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Quantum pumps

Infinitely extended 1-dimensional system
H(t) = p> + V(t,x), (p= —id/dx)
depending on time t. Potential V = V/(t, x) doubly periodic
V(t,x + L) = V(t,x), V(t+ T,x) = V(t,x)

Hypotheses. Time runs slowly (adiabatic regime). The Fermi level lies in
a spectral gap for all t.
Theorem (Thouless 1983). The charge Q transported during a period and
across a reference point is a non-random integer.

» Q arises as the Chern number of some vector bundle

» Its base space is a 2D torus, somehow reflecting space and time

periodicity (14+1=2)
» The pump is a synthetic 2D quantum meta-material!
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Quantum pumps without spatial periodicity

» As noted (Braunlich, G., Ortelli, 2010), spatial periodicity can be
forgone (based on a construction by Thouless). What's the vector

bundle?
» Experimental realization (Liu et al., 26 authors, 2024: “We
demonstrate Thouless pumping in the presence of disorder ...")

The Chuang-tzu 1D superconducting processor
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» This is a realization of a 1D quantum pump. Thouless theory
predicts non-random transported charge @ (here: number of atoms).
» Dynamics generated by Hamiltonian on the line R,
H(t) = p2 + V(t,%)
with V periodic in t and x.
» Example (close to experiment): Two-beams landscape

V(t,x) = Z Vi sin?(kix — wit)
i=1,2

For w; = 0 or wy = 0 (i.e. one beam stationary), time periodicity
holds true.
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» Example (close to experiment): Two-beams landscape

V(t,x) = Z \/,-sin2(k,-x — wjt)
i=1,2

For w; = 0 or wp = 0 (i.e. one beam stationary), time periodicity
holds true.

» By changing frame of reference, frequencies change (Doppler). If
beams nearly stationary, one can be made stationary by passing to a
moving frame of reference.
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Example (close to experiment): Two-beams landscape

V(t,x) = ZVsm (kix — wit)

i=1,2

For wy = 0 or w2 = 0 (i.e. one beam stationary), time periodicity holds true.

By changing frame of reference, frequencies change.

Question In which frame of reference is the Thouless theory to be
applied? Does it matter?

Answer (of principle): In any frame in which the assumptions (e.g.
double periodicity) are satisfied!

Transported charge @ not the same, though.

Theory has got to be Galilei covariant, not Q invariant
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Validation of the assumptions
> Frames F and F related by Galilei transformation of velocity v
> If V = V(t,x)is (T, L)-periodic, then V is (T, L)-periodic iff

7A':nT, Z:mL, v'f':[, n,meZ
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> Allowed velocities are discrete. Without loss, n = m = 1.
> If V is time-periodic in both frames, then it is space periodic.
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Galilei covariance (ahead of Thouless theory)

» Transformation law for charge and current densities
ﬁ =P, j :J - pv

» Existing and transported charges

L T
N::/ pdx, Q::/ jdt
0 0

PN

, L)-periodic (n = m =1, hence vT = L):

» Transformation law

N
Proof: For p and j that are (T

2-current (p, )
div(p,j) =0
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Galilei covariance

» What about bundles:

i
i

How related?
» For now: Thouless theory

N=rkP, Q=chP
where rk P and ch P are the rank and the Chern number of the

Fermi bundle, respectively
» Leads to Conjecture

tkP=rkP, chP=chP—rkP
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» Trivialization (local): ¢ € Ej is represented by u € F:
ueF
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Concepts reviewed (continued)

» T > (t, k) (2-torus), with t (cyclic) time and k quasi-momentum

» Fiber at (t, k): Vector space E;x = Ei consisting of Bloch functions

$(x) = u(x)e™
of quasi-momentum k

» Bundle E = (E;«), (all (t, k) € T) is Bloch bundle. Has typical fiber
F=A{ulu(x+L)=u(x)}
Actually, subspace of states having energy (as by V/(t,x)) below the
gap (filled states in the Fermi sea)
Let P« be the projection onto subspace (from within the fiber E; )
P = (P:x), (all (t, k) € T) is the Fermi bundle
Rank: rk P = dim P;  (independent of (¢, k))
Chern number:

v
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chP = l/dtdktr(P[atP,akP])

tr PdP A dP
271'
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T
To be shown is the earlier conjecture

chP—chP=—rkP

> I-A’t,k = Uv_thLk U,: with U, translation by a

» Is there a formula for the difference above? Yes, one by Chern-Simons
(1974)

tr PudPy A dPy — tr PdP A dP = —d(tr PU~1dU)
where Py = U71PU. And tr PU~1dU is the CS 1-form.
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Now notice
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T

/ t
0
By Stokes

__L —1 t=T _ .
chPy—chP = 27Tj(I{tr(PU dU)Ltzd_ rkP-1

Now notice
» Bloch states uk(x) are periodic in x, yet ¥(x) = uk(x)e!™
» So U,7—; acts as -e kL on wuy, winds once: For U; = e kL we have

%U LU, = jfdk_/qk /b2

» all rk P of those Bloch states are being translated by a period
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Remark: Strong and weak index

Theorem (n=m=1,ie. vL=T)

rkP=rkP, chP=chP—rkP

Remark.

» (Altland-Zirnbauer/Kitaev table). The model belongs to class A (no
symmetry).

Symmetry d
Class|©®© ¥ nM|o 1 2 3 4 5 6 7
A 0 0 0|Z 0 Z 0 Z 0 Z O

» In d = 2, the strong index is ch P, the weak index rk P

» Galilei transformations mix strong and weak indices.
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Other views |: No trivializations

Keep the Bloch bundle, but forgo trivializations.

Chern number (non-commutative variant)

chP = ;ﬂ%dt]{dktr(P[[P,x],@tP])

Difference between frames ch P — ch P evaluated not by CS form, but by
the Gauss-Codazzi (GC) equation.

GC equation relates the curvatures of (flat) bundle E and subbundle P.
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Forgo the Bloch bundle, use another one instead.

There, a 3-torus T3 (time t, position x, and energy z) and three different
2-subtori T¢, Ty, T,

X
T']I} __ Ts
T T
’: : [ _~t ‘
ol  Domec
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There is vector bundle P on T3 by which existing and transported charges
(N and Q) are placed on the same footing:

chPr=N, chP,=Q, chP,=0, (any t,x, z)

as Chern numbers of restrictions of bundle P to the different 2-subtori.
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Other views IlI: Scattering approach to pumping
Forgo all bundles, rely on bulk-edge correspondence instead.
Truncate the pump at position x:

— R(x, t)

[ semi-infinite pump
X

ideal lead

» At the Fermi level, scattering is pure reflection (bulk gap!)

» Let R(x,t) be reflection matrix

» Then R(x,t) is doubly periodic. Let W, W; be the winding
numbers of det R(x, t) at fixed x, resp. t.

» Bulk-edge correspondence

Wt = _Na |/VX = ) (any taX)
Galilei transformation law (I\7 =N, O=0Q— N) reads
Wt:Wt, Wx:Wx+Wt

(latter to be shown)
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Galilei transformation law (IV =N, O=0Q- N) reads

Wt:Wn Wx:Wx+Wt

Idea of proof: R(%,t) = R(X + vt, t)
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» The answer implements Galilean transformations, thus realizing the
(discrete) covariance of the theory

» There are several approaches
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Other views |: No trivializations, but Gauss-Codazzi
Do not use any trivialization of the Bloch bundle. Then

chP = ;ﬂfdty{dktr(P[[P,x],atP])
and difference between frames is
chP—chP= —?{dtjfdktr P[P, x], [P, P]]P)
Identities
(@) PIP,x], [P, pl]P = [PxP, PpP] — P[x, p]P
(b) trEtyk[PxP, PpP] = i2

Ok
(c) tre,, Plx, p]P =itrg,, P =1irk P

tre, , PpP

» (b) is total derivative, does not contribute

» (c) Heisenberg, yields result, by (v/27)T(27/L) =1

» (a) is Gauss-Codazzi equation relating curvatures of (flat) bundle E
and subbundle P.



Other views |: No trivializations, but Gauss-Codazzi
Identities

(@) PIP,x], [P, pl]P = [PxP, PpP] — P[x, p]P

» (a) is Gauss-Codazzi equation relating curvatures of (flat) bundle E
and subbundle P. Indeed Gauss-Codazzi says

PRP = RP) — A* N A.

(R ambient curvature (here = 0), R(P) induced curvature, A 2nd
fundamental form, Vx = Vg(P) + A(X)). Identity (a) is (literally)

A*AA=RP)
WithX:X, Y:pand
P P P
AX) =[x, PP, ROX, )=V, v - v,
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Setup

As before, ,

dx?
with V(x) = V*(x) € M,(C).

Schrédinger equation (as 2nd order ODE) and its “real adjoint™

(H=2)¢(x) =0,  d(x)(H—-2)=0

H=—— 4+ V(x) on L*(R,,C")

with (x) (resp. 1(x)) column (row) vectors in C"

The solutions v of the 2nd order ODE are determined by their initial
values (1o, 1) at any point x = xo;
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» Let C > z be the (complex) energy plane. Spectrum o(H) is real
subset

» Let v C C be a loop enclosing all spectra below 1
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A circle and a bundle

» Let C > z be the (complex) energy plane. Spectrum o(H) is real
subset

» Let v C C be a loop enclosing all spectra below 1

z

@WI)CC

» On -y there is a (trivial) vector bundle E with fiber F = C"” ¢ C"”

> Vectors of its fiber E, are to be interpreted as solutions 7 of the 2nd
order ODE, or equivalently as their initial values (1o, 1) at some
point x = xp

» More importantly, let P C E be the subbundle of solutions decaying
at x — +00

> Alternatively, the base space of E can be taken as v x R 3 (z, xo)

» rk P =n.
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Generalizations

» If H= H(t) is time periodic, then augment y to v x S 3 (z, t)
(2-torus). The bundle E and its subbundle P are defined on it.

» If H is space periodic (of period L), then P C E determines the same
subspace of initial values (10, 1)y) at xo and at xp + L. The bundles
E O P now have base space v x S! 3 (z,x).

» If H is time and space periodic, then E is based on a 3-torus T3
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Other views Il: Conclusion
» We got a 3-torus T3 (time t, position x, and energy z) and three
different 2-subtori T;, Ty, T,
» We got a vector bundle P on T3 by which existing and transported
charges (N and Q) are placed on the same footing:

chPr=N, chP,=Q, chP,=0, (any t,x, z)
as Chern numbers of restrictions of bundle P to the different
2-subtori.

» Existing and transported charges

N = ch Py, Q =ch Py, (any s, x)

as Chern numbers of restrictions of bundle P to different 2-subtori.
» Galilei transformation law

N=N, Q=Q-N
Theorem [Implementation of Galilei transformations]

chP;=chP:, chPy=chP,—chP;
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