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3+1D Modeling of Superconducting Quantum Chips
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FIG. 1. Package environment, layout, and requirements. (a) Dilu-
tion refrigerator with multiple temperature stages holding the qubit
chip enclosed in a microwave package. The microwave package in-
terfaced with through microwave lines is mounted on a cold finger
in the mixing chamber reaching a base temperature of approximately
10mK. (b) The microwave package consists of a metal enclosing,
microwave connectors, an interposer for signal fanout, and a mi-
crowave cavity in the center surrounding the quantum chip. (c) The
purpose of a microwave package is to shield the enclosed qubit chip
from external radiation (red oscillating arrow) and stray magnetic
fields (yellow lines) while providing impedance-matched (transmit-
ted green pulse and reflected blue pulse at the input and output), low-
crosstalk communication channels (crosstalk in green at input), and
a thermal link to the dilution refrigerator.

a balance between the suppression of external and package-
induced loss channels.

The different loss channel contributions can be indirectly
evaluated and characterized through qubit coherence, which
is affected by interactions with its environment [12]. These
interactions lead to energy decay and dephasing. Qubit co-
herence generally improves as the qubit is decoupled from the
environment, but it becomes more difficult to control and read
out. Ideally, the qubit would couple exclusively to the control
and readout environment.

In thermal equilibrium, the excitation probability of a qubit
can be expressed with the Boltzmann factor exp (�h⌫/kBT )

(⌫: qubit transition frequency, T : qubit temperature, h:
Planck constant, kB: Boltzmann constant). However, thermal
equilibrium with 10mK is generally not reached due to the in-
flux of thermal photons from higher temperature stages of the
refrigerator via the signal lines. With state of the art attenua-
tion and filtering [13], superconducting qubits have achieved
effective temperatures of 35mK, corresponding to an excited
state thermal population of 0.1% at 5GHz [3]. As a conse-
quence, the qubit energy exchange with its environment is ap-
proximately a unidirectional energy decay from the qubit to
the environment. The rate at which the qubit loses its energy is
referred to as the longitudinal relaxation rate �1 , T

�1
1 , with

T1 the energy relaxation time. Energy decay is mediated by
various loss channels, such as quasiparticles, vortices, surface

dielectric dissipation, conductivity losses, or dissipation into
spurious package modes near the qubit transition frequency.
The quality factor Qi expresses the inverse ‘lossiness’ of an
individual loss channel i. The participation ratio pi, a unitless
factor, associates each loss channel with a normalized interac-
tion strength between itself and the qubit [14, 15] so that the
participation ratios of all loss channels sum to 1. Modeling
the qubit as a harmonic oscillator—a reasonable approxima-
tion for weakly anharmonic qubits like the transmon [16] and
capacitively shunted flux qubits [17]—the energy exchange
rate can then be expressed as �1 = 2⇡⌫/Q = 2⇡⌫

P
i pi/Qi.

The transition frequency between the ground and excited
state of the qubit can be affected by its electromagnetic (EM)
environment. Fluctuating EM fields detuned from the qubit
transition frequency—if coupled to the qubit—can induce
qubit energy-level shifts that cause a change in the phase ac-
cumulation rate, resulting in pure dephasing �� of a qubit
superposition state. In addition to pure dephasing, energy re-
laxation is also a phase breaking process. The dynamics of
two-level systems weakly coupled to noise sources can be de-
scribed using the Bloch-Redfield formalism [18, 19], where
the combination of pure dephasing �� and the process of
energy relaxation is given by the transverse relaxation rate
�2 , 1/T

⇤
2 = �1/2 + ��.

II. Microwave Package Materials

Material-dependent losses can be of magnetic (1/Qm),
conductive (1/Qc), or dielectric (1/Qd) origin [20]. Energy
loss channels couple to the qubit through its electric or mag-
netic dipole moment. For transmon qubits, the electric dipole
moment presently dominates [16]. Qubits are fabricated using
high-Q materials and substrates to reduce loss. In addition the
device geometry is designed to reduce the electric field den-
sity in lossy regions, such as surfaces and interfaces [21].

Many qubit architectures—in particular those with a tun-
able transition frequency—are sensitive to magnetic fields.
Consequently, magnetic metals or materials with magnetic
compounds are generally avoided. To shield qubits from mag-
netic field fluctuations, materials with high magnetic perme-
ability such as mu-metal can be used either as part of the
the dilution refrigerator infrastructure or on the package cas-
ing. An alternative approach is to incorporate type-I super-
conductors such as aluminum, tin, or lead, in the package
body. Once such a material turns superconducting, it expels
the magnetic field from its core due to the Meissner effect, so
long as the magnetic field does not exceed a specific material-
and temperature-dependent threshold.

Conductivity losses arise when the electric field of the qubit
induces a current in nearby normal conductors with a finite
conductivity. The loss depends on the conductivity � of the
material and scales as 1/Qc / 1/

p
�. Losses also arise due

to atomic defects in bulk dielectrics hosted on those interfaces
absorbing EM energy. Dielectric losses are proportional to the
imaginary dielectric coefficient Im(✏) of the material 1/Qd /
Im(✏).

Commonly employed package materials include supercon-
ducting aluminum, copper, and gold-plated copper. Supercon-
ducting aluminum forms a thin oxide layer of approximately



The Problem

Dynamics of a Superconducting Condensate confined in a heterogenous environment
• Multiple spatial and temporal scales
• Interactions via retarded electromagnetic potentials 
• Strong Hybridization, localized non-linear degrees of freedom
• Radiative Losses (Integrate out degrees of freedom outside the computational domain)
• Second quantization compatibility (“circuit QED”)



The Modeling Problem

Houck, HET, Koch, Nature Physics, 2012



Measurement-adapted Coarse-graining of Field Theories
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• Bigger Picture: Measurement-adapted coarse-graining
• Long-term goal: Calculate only what can be resolved by measurement
• Spatio-temporal coarse graining
• Ab-initio determination of parameters of effective quantum Liouvillian

��

4. Measurement-aware Effective Field Theories
:KHQ PRGHOLQJ WKH HOHFWURG\QDPLFV RI TXELWV DQG UHVRQDWRUV WKURXJK D ILHOG WKHRU\ DSSURDFK� RQH
LQ SULQFLSOH KDV DFFHVV WR TXDQWLWLHV DW DOO WLPH DQG OHQJWK VFDOHV� +RZHYHU LQ H[SHULPHQWV� RQH
RQO\ KDV D ILQLWH VSDWLR�WHPSRUDO UHVROXWLRQ� ,Q SDUWLFXODU IRU VXSHUFRQGXFWLQJ FLUFXLWV WRGD\� WKH
VWDQGDUG KHWHURG\QH GHWHFWRU PL[HV WKH PLFURZDYH VLJQDOV �∼ GHz UDQJH� HPDQDWLQJ IURP WKH
TXDQWXP FKLS ZLWK D ORFDO RVFLOODWRU ILHOG DQG VDPSOHV WKH GRZQFRQYHUWHG FRPSRQHQW �LQ WKH IHZ
WHQV RI MHz UDQJH� ZLWK D FHUWDLQ FRDUVH�JUDLQLQJ WLPH τI � 'HSHQGLQJ RQ WKH H[SHULPHQW� WKLV
FRDUVH�JUDLQLQJ WLPH FDQ UDQJH IURP 5 − 200 QV� 7KDW PHDQV WKH GHWHFWRU LV VDPSOLQJ WKH ILHOG
E(t) =

∫ ∞
−∞ dt′ f (t′; τ) E(t − t′) cos(ω/2(t − t′) + φ) ZKHUH f (t′; τI) LV D ZLQGRZ IXQFWLRQ ZLWK ZLGWK

τI ZLWK VXSSRUW RQ WKH FDXVDO VLGH RI t′ = 0 �VRPH LPSOHPHQWDWLRQDO GHWDLOV VXFK DV WKH VDPSOLQJ RI D
VHFRQG TXDGUDWXUH DUH QRW LPSRUWDQW IRU WKH GLVFXVVLRQ KHUH�� &OHDUO\ D ORW RI LQIRUPDWLRQ FRQWDLQHG
LQ WKH RULJLQDO ILHOG WKHRU\ LV LQWHJUDWHG DZD\� $ ZHOO�NQRZQ H[DPSOH ZKHUH ZH NQRZ KRZ WR
KDQGOH WKLV VLWXDWLRQ LV WKH V\VWHP�EDWK DSSURDFK WR D ODUJH TXDQWXP V\VWHP� ZKHUH WKH GHJUHHV RI
IUHHGRP FRXSOLQJ WR WKH V\VWHP WKDW KDYH D IDVW FRUUHODWLRQ WLPH FDQ EH UHOLDEO\ LQWHJUDWHG DZD\� ,Q
WKH SURSRVHG KHUH� ZH WDNH DQ DSSURDFK DW D PRUH IXQGDPHQWDO OHYHO� 6WDUWLQJ ZLWK WKH DE�LQLWLR ILHOG
WKHRU\ GHVFULELQJ D VXSHUFRQGXFWLQJ FKLS FRXSOHG WR FRD[LDO FDEOHV� ZH ZLOO GHYHORS D IUDPHZRUN
WR V\VWHPDWLFDOO\ GHULYH DQ HIIHFWLYH 40( GHVFULELQJ FRDUVH�JUDLQHG PHDVXUHG REVHUYDEOHV DW D
KHWHURG\QH GHWHFWRU VDPSOLQJ WKH RXWJRLQJ ILHOGV� )RU D QRQ�OLQHDU TXDQWXP ILHOG WKHRU\� WKLV LV
QRQ�WULYLDOO\ GLIIHUHQW WKDQ VLPSO\ WLPH�DYHUDJLQJ WKH HIIHFWLYH HTXDWLRQV RI PRWLRQ�

<latexit sha1_base64="SsBinQne0nKSZVkSaeNPitG70aI="></latexit>
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),*� �� �D� $ VWDQGDUG UHDGRXW VHWXS IRU TXELW �$�� WKH UHDGRXW FDYLW\ �&� DQG DQ LQILQLWH WUDQVPLVVLRQ OLQH
�% %$7+�� �E� 'DWD IURP DQ H[SHULPHQW FRQGXFWHG RQ ,%0 FKLS DUPRQN E\ D 3ULQFHWRQ XQGHUJUDGXDWH �1LVKDDG
.KHGNDU� ZRUNLQJ LQ RXU JURXS� VKRZLQJ KRZ DW KLJK SRZHU DGGLWLRQDO WUDQVPRQ VWDWHV �n = 0, 1, 2� DUH PL[HG LQWR
WKH UHDGRXW� �F� DQG �G� (YROXWLRQ RI FDYLW\ VWDWH DPSOLWXGH FRQGLWLRQHG RQ WKH TXELW EHLQJ LQ n = 0 DQG n = 1 VWDWHV
IRU LQFUHDVLQJ GULYH DPSOLWXGHV� REWDLQHG IURP WKH FRDUVH�JUDLQLQJ PHWKRGRORJ\ DSSOLHG RQ WKH PRGHO (TV� �����
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mode is used to optimize the measurement efficiency to
achieve η ¼ 0.66, with a 3-dB bandwidth of 27 MHz and a
gain of 26 dB [13,15]; see Appendix C for details.
To read out the qubit, we apply a coherent tone at t ¼ 0 to

the input port of the Purcell filter [orange in Fig. 1(a)] at the
center frequency ωd ¼ ωr between the two state-dependent
resonator frequencies. The power is chosen to maximize the
readout fidelity and corresponds to ndrive ¼ 2.5" 0.25
photons in the readout resonator, which we have calibrated
based on an ac-Stark shift measurement; see Appendix A.
At t ¼ −250 ns, we apply a 150-ns-long measurement
pulse to the device; see the pulse sequence in Fig. 1(b).
Weuse the last 50 ns of this pulse to determine the state of the
qubit and later analyze only those traces for which the qubit
is found in the ground state. We refer to this procedure as
preselection (Appendix B). Before preparing the qubit in
either the ground or excited state by applying a 18-ns Rπ

x

derivative-removal-by-adiabatic-gate (DRAG) pulse
[29,30], which ends at t ¼ 0, we wait for about 100 ns ≈
25=κeff for the resonator to decay back to its vacuum state
after preselection. In addition to the typical square (“gated”)
measurement pulse generated by gating the signal source,
we also utilize a two-step pulse, which has an additional 4-ns
high-power segment that drives the resonator into its steady
state more rapidly [19,26]; see the pulse sequence in
Fig. 1(b).
A field-programmable gate array (FPGA)with an analog-

to-digital converter (ADC) samples the output signal in 8-ns
time bins. The amplified quadrature of the JPD is chosen to
maximize the contrast between the mean ground- and
excited-state responses in a single quadrature QðtÞ. As
shown in Fig. 1(c), the ground- and excited-state responses
can be clearly distinguished in a single shot of a measure-
ment. With the qubit prepared in the excited state, due to
qubit relaxation, the averaged response hQeðtÞi (the solid
orange line) slightly decays toward the ground-state
response hQgðtÞi, resulting in the corresponding standard
deviation hΔQeðtÞi (the shaded orange region) to grow in
time. These trends limit the distinguishability between the
ground- and excited-state trajectory and highlight the need
for fast readout.
The theoretical dynamics of the Purcell filter [27]

(the dashed black lines), including the analog and digital
filtering of the measurement line (see Sec. III and
Appendix D), shows very good agreement with the
averaged trajectories and allows us to calibrate the starting
time of the measurement. We choose t ¼ 0 to be the time at
which the square readout pulse arrives at the input of the
Purcell filter.
In order to optimize the distinguishability between the

ground and excited states, given a certain integration time τ,
we evaluate the integrated readout quadrature value
qτ ¼

ffiffiffiffiffiκp
p R

τ
0 dtQðtÞWðtÞ, where the weighting function

WðtÞ ∝ jhQeðtÞ −QgðtÞij is proportional to the average
difference between the ground- and excited-state responses
and is normalized to

R
τ
0 dtW

2ðtÞ ¼ 1.
We perform 60 000 repetitions of the experiment, alter-

nating the qubit preparation between the ground and
excited states, and populate histograms of qτ, as shown
in Fig. 2. The ground- and excited-state histograms are
simultaneously fit to the sum of two Gaussians, as
described in Appendix B. From these fits, we extract a
decision boundary, or threshold qthτ , at the intersection point
of the two fitted state distributions. The measurement is
then characterized by its fidelity, defined as [31]

F ¼ 1 − PðejgÞ − PðgjeÞ; ð1Þ

where PðxjyÞ is the probability that the qubit prepared in
state y is measured to be in state x. The fidelity is extracted
directly from the experimental data as 1 minus the sum of
the fraction of ground-state preparation events with
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FIG. 1. (a) False-color micrograph of the experimental sample
(see the text for details). (b) Pulse scheme including the
preselection procedure, the gated (light purple) and the two-step
measurement pulse (dark and light purple); see the text for details.
(c) A characteristic ground (blue) and excited (red) single-shot
trajectory plotted together with the mean of all ground and
excited trajectories (light-blue and light-red solid lines, respec-
tively) with their respective standard deviations (blue and orange
shaded regions). The black dashed line shows the theoretically
expected dynamics. The gray region depicts the typical integra-
tion time τ of the experiment. QB denotes qubit.

T. WALTER et al. PHYS. REV. APPLIED 7, 054020 (2017)

054020-2

• Readout Detector averages observables over a period 𝛕
<latexit sha1_base64="jNyenoChwzQOpVDCFZ/VSjM9NXw="></latexit>

E(t) =

Z 1

�1
dt0 f(t0; ⌧)E(t� t0) cos(!LO(t� t0) + �)

Can one directly obtain the effective quantum model governing the 
dynamics of  coarse grained observables?



Emergence of Atomic Stability and Structure from non-
perturbative QED - Case of 1+1D
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• 1+1D Quantum Electrodynamics of electrons and positrons

• How does a stable ground state emerge?
• How does atomic structure arise? 
• Can one derive a single-particle Schrödinger 

equation for the 1+1D Bohr atom?
• How to compute radiative losses for atomic 

transitions? Are they non-zero?

<latexit sha1_base64="Q5g+EQqO4IiGC71bldw6qmfKM2U=">AAACHnicbZC7TsMwFIYdrqXcCowsFlUlFqoEVcBYBANjkehFaqLIcU9bq3YSbKdSVfUJeAlegRV2NsQKK0+Ck3agLUey9On/z/Gx/yDmTGnb/rZWVtfWNzZzW/ntnd29/cLBYUNFiaRQpxGPZCsgCjgLoa6Z5tCKJRARcGgGg5vUbw5BKhaFD3oUgydIL2RdRok2kl8o3fquSLALjwkbYjcmUjPCM+0MMwz4OmW/ULTLdlZ4GZwZFNGsan7hx+1ENBEQasqJUm3HjrU3Tm+nHCZ5N1EQEzogPWgbDIkA5Y2z70xwySgd3I2kOaHGmfp3YkyEUiMRmE5BdF8teqn4n9dOdPfKG7MwTjSEdLqom3CsI5xmgztMAtV8ZIBQycxbMe0TSag2Cc5tCcQkb0JxFiNYhsZ52bkoV+4rxWplFk8OHaMTdIocdImq6A7VUB1R9IRe0Ct6s56td+vD+py2rlizmSM0V9bXL1WfoaQ=</latexit>

Dµ ⌘ @µ � ieAµ
<latexit sha1_base64="3sDimukoobDIcOAPCf+ejl4QhNw=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTQy0DNpaJmA9IjrC32UuW7O4du3tCOPIPbLW3E1t/ja2/xE1yhUl8MPB4b4aZeWHCmTau++0UNja3tneKu6W9/YPDo/LxSUvHqSK0SWIeq06INeVM0qZhhtNOoigWIaftcHw/89vPVGkWyyczSWgg8FCyiBFsrPR41eiXK27VnQOtEy8nFchR75d/eoOYpIJKQzjWuuu5iQkyrAwjnE5LvVTTBJMxHtKupRILqoNsfukUXVhlgKJY2ZIGzdW/ExkWWk9EaDsFNiO96s3E/7xuaqK7IGMySQ2VZLEoSjkyMZq9jQZMUWL4xBJMFLO3IjLCChNjw1naEoppyYbirUawTlrXVe+m6jf8Ss3P4ynCGZzDJXhwCzV4gDo0gUAEL/AKb07mvDsfzueiteDkM6ewBOfrF0Hlk60=</latexit>
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<latexit sha1_base64="FUP3rOBewQbL6u+4SraQzW0P3c8="></latexit>

L =  ̄ (i�µDµ �m) � 1
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µ⌫ � eA0�(x� x0)



Electrodynamics of a Charged Condensate Field
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Pham, Fan, Scheer, HET, Rhys. Rev. A 107, 053704 (2023)

<latexit sha1_base64="5juMUMNstndAZ65V04Fz+ztQ+ko="></latexit>

i~@ (r, t)
@t

=


1

2m

⇣
� i~r� qA

⌘2
+ qV (r, t) + U(r)

�
 (r, t)

<latexit sha1_base64="Ujr5tlKKKXo5tcc3yGuf6cJM7ME="></latexit>

r⇥r⇥A+ µ0✏0Ä = µ0(Js + Jsrc)� µ0✏0rV̇

�r2V =
q

✏
(⇢+ ⇢src)

• Order Parameter Equation

• Maxwell’s Equations

light

matter



A Gauge-invariant formulation of SED
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• The hybridized gauge-invariant field:

✦  Permeates all space

<latexit sha1_base64="jYFcXYfYgD6fKO6qK/c0iK7Ha/g="></latexit>

@µFµ⌫ = µ0 (J ⌫ + j⌫)
<latexit sha1_base64="/SHwn7VmA4l5qY+gtVnxW/ir/7U=">AAAObHicnZfrctw0FIDdciuBhhb412FGZRsmZdoQhw7wh5k22w2UCWk32Vxm4mRHlmWvJra8keQ0QdWD8DT8hUfgJXgGjrzeXa/sDEydSWKd852L5KNjORynTKr19b9v3Hzn3ffe/+DWh0sffXx7+ZM7dz89kHkhCN0neZqLoxBLmjJO9xVTKT0aC4qzMKWH4VnX6g8vqJAs5wN1NaYnGU44ixnBCkTDO98GGVYjglP9izkNeI </latexit>

J ⌫ ⌘ qn (c,v)⌫

• Charged fluid with flow velocity 

<latexit sha1_base64="Li2o7EO2p4vyCBS43UE14XTT1V4="></latexit>

�qcA0 +
q2

2m
|A|2 � ~2

2m

r2pnp
n

= 0
<latexit sha1_base64="qM7vikc98te/CokT10s9xGEdxYA="></latexit>

ṅ =
q

m
r · (nA)

<latexit sha1_base64="Xl7GuuL8Y3yfS3DTdkxXYWPbrW0="></latexit>

A(r, t) ⌘ A(r, t)� ~
q
r✓(r, t)

<latexit sha1_base64="rbkbWpPAhD2oViqBHwqmwCO27wE="></latexit>

v ⌘ (~r✓ � qA) /m
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Aµ ⌘ (A0,A)

<latexit sha1_base64="d5u8IeqVxXHCsDSg+JRZrfTcB2I="></latexit>

 (r, t) =
p

n(r, t) ei✓(r,t)

Maldonado et al., Rhys. Rev. B 110, 014508 (2024)



A Gauge-invariant formulation of SED
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• Spatial coarse-graining (Discrete Exterior Calculus):
<latexit sha1_base64="bo3oTHqGTyqGW7fHPbSpuW5mUxk="></latexit>

�(e) =

Z

e
d` ·A

Anil N. Hirani, PhD Thesis, Caltech (2003)
Chen, Chew, J. Comp. Physics 350, 668 (2017)
Wang et al, J. Comp. Physics 488, 112245 (2023)
Pham, Fan, Scheer, HET, Rhys. Rev. A 107, 053704 (2023)

• Meshing:
• Structure Preserving (i.e. charge conservation)
• Dual mesh carries material properties
• Primal mesh carries the flux field
• Computation done on primal mesh

PHAM, FAN, SCHEER, AND TÜRECI PHYSICAL REVIEW A 107, 053704 (2023)

(a)

x

e

(b)

(f) (g) (h) (j)(i)

(c) (d) (e)

FIG. 2. (a) A dual-lattice cubical mesh is shown, in which the edges of the primal lattice M are in red, while the edges of the dual lattice
M† are in green. The fields ψ , φ, and # and the current density J are defined on the edges. (b) An edge e in M is orthogonal to a corresponding
face e† in M†. (c) A vertex v in the primal mesh corresponds to a cell v† in the dual mesh. (d) Illustration of how the identity ∇ × (∇V ) = 0
is naturally satisfied on the boundary of each face. (e) Similarly, the identity ∇ · (∇ × A) = 0 is also locally satisfied at each unit volume. (f)
The divergence operator applied to a vertex v corresponds to a sum (with the correct signs) of flux lines that pass through it. (g) The double
curl operator ∇ × ∇× applied to an edge e (shown in yellow) corresponds to a weighted sum of that edge with the surrounding edges in M. (h)
The ρ̄ field, defined on every edge e, is determined by averaging the values of ρ evaluated at the vertices that e connects. (i) An example of the
support volume of a primal edge. The primal edge is red, the dual lattice is green, and the support volume is purple. (j) To represent the action
of the gradient term ∇|A′|2 on an edge (colored yellow), |A′|2 needs to be defined at the two vertices vA and vB. To do so, the values of φ(e) at
the surrounding edges are needed, resulting in two sets of concurrent edges connected via the shared edge. The geometrical representation of
the pressure term is somewhat similar. The main difference is that scalar fields at vertices are in use instead of edge fields.

interpretation of DEC’s geometric constructions while still
yielding the same discretized equations. We will focus on
the aspects of DEC that are necessary for our physical prob-
lem, which is the formulation of light-matter interaction in
superconductors, and avoid discussing the full mathematical
structure of the theory.

Figures 2(b) and 2(c) demonstrate the dualities between el-
emental objects in the primal and dual meshes. At first glance,
the dual mesh construction may seem unnecessarily complex,
as traditional finite element methods only use one mesh.
However, as this section will show, the interaction between
the primal and dual meshes allows for compact descriptions
of differential operators. The dual mesh is also useful when
dealing with boundaries in systems with multiple materials.
In such cases, the primal mesh conforms to the interfaces
between objects, while the material properties can be defined
on the dual mesh to account for effective values attached
to edges on those interfaces [32]. Despite the complexity of
the geometric constructions involved in its dual-lattice for-
mulation, the authors believe that the benefits of using DEC
outweigh this complexity.

In DEC, vectorial quantities are projected onto oriented
edges of the grid [as seen in Eqs. (12) and (13)], while scalars
are attached to vertices. Since the rate of change of a scalar is
a vector field, and vice versa, this interconnectivity of primal
edges with primal vertices (and their duals) leads to a natu-
ral representation of differential operators. The discretization
of Maxwell’s equations can therefore be done as follows.

Consider a vector field F defined on the edges of the primary
lattice M; then

∫

v†
(∇ · F) dr3 =

∑

e|v∈e

%A(e†)
%ℓ(e)

∫

e
F · dℓ, (14)

where %ℓ(e) is the length of the edge e and %A(e†) is the area
of its dual face e†. Similarly, for an edge e ∈ M, the curl-curl
operator in the discrete flux language is given by

∫

e†
(∇ × ∇ × F) · da =

∑

e0∈∂ (e† )

%ℓ(e0)

%A(e†
0)

∑

e1∈∂ (e†
0 )

∫

e1

F · dℓ,

(15)

where ∂ (e†) and ∂ (e†
0) are the boundaries of e† and e†

0,
respectively. The graphical illustrations of Eqs. (14) and
(15) are shown in Figs. 2(f) and 2(g), respectively, while
detailed derivation of these equations are discussed in
Appendix A.

With the discrete forms of the divergence and curl-curl
operators, Maxwell’s equations can be written in terms of flux
fields. For F = ∇V , Eq. (14) yields the discrete version of
Gauss’s law,

∑

e|v∈e

%A(e†)
%ℓ(e)

ψ (e) = −Q(v)
ϵ

, (16)
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DEC-QED: Some details

10

• QED of multi-scale 
superconducting devices

• Non-linear PDEs integrated in 
time-domain with long-time 
stability

• 1+1D: Reproduces circuit QED 
Framework, quantization 
ready

• Ab-initio determination of 
parameters of effective 
quantum Liouvillian

• Second quantization (“circuit QED”):
<latexit sha1_base64="+xldOwkjIUXTBsxXPPgo74FZ5/M="></latexit>
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Pham, Fan, Scheer, HET, Rhys. Rev. A 107, 053704 (2023)

Maldonado et al., Rhys. Rev. B 110, 014508 (2024)
Maldonado, Rodriguez, HET, arxiv:2504.13779



DEC-QED Demo 1: Cavity + Josephson Junction
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DEC-QED Demo 2: Flux Quantization
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The spectral problem
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Linearization:



Electrodynamics in Finite Volume
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• Example of a closed system: a 3D cavity with two substrates

Pham et al., Phys. Rev. Appl. 23, 064009 (2025)



Quantum Electrodynamics in Finite Volume
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Wigner, Weisskopf Z. Phys. 63, 54 (1930)
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Surface of Last Scattering (SoLS)



Computation of open modes
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• Scalar problem:

Open BC:

Generalization to vector:



DEC-QED Implementation of Radiative Boundary Conditions
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Figure 10. Calculations of radiative modes of a transmon qubit sandwiched between two cylindrical superconducting capacitors. (a) The
schematic of the system considered; the qubit is mounted on a circular dielectric disk that has radius Rd = 4mm, refractive index n = 1.5.
The qubit is composed of two superconducting islands that are 0.75mm away from each other and connected by a bridge containing a junction
in the middle. The width of both the bridge and the junction is 50µm. (b) An example of a “dipole” mode; the qubit acts like a dipole with
the field lines starting from the surface of one island and ending on the surface of another island. (c) An example of a mode where the field
lines flow around the individual capacitor islands with no normal component at each island’s surface. The boundary of the qubit is painted in
yellow in the enlarged insets, and all the axes of the plots are in units of mm. (d) Spontaneous emission rate of a qubit-like mode as a function
of the qubit frequency.

by two edges. Due to mirror symmetry at z = 0, the ampli-
tude of the coarse-grained field on one z-edge is identical to
that of its mirroring edge. This allows us to decouple the in-
plane field component from the out-of-plane component, and
we can focus on solving for the modes of Eq. (10) applied to
the 2D in-plane field on the z = 0 slice where the substrate
containing the qubit is located. We choose the computational
boundary to be a circle whose radius R = 8mm is half that
of the cylindrical capacitors Rc. There are two notable types
of modes, whose examples are shown in Figs. 10b-10c. Due
to the geometry of the qubit being two islands connected by a
bridge, it can act as a dipole. A mode that behaves this way
is shown in Fig. 10b, where the field lines exit in the normal
direction from one island and enter the other island. The field
also decays in the bulks of the islands at the rate determined
by their penetration depths. In another scenario, due to their
separation, the two islands can behave as individual supercon-
ducting objects around which the field lines flow with no nor-
mal component at the surfaces of the islands. A demonstration
of such a mode is shown in Fig. 10c. Finally, in Fig. 10d, we
show how one can tune the internal resonance frequency of
the qubit through a cavity resonance, exposing the Purcell en-
hancement of the qubit relaxation rate [55]. The relaxation

rate due to radiative loss of a qubitlike mode, i.e. the spon-
taneous emission rate, is plotted as a function of the qubit
frequency. We observe a finite peak as the qubit freqency is
on-resonant with a cavitylike mode, signifiying an enhanced
emission rate due to the hybridization of this qubit mode with
the cavity field [19]. In this case, the Purcell enhancement fac-
tor with respect to its value away from resonance is not large,
because we intentionally chose a very (radiatively) lossy cav-
ity represented by placing two cylinders facing each other, a
situation that corresponds to the regime of overlapping reso-
nances (finesse ⌧ 1).

As was mentioned earlier, the formulation for calculating
radiative fields using Green’s function method is flexible in
terms of the shape and topology of boundary surfaces it can
be applied. The physical boundary of the system can be made
of multiple, possibly disjoint, but closed segments that bound
a non-simply connected structure. However, the vector field
being calculated has to be divergent-free as a prerequisite. Al-
though this restriction is not a concern in many useful cases,
such as the calculation of the electric field in a source-less re-
gion or of the magnetic vector potential in the Coulomb gauge,
it is sometimes helpful to have the freedom of not necessarily
choosing a divergence-less field. In the following section, we

Pham et al., Phys. Rev. Appl. 23, 064009 (2025)
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(Adaptive space-time mesh?)



Emergence of Atomic Stability and Structure from non-
perturbative QED - Case of 1+1D

19

• 1+1D Quantum Electrodynamics of electrons and positrons

• How does a stable ground state emerge?
• How does atomic structure arise? 
• Can one derive a single-particle Schrödinger 

equation for the 1+1D Bohr atom?
• How to compute radiative losses for atomic 

transitions? Are they non-zero?
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• 1+1D Quantum Electrodynamics of electrons and positrons
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• 1+1D Quantum Electrodynamics of electrons and positrons
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Emergence of Atomic Stability and Structure from non-
perturbative QED - Case of 1+1D

Spacetime grid

where         is the 1+1D Minkowski metric tensor.

Pham, Zager, Fan, HET, arxiv:2504.12286
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Emergence of atomic structures in 1+1D QED and their electromagnetic stability
Dung N. Pham 1 Zoe Zager 1 Wentao Fan 2 Hakan E. Türeci 1

1Department of Electrical and Computer Engineering, Princeton University, Princeton, NJ 08544, USA

2Department of Physics, Princeton University, Princeton, NJ 08544, USA

The Schwinger atom problem

The hydrogenic Schwinger atom is a 1D model of the Hydrogen atom that is composed of a heavy
(fixed) structureless ‘proton’ and a localized ‘cloud’ whose total charge is exactly equal to that of an
electron.
The dynamics of this atom can be described by the 1+1D model of quantum electrodynamics (QED)
of fermions coupled to the electromagnetic field [1] with the Lagrangian

L = k̄(8W`

⇡` � <)k � 1
4�`a�

`a

,

where k is the fermionic field, �`a is the photon field strength, and < is the mass of the fermion.
The theory can be ‘‘bosonized” to arrive at an equivalent theory for semiclassical bosons with the
equations of motion that describes the atom dynamics

m
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2
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p
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p
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c⇥(G),
d = �6mGi,

� = 6mCi,

where i is the hybridized bosonic field, 6 = 4p
c

, ^ = <

cn
, while d and � are the charge and current

density generated from the field.
! A stationary electron in this picture can then be very well-described as a soliton that carries exactly
charge �4.

The structure and electromagnetic stability of atoms in 1+1D QED can be studied through
quantization of the fluctuation on top of this bosonized picture.

DEC algorithm

Figure 1. (a) Spacetime dual grids used in DEC simulations. The coarse-grained variables qG and qC are defined on the edges
of the grid. (b) Schematics of open system dynamics with radiative boundary conditions implemented at a finite boundary.

The EoMs for coarse-grained variables are derived through the structure-preserving formulation of
Discrete Exterior Calculus (DEC):

�
’
mCE

†

qG

�G2+
’
mGE

†

qC

�C2
+ 6

2
i +

p
c^ sin(2

p
ci) = �62p

c⇥(G).

Open (transparent) boundary conditions are implemented such that radiation can escape the finite
computational domain without reflections.
Only the dynamics of measurable quantities (i.e. the physically meaningful ones) such as the
average charges and currents are kept track [2].
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Time-dynamics of the Schwinger atom

Figure 2. Dynamics of the Schwinger atom made of a fixed unit charge (proton) interacting with an oppositely charge
soliton (electron). (a), (b) the early-time dynamics of qG and qC fields small 6; (c) qG at higher 6; (d) Evolution of the
energies stored in within a finite domain around the atom; (e) the frequencies in the energy terms; (f), (g), (h), (i) show the
dynamics (with 6 = 0.1, 0.3, 0.35, 0.4 respectively) for when the soliton is initially away from the source; (k) early and (l)
late time dynamics when 6 = 0.3; (m) frequency evolution in the energy terms; (n) energies stored in a finite domain.

Observed scenarios:

The moving soliton is attracted by the fixed proton and oscillates around it while emitting radiations
until a stable configuration is reached.
The soliton is ‘torn’ apart as it interacts with the proton and is eventually dispersed.

Radiative loss
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Figure 3. (a) Spectrum of the hydrogenic Schwinger atom; the width of each mode corresponds to its radiative loss. (b)
Mode density of the atom. The vertical dash line indicates the ionization threshold. (c) An example mode in the continuum
band. (d) A bound mode.

Lifetimes of the atomic modes are computed through solving the equation for the fluctuation X(G) on
top of the steady-state configuration iBB.
The shell structure is composed of a finite number of bound modes and a continuum of
high-frequency propagating modes; the two are separated by an ionization threshold.

Schwinger positronium

Figure 4. Dynamics of the Schwinger positronium. Early-time dynamics for selected values of 6 and the initial separation 3

are shown in (a), (c) and (j), while late-time behaviors are shown in (b), (d) and (k). Energies stored within a finite domain
around the positronium are plotted (e) with closed-up views in (f) and (g). Details of the charge distribution at late times are
shown in (h) and (i).

A Schwinger positronium is made of a pair of oppositely charged solitons that carry the amount of charge
equal to ±4.

Detailed semi-classical simulations suggest that depending on the choice of parameters {6, ^} and
initial field energy, an electron-positron pair can either form a stable positronium or they can scatter
off each other.
The evolution from two initially separated solitons to a bound positronium is allowed due the term
6

2
i breaking the integrability of the pure Sine-Gordon equation.

Figure 5. Fractalization of the initial velocity into intervals that correspond to either scattered solitons or a bound
positronium in the long-time limit. Here, 6=0.32, and 3/D=20.

We observe disjoint intervals across a wide range of initial velocity in which the steady state of the
two-soliton system alternates from a stable bion to the scattering state.

Connections to solitons in Josephson junctions

Quantum vortices (fluxons) can be created and stabilized within long Josephson junctions. The dy-
namics of these fluxons are well described as solitons in the perturbed sine-Gordon (SG) equation [3]

m
2
C
i � m

2
G
i + UmCi + sin i = �V.

Here i is the Josephson phase, U is the dissipative term and V is the normalized biased current.

Figure 6. The single 2c-kink solution, along with its
derivatives, for the SG equation. Inset: schematic of
a long JJ

Schwinger electron Josephson vortex
i2 � i1 charge 4 flux quantum �0
mGi charge density d magnetic field �H

mCi current density � voltage +

Table 1. Mappings from the kink solution i for SG equation
and its derivatives to the quantities that they are proportional to.
i1 and i2 are the asymptotic values of i at G=±1.

The similarities between the perturbed SG equations governing the dynamics of long JJs and the
Schwinger model suggest a path towards analog quantum simulation of atom formation and
stability in the Schwinger Model.

https://ece.princeton.edu/people/dzung-pham Quantum Fluids of Light and Matter 2024 - Erice, Italy dnpham@princeton.edu

Spectrum of excitations on solitonic background
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The Emergence of Atomic structure
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The Schwinger atom problem

The hydrogenic Schwinger atom is a 1D model of the Hydrogen atom that is composed of a heavy
(fixed) structureless ‘proton’ and a localized ‘cloud’ whose total charge is exactly equal to that of an
electron.
The dynamics of this atom can be described by the 1+1D model of quantum electrodynamics (QED)
of fermions coupled to the electromagnetic field [1] with the Lagrangian
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where k is the fermionic field, �`a is the photon field strength, and < is the mass of the fermion.
The theory can be ‘‘bosonized” to arrive at an equivalent theory for semiclassical bosons with the
equations of motion that describes the atom dynamics
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, while d and � are the charge and current

density generated from the field.
! A stationary electron in this picture can then be very well-described as a soliton that carries exactly
charge �4.

The structure and electromagnetic stability of atoms in 1+1D QED can be studied through
quantization of the fluctuation on top of this bosonized picture.

DEC algorithm

Figure 1. (a) Spacetime dual grids used in DEC simulations. The coarse-grained variables qG and qC are defined on the edges
of the grid. (b) Schematics of open system dynamics with radiative boundary conditions implemented at a finite boundary.

The EoMs for coarse-grained variables are derived through the structure-preserving formulation of
Discrete Exterior Calculus (DEC):
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Open (transparent) boundary conditions are implemented such that radiation can escape the finite
computational domain without reflections.
Only the dynamics of measurable quantities (i.e. the physically meaningful ones) such as the
average charges and currents are kept track [2].

References

[1] J. Schwinger, Phys. Rev. 128, 2425 (1962).
[2] D. N. Pham, W. Fan, M. G. Scheer, and H. E. Türeci,
Phys. Rev. A 107, 053704 (2023).
[3] D. W. MacLaughlin and A. C. Scott, Phys. Rev. A
18, 1652 (1978).

Acknowledgement

This work is supported by the DOE under
Grant No. DE-SC0016011.

Time-dynamics of the Schwinger atom

Figure 2. Dynamics of the Schwinger atom made of a fixed unit charge (proton) interacting with an oppositely charge
soliton (electron). (a), (b) the early-time dynamics of qG and qC fields small 6; (c) qG at higher 6; (d) Evolution of the
energies stored in within a finite domain around the atom; (e) the frequencies in the energy terms; (f), (g), (h), (i) show the
dynamics (with 6 = 0.1, 0.3, 0.35, 0.4 respectively) for when the soliton is initially away from the source; (k) early and (l)
late time dynamics when 6 = 0.3; (m) frequency evolution in the energy terms; (n) energies stored in a finite domain.

Observed scenarios:

The moving soliton is attracted by the fixed proton and oscillates around it while emitting radiations
until a stable configuration is reached.
The soliton is ‘torn’ apart as it interacts with the proton and is eventually dispersed.
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Figure 3. (a) Spectrum of the hydrogenic Schwinger atom; the width of each mode corresponds to its radiative loss. (b)
Mode density of the atom. The vertical dash line indicates the ionization threshold. (c) An example mode in the continuum
band. (d) A bound mode.

Lifetimes of the atomic modes are computed through solving the equation for the fluctuation X(G) on
top of the steady-state configuration iBB.
The shell structure is composed of a finite number of bound modes and a continuum of
high-frequency propagating modes; the two are separated by an ionization threshold.

Schwinger positronium

Figure 4. Dynamics of the Schwinger positronium. Early-time dynamics for selected values of 6 and the initial separation 3

are shown in (a), (c) and (j), while late-time behaviors are shown in (b), (d) and (k). Energies stored within a finite domain
around the positronium are plotted (e) with closed-up views in (f) and (g). Details of the charge distribution at late times are
shown in (h) and (i).

A Schwinger positronium is made of a pair of oppositely charged solitons that carry the amount of charge
equal to ±4.

Detailed semi-classical simulations suggest that depending on the choice of parameters {6, ^} and
initial field energy, an electron-positron pair can either form a stable positronium or they can scatter
off each other.
The evolution from two initially separated solitons to a bound positronium is allowed due the term
6

2
i breaking the integrability of the pure Sine-Gordon equation.

Figure 5. Fractalization of the initial velocity into intervals that correspond to either scattered solitons or a bound
positronium in the long-time limit. Here, 6=0.32, and 3/D=20.

We observe disjoint intervals across a wide range of initial velocity in which the steady state of the
two-soliton system alternates from a stable bion to the scattering state.

Connections to solitons in Josephson junctions

Quantum vortices (fluxons) can be created and stabilized within long Josephson junctions. The dy-
namics of these fluxons are well described as solitons in the perturbed sine-Gordon (SG) equation [3]
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Here i is the Josephson phase, U is the dissipative term and V is the normalized biased current.

Figure 6. The single 2c-kink solution, along with its
derivatives, for the SG equation. Inset: schematic of
a long JJ

Schwinger electron Josephson vortex
i2 � i1 charge 4 flux quantum �0
mGi charge density d magnetic field �H

mCi current density � voltage +

Table 1. Mappings from the kink solution i for SG equation
and its derivatives to the quantities that they are proportional to.
i1 and i2 are the asymptotic values of i at G=±1.

The similarities between the perturbed SG equations governing the dynamics of long JJs and the
Schwinger model suggest a path towards analog quantum simulation of atom formation and
stability in the Schwinger Model.

https://ece.princeton.edu/people/dzung-pham Quantum Fluids of Light and Matter 2024 - Erice, Italy dnpham@princeton.edu

Emergence of Atomic Stability and Structure from non-
perturbative QED - Case of 1+1D



Looking ahead
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• Measurement-adapted coarse-graining for superconducting quantum circuits

• Discrete spacetime for fundamental QED

• Analog quantum simulator using actual quantum hardware



The Quantum Engineering Group @ Princeton

• DEC-QED, https://github.com/dnpham23/DEC-QED
• Time-coarse graining: https://github.com/leonbello/QuantumGraining.jl

Software Repositories:
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