,52.00)

AGE in [52.00,59.00)

AGE = 59.00

0.60

BMI < 22.65
BMI in [22.65,24.58)
BMI in [24.58,26.42)
BMI in [26.42,28.74)
BMI = 28.74




llustration of DKAJ Model Interpretation: Framingham

Largest 5 clusters, sorted by CVD CIF at max obs time;
cluster sizes are stated in square brackets

0.89] [0.56| [0.08] [0.07] [0.04
[98]\ [70] [210]] |[379]

PREVHYP 0.95

SYSBP < 114.10
SYSBP in [114.10,124.00)
SYSBP in [124.00,133.00)
SYSBP in [133.00,149.00)
SYSBP = 149.00

0.80

DIABP < 72.50

DIABP in [72.50,80.00)
DIABP in [80.00,85.00)
DIABP in [85.00,92.00)
2 DIABP = 92.00
L CIGPDAY < 8.60
CIGPDAY in [8.60,20.00)
CIGPDAY = 20.00
~  AGE <4100
AGE in [41.00,46.00)

AGE in [46.00,52.00)

AGE in [52.00,59.00)

AGE = 59.00

0.60

BMI < 22.65
BMI in [22.65,24.58)
BMI in [24.58,26.42)
BMI in [26.42,28.74)
BMI = 28.74

Can also plot ClFs of these clusters:



llustration of DKAJ Model Interpretation: Framingham

Largest 5 clusters, sorted by CVD CIF at max obs time;
cluster sizes are stated in square brackets

0.89 0.56 0.08 0.07 0.04

[98] [70] [126]| |[210] |[379]

PREVHYP 0.95

Can also plot ClFs of these clusters:

SYSBP < 114.10

SYSBP in [114.10,124.00) CVD Death Non-CVD Death

SYSBP in [124.00,133.00)
SYSBP in [133.00,149.00)

0.80 0.8 -
________________________ SYSBP = 149.00 0.30 -

DIABP < 72.50

DIABP in [72.50,80.00)
DIABP in [80.00,85.00)
DIABP in [85.00,92.00)
2 DIABP = 92.00
L CIGPDAY < 8.60
CIGPDAY in [8.60,20.00)
CIGPDAY = 20.00
~  AGE <4100
AGE in [41.00,46.00)

AGE in [46.00,52.00)

0.35 -

0.6 - 0.25 -

0.20 -

0.4 1 0.15 -

0.10 -

Cumulative Incidence

0.2 -

0.60 0.05 -

0.0 - 0.00 -

AGE in [52.00,59.00) ! ' ' ' ! - - - - ;
AGE = 59.00 0 2000 4000 6000 8000 0O 2000 4000 6000 8000

................................. CURENIGIE Time (days) Time (days)

BMI < 22.65
BMI in [22.65,24.58)
BMI in [24.58,26.42)
BMI in [26.42,28.74)
BMI = 28.74




llustration of DKAJ Model Interpretation: Framingham

Largest 5 clusters, sorted-ey~CVD at maxok
cluster sizes are stated in square brackets

0.89 0.56 0.08 0.07 0.04
76, 210] (379

PREVHYP

SYSBP < 114.10 R

SYSBP in [114.10,124.00)
SYSBP in [124.00,133.00)
SYSBP in [133.00,149.00)

SYSBP = 149.00

DIABP < 72.50
DIABP in [72.50,80.00)
DIABP in [80.00,85.00)

0 DIABP in [85.00,92.00)
- DIABP = 32.00
0 CIGPDAY <'8.60

CIGPDAY in [8.60,20.00)
CIGPDAY = 20.00
~ AGE <4100
AGE in [41.00,46.00)

AGE in [46.00,52.00)

AGE in [52.00,59.00)

AGE = 59.00

BMI < 22.65
BMI in [22.65,24.58)
BMI in [24.58,26.42)
BMI in [26.42,28.74)
BMI = 28.74

0.9

Can also ptet ClFs of these clusters:

CVD Death Non-CVD Death
0.80 0.8
o 0.30 -
-
_8 0.6 - 0.25 -
@)
= 0.20 -
S
(_-'3' ' 0.15 -
)
g 0.10 - —
3 0.2 - ’_l_'
0.60 0.05 - _’J_r’_l
0.0 - 0.00 -
0 2000 4000 6000 8000 0 2000 4000 6000 8000
Time (days) Time (days)



llustration of DKAJ Model Interpretation: Framingham

Largest 5 clusters, sorted by CVD CIF at max obs time;
cluster sizes are stated in square brackets

0.08

[126]

0.89
[98]

0.56
[70]

0.07
[210]

0.04
[379]

PREVHYP 0.95

Can also plot ClFs of these clusters:

SYSBP < 114.10

SYSBP in [124.00,133.00) -
SYSBP in [133.00,149.00) 0.35 -
SYSBP = 149.00 0.80 0.8 7 0.30 -
''''''''''''''''''''''''''''' PREVMI Y '
DIABP < 72.50 = ]
DIABP in [72.50,80.00) = 0.6 - 0.25
DIABP in [80.00,85.00) = 0.20 -
& DIABP in [85.00,92.00) v
s DIABP = 92.00 5 04- 0.15 -
o CIGPDAY < 8.60 e
CIGPDAY in [8.60,20.00) e 0.10 - —
CIGPDAY = 20.00 O 0.2 1 —
~ AGE<41.00 0.60 0.05 - _'-r‘_‘j_l
AGE in [41.00,46.00)
AGE in [46.00,52.00) 0.0 - 0.00 -
AGE in [52.00,53.00) 0 2000 4000 6000 8000 0 2000 4000 6000 8000

AGE = 59.00

Time (days) Time (days)

BMI < 22.65
BMI in [22.65,24.58)
BMI in [24.58,26.42)
BMI in [26.42,28.74)
BMI = 28.74




llustration of DKAJ Model Interpretation: Framingham

Largest 5 clusters, sorted by CVD CIF at max obs time;
cluster sizes are statea-irsquare Drackets

0.08

[126]

0.89
[98]

0.56
[70]

0.07
[210]

0.04
[379]

PREVHYP

Can also-plot ClFs of these clusters:

SYSBP < 114.10

SYSBP in [114.10,124.00) Non-CVD Death

CVD Death

SYSBP in [124.00,133.00)
SYSBP in [133.00,149.00)
SYSBP = 149.00

0.35.-

0.80 0.8

0.30 -

DIABP < 72.50 095 -

DIABP in
DIABP in
DIABP in

72.50,80.00)
(80.00,85.00)

DIABP = 92.00

1S S
L CIGPDAY < 8.60
CIGPDAY in [8.60,20.00)

CIGPDAY = 20.00

85.00,92.00)

AGE < 41.00
41.00,46.00)
46.00,52.00)

52.00,59.00)
AGE = 59.00

BMI < 22.65
[22.65,24.58)
24.58,26.42)

26.42,28.74)
BMI = 28.74

0.6 -

0.4 -

Cumulative Incidence

0.2 -
0.60

0.0 -

0

2000 4000 6000 8000
Time (days)

0.20 A
0.15 -
0.10 -

0.05 -

0.00 -

—

r

0O 2000 4000 6000 8000
Time (days)




llustration of DKAJ Model Interpretation: Framingham

Largest 5 clusters, sorted by CVD CIF at max obs time;
cluster sizes are stated in square brackets

0.08

[126]

0.89
[98]

0.56
[70]

0.07
[210]

0.04
[379]

PREVHYP 0.95

Can also plot ClFs of these clusters:

SYSBP < 114.10

SYSBP in [114.10,124.00) Non-CVD Death

CVD Death

SYSBP in [124.00,133.00)
SYSBP in [133.00,149.00)
SYSBP = 149.00

0.35 -

0.80 0.8

0.30 -

DIABP < 72.50 095 -

DIABP in
DIABP in
DIABP in

72.50,80.00)
(80.00,85.00)

DIABP = 92.00

1S S
L CIGPDAY < 8.60
CIGPDAY in [8.60,20.00)

CIGPDAY = 20.00

85.00,92.00)

AGE < 41.00
41.00,46.00)
46.00,52.00)

52.00,59.00)
AGE = 59.00

BMI < 22.65
[22.65,24.58)
24.58,26.42)

26.42,28.74)
BMI = 28.74

0.6 -

0.4 -

Cumulative Incidence

0.2 -
0.60

0.0 -

0

2000 4000 6000 8000
Time (days)

0.20 A
0.15 -
0.10 -

0.05 -

0.00 -

—

r

0O 2000 4000 6000 8000
Time (days)




llustration of DKAJ Model Interpretation: Framingham

Largest 5 clusters, sorted by CVD CIF at max obs time;
cluster sizes are stated in square brackets

0.89 0.56 0.08 0.07 0.04
[98] [70] [126]] |[210]| |[379]

PREVHYP 0.95

Can also plot ClFs of these clusters:

SYSBP < 114.10

SYSBP in [114.10,124.00) CVD Death Non-CVD Death

SYSBP in [124.00,133.00)
SYSBP in [133.00,149.00)

0.80 0.8 -
________________________ SYSBP = 149.00 0.30 -

DIABP < 72.50
DIABP in [72.50,80.00)
DIABP in [80.00,85.00)
DIABP in [85.00,92.00)
DIABP = 92.00

©
L CIGPDAY < 8.60
CIGPDAY in [8.60,20.00) 0.10 -

______________________ CIGPDAY = 20.00 S 0.2
AGE < 41.00 0.60 0.05 7 J_,I_I ‘,_,-'—"'_H
AGE in [41.00,46.00) | —r =

AGE in [46.00,52.00) 0.0 - 0.00 { ==

— 0.35 -

0.6 - 0.25 -

0.20 -

0.4 1 0.15 -

Cumulative Incidence

AGE in [52.00,59.00) ! ' ' ' ! - - - - ;
AGE = 59.00 0 2000 4000 6000 8000 O 2000 4000 6000 8000

................................. CURENIGIE Time (days) Time (days)

BMI < 22.65
BMI in [22.65,24.58)
BMI in [24.58,26.42)
BMI in [26.42,28.74)
BMI = 28.74




DKAJ Individual-Level Prediction Visualizations



DKAJ Individual-Level Prediction Visualizations

For randomly chosen test patient, can look at which clusters contribute the most



DKAJ Individual-Level Prediction Visualizations

For randomly chosen test patient, can look at which clusters contribute the most

Top 5 clusters with highest weights;
cluster sizes are stated in square brackets
0.15 0.14 0.10 0.09 0.08
[126] [379] [58] [51] [10]

ciGpDAY < &.60 | .

CIGPDAY in [8.60,20.00)
CIGPDAY = 20.00

1.00

AGE < 41.00
AGE in [41.00,46.00)
AGE in [46.00,52.00)

AGE in [52.00,59.00) .

W AGE = 59.00

0.80

TOTCHOL < 200.00 ]

TOTCHOL in [200.00,223.00) e
TOTCHOL in [223.00,243.60)
TOTCHOL in [243.60,270.00)
TOTCHOL = 270.00
~ BMI<2265 - R
BMI in [22.65,24.58)
BMI in [24.58,26.42)
BMI in [26.42,28.74)
BMI = 28.74

0.60




DKAJ Individual-Level Prediction Visualizations

For randomly chosen test patient, can look at which clusters contribute the most

Top 5 clusters with highest weights; — > these dare kerﬂe‘ We|ghts
cluster sizes are stated in square brackets . . . .
0.15] [014) [010] (009 008 (how similar each cluster is to the test patient)
[126] [379] [58] [51] [10] 1 00

ciGpDAY < &.60 | .

CIGPDAY in [8.60,20.00)
CIGPDAY = 20.00

AGE < 41.00
AGE in [41.00,46.00)
AGE in [46.00,52.00)

AGE in [52.00,59.00) .

AGE = 59.00

0.80

Feature

TOTCHOL < 200.00 ]

TOTCHOL in [200.00,223.00) e
TOTCHOL in [223.00,243.60)
TOTCHOL in [243.60,270.00)
TOTCHOL = 270.00
~ BMI<2265 - R
BMI in [22.65,24.58)
BMI in [24.58,26.42)
BMI in [26.42,28.74)
BMI = 28.74

0.60




DKAJ Individual-Level Prediction Visualizations

For randomly chosen test patient, can look at which clusters contribute the most

Top 5 clusters with highest weights; /‘# these are kerne‘ We|ghts
cluster sizes are stated in square brackets . . . .
015] 014 (010] (009 008’ (how similar each cluster is to the test patient)
[126] [379] [58] [51] [10]
cIGPDAY < 8.60 | . +00
CIGPDAY in [8.60,20.00)
CIGPDAY = 20.00

o CURSMOKE 1 = CVD Death Non-CVD Death
________________________________________ FEMALE Clust. weight Clust. weight
AGE in [41.00,46.00) il 0.14 | 0.14
AGE in [46.00,52.00) v 0.20 0.10 0.20 0.10
AGE in [52.00,59.00) s = 0.09 0.09
AGE = 59.00 S 0.08 0.08
v - : 080 O 0.15 4 — Test sample 0.15 91 — Test sample
) C
S
5 0.10 - 0.10 -
S
TOTCHOL < 200.00 ] =
TOTCHOL in [200.00,223.00) - O 0.05 - 0.05 -
TOTCHOL in [223.00,243.60)
TOTCHOL in [243.60,270.00)
__________________ TrorcHoL = 27000 0.00 1= 0.00 -
BMI in 'szMcls;zzszé%E; I _ 0.60 0 2000 4000 6000 8000 0 2000 4000 6000 8000
BMI in [24.58,26.42) Time (days) Time (days)

BMI in [26.42,28.74)
BMI = 28.74
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Also Important: The Survival Function

The survival function also shows up in later equations:
Sitlz) =EP(T >t| X = x)

This is the probability that a patient with feature vector x
experiences their earliest critical event (any of the m events) after time ¢

T

Knowing ClFs enables us to recover the survival function: S(t|x) =1 — Z Fs(t|x)
5=1

The AJ estimator will depend on the population-level survival function:
SPOP(t) 2 P(T > t)

This can be estimated by the

Kaplan-Meier estimator [1958]



Loss Function: Negative Log Likelihood
Recall that the CIF for event § is Fs(t|lz) = P(A" =6,T <t | X = x)

A transformed version of the CIF yields the cause-specific hazard function:

1 ng(ﬂ,’E)
i) at

As(tle) =

where S(t|lz) =1- ) F;(t|z)
5=1
Standard competing risks likelihood (under uninformative censoring):
— H (Aa, (E\Xi))]l{Ai#O}S(YAX?;) = can use loss —log L
i=1
It we exclude feature vectors, the classical AJ estimator maximizes this likelihood
(with some pre- and post-processing steps)



measures how similar z and X; are
ds.o(x Z]I{A =45,Y; = t,} K (z, X;) ne(z Zn{y >tV K (2, X;)

1=1 1=1
times event § occurs at time ¢, at risk at time ¢,
among those who look like x among those who look like x

What loss function do we use to train this neural net?

loss = —log L = — log { H (Aa, (E|X¢))1{Ai#O}S(Yi\X,,;)}
i=1
kernel function parameterized

K (. 2') = exp(~| f(x:0) — f(2';0)]) by 3 neural et f(L6)

3. Output: FEAM (¢z) & Z SEEM (¢, 1) ds.¢(x) GREM (41, & H (1 2 5—1 dé,é(ff))

be{l,...,L} \ W/ ¢e{1,...,.L} e ()

s.t. tp<t s.t. ty<t

By just coding these equations up in standard neural net software (e.g., PyTorch),
we can use minibatch gradient descent to learn neural net parameters 0



Training Loss (FlrSt Attempt) Discrete time index

corresponding to Y;

likelihood loss:
k(Y5)

loss = ZZ — 1{A;=0}10g Vs k(v (X33 0) + Z s.0(X;;60)| +constant

1=1 0=1 - /=1

With a bit of algebra, can write the negative lo

where

> i M{A; =6, Y =to} exp(—||f(z;0)— f(X;; 0)[I)
> i WY >t} exp(—||f(z:0)— f(X;:0)[]%)

(this is a predicted cause-specific hazard value)

Vs e(x;0) =

Problem: i-th training point's loss function uses hazard function prediction that
has access to the i-th training point's ground truth



Training LOSS Discrete time index

corresponding to Y;
ikelihood loss:

LOO loss = Z Z — 1{A;=0}log 1@52(3@)()@;3 ) + Z 154(X;;0)| +constant

1=1 0=1 "~ /=1

With a bit of algebra, can write the negative lo

where

2 A =6, Y =t} exp(= [ f (2 0) = F(X5:0) (%)
> 2 1Y >te}exp(—|[ f(z;0)— f(X;;0)[)

(this is a predicted cause-specific hazard value)

Solution: use a leave-one-out estimate insteao



DKAJ Special Cases

e [t 7 = oo (shaded ball has infinite radius):

e |fe = ootore-net clustering (all training points are in the same cluster),
we get the classical AJ estimator [Aalen-Johansen 19/8]

e |fe =0 (each training point is in its own cluster),
we get an approach that is almost the same as that of the
conditional AJ estimator by Bladt & Furrer [2025]

e |f furthermore the kernel function always outputs 1,
we also get the classical AJ estimator [Aalen-Johansen 197/8]

o |t # eventtypes m = 1, we get my earlier survival kernets model [Chen 2024]
(a deep kernel Kaplan-Meier estimator)



DKAJ Visualization of the Learned Kernel Function

e After learning the kernel tunction,
can apply it to all training points to
oroduce a kernel matrix

e Sort rows & columns by cluster index
e Finding: very clear block structure

* Also possible (although we haven't
experimented with this yet):
can understand hierarchical structure
via hierarchical clustering algorithms
that take a kernel matrix as input

Kernel M_atrix Heatmap

§ 8§
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Statistical Setup for Training Data
Model each generic training point (X, Y, A) to be sampled as follows:

1. Sample feature vector X from P

2. Sample the time until each of the m events happens; we do this in a "joint"
fashion by sampling the length-m vector (17,...,T,,) from Prx(-|X)

/

time until critical event time until critical event m

Note: it is possible for these times to be correlated!

Denote the time until the earliest eventby 7=  min Ty

60c{l,....m}
and the earliest eventby A* 2 arg min Tj assume ties in times happen
, | O o€tl,..m) with prob. 0, which we get if,
3. Sample a censoring time C' tfrom Pcx(-|X) f ) e.g., Prix(-|z) & Pex(|z) are
0 it Y = |
4. Finally, set Y £ min{T,C}, and A = 1 | apsolutely continuous
A* otherwise for all x
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For test data, we do not

Statistical Setup for Test Data model censoring times
Model each generic test point (X, 7T, A™) to be sampled as follows:

1. Sample feature vector X from P

2. Sample the time until each of the m events happens; we do this in a "joint"
fashion by sampling the length-m vector (17,...,T,,) from Prx(-|X)

/

time until critical event 1 time until critical event m
Note: it is possible for these times to be correlated!

Denote the time until the earliest eventby 7=  min Ty

and the earliest eventby A* 2 arg min Tj

Formally, the CIF is defined as:  Fs(t|z) £ P(A* =46, T <t | X = x)
S P(A* =6,T <t)

The AJ estimator estimates the population-level version: FZ°"(¢)
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