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MOTIVATION

stress, strain tensors, dislocation density, disclination density in continuum mechanics,
metric, curvature (scalar, Ricci, Weyl, Riemann, Cotton...), torsion in differential geometry etc.

Are there discrete analogues of such tensors with symmetries and differential structures?

A special case: differential forms (fully skew-symmetric tensors), exterior derivatives

0
grad curl div

0

Whitney forms and higher order versions are well accepted as the canonical discretization for differential
forms (skew-symmetric tensors). k -forms discretized on k -cells, unisolvent with P−Λk , conformity

Raviart-Thomas (1977), Nédélec (1980) in numerical analysis
Bossavit (1988): differential forms and complex
Hiptmair (1999), Arnold, Falk, Winther (2006): systematic study, “Finite Element Exterior Calculus”

Pierre-Arnaud Raviart
Jean-Claude Nédélec Franco Brezzi

Donatella Marini Jim Douglas

3 / 33



MOTIVATION

stress, strain tensors, dislocation density, disclination density in continuum mechanics,
metric, curvature (scalar, Ricci, Weyl, Riemann, Cotton...), torsion in differential geometry etc.

Are there discrete analogues of such tensors with symmetries and differential structures?

A special case: differential forms (fully skew-symmetric tensors), exterior derivatives

0
grad curl div

0

Whitney forms and higher order versions are well accepted as the canonical discretization for differential
forms (skew-symmetric tensors). k -forms discretized on k -cells, unisolvent with P−Λk , conformity

Raviart-Thomas (1977), Nédélec (1980) in numerical analysis
Bossavit (1988): differential forms and complex
Hiptmair (1999), Arnold, Falk, Winther (2006): systematic study, “Finite Element Exterior Calculus”

Pierre-Arnaud Raviart
Jean-Claude Nédélec Franco Brezzi

Donatella Marini Jim Douglas
3 / 33



OUTLINE

1 Continuous level: form-valued forms and BGG . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 Discrete level: intrinsic finite elements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15



CONTINUOUS LEVEL: FORM-VALUED FORMS AND BGG

1 Continuous level: form-valued forms and BGG . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 Discrete level: intrinsic finite elements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15



DIFFERENTIAL STRUCTURES IN ELASTICITY

Linear elasticity (Calabi, Kröner) complex

RM C∞ ⊗ R3 C∞ ⊗ R3×3
sym C∞ ⊗ R3×3

sym C∞ ⊗ R3 0⊂ sym grad inc div
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DIFFERENTIAL STRUCTURES IN ELASTICITY

Linear elasticity (Calabi, Kröner) complex

embedding R3 → R3 change of metric (strain)

RM C∞ ⊗ R3 C∞ ⊗ R3×3
sym C∞ ⊗ R3×3

sym C∞ ⊗ R3 0

φ e = (∇̂φ) · (φ ∇̂)− I

⊂ sym grad inc div

e = 0 iff φ is a rigid body motion.

Linearisation: e = symgradu, in terms of displacement u(x̂) = φ(x̂)− x̂.
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DIFFERENTIAL STRUCTURES IN ELASTICITY

Linear elasticity (Calabi, Kröner) complex

metric (strain) Riemann curvature

RM C∞ ⊗ R3 C∞ ⊗ R3×3
sym C∞ ⊗ R3×3

sym C∞ ⊗ R3 0

e Riem(e)

⊂ sym grad inc div

Strain tensor (change of metric) e = (∇̂ϕ) · (ϕ ∇̂)− I satisfies Riem(e) = 0.

Defect theory: Kröner et al. used violation of compatibility conditions to model defects and incompatibility

Linearisation: Saint-Venant compatibility condition inc e := ∇× e ×∇ = 0.

d Bernhard Riemann Ekkehart Kröner
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DIFFERENTIAL STRUCTURES IN ELASTICITY

Linear elasticity (Calabi, Kröner) complex

curvature / stress covector / force

RM C∞ ⊗ R3 C∞ ⊗ R3×3
sym C∞ ⊗ R3×3

sym C∞ ⊗ R3 0

σ ∇ · σ

⊂ sym grad inc div

Cauchy stress tensor σ balances load divσ = f with σ = Ae (Hooke’s law);
incompatibility causes internal stress inc e.

d Robert Hooke Augustin-Louis Cauchy
d
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A NONLINEAR COMPLEX

cohomology not well defined, but exactness is. Exactness corresponds to important theorems.
Observations: KH, Nonlinear elasticity complex and a finite element diagram chase Springer INdAM Series (2024).

exactness: rigidity
two motions induce same metric iff up to RM

rigid body motion map R3 to R3 metric curvature

exactness: fundamental thm of Riem geometry
metric has vanishing curvature iff metric is Euclidean

⊂ φ7→φ∗g0−g0 Ricci

Challenges for discretising nonlinear complex even in 1D:

0 C∞ C∞
+ 0u 7→u2

exact: ∀w ,∃u =
√

w , s.t., w = u2.

not work for polynomials!

0 Pk P+
2k 0u 7→u2

Algebraic geometric issues. Relevant to preserving nonlinear constraints.

Question: tools for studying nonlinear complexes? discretisation?
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COMPLEXES FROM COMPLEXES

Generating, analysing and discretising linear (deformation) complexes: complexes from complexes
▶ Douglas Arnold, KH, Complexes from complexes, Foundations of Computational Mathematics (2021)

Step 1: connect two (or more) de Rham complexes

0 R3 R3×3 R3×3 R3 0

0 R3 R3×3 R3×3 R3 0

grad curl div

grad

S0

curl

S1

div

S2

S•: algebraic operators, connecting components of vectors/matrices
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COMPLEXES FROM COMPLEXES

Generating, analysing and discretising linear (deformation) complexes: complexes from complexes
▶ Douglas Arnold, KH, Complexes from complexes, Foundations of Computational Mathematics (2021)

Step 2: elimination

0 R3 S+K R3×3 R3 0

0 R3 R3×3 S+K R3 0

grad curl div

grad

−mskw

curl

S

div

2 vskw

S: symmetric matrix, K: skew-symmetric matrix
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COMPLEXES FROM COMPLEXES

Generating, analysing and discretising linear (deformation) complexes: complexes from complexes
▶ Douglas Arnold, KH, Complexes from complexes, Foundations of Computational Mathematics (2021)

Step 3: connect rows by zig-zag

0 R3 S

S R3 0.

sym grad curl

T
curl div

Conclusion: cohomology of the output (elasticity) is isomorphic to the input (de Rham)

Analytic results follow: Poincaré–Korn inequalities, Hodge decomposition, compactness...

Inspired by the Bernstein-Gelfand-Gelfand (BGG) construction (B-G-G 1975, Čap,Slovák,Souček
2001, Eastwood 2000, Arnold,Falk,Winther 2006, Arnold, KH 2021, Čap, KH 2023)

6 / 33



COMPLEXES FROM COMPLEXES

Generating, analysing and discretising linear (deformation) complexes: complexes from complexes
▶ Douglas Arnold, KH, Complexes from complexes, Foundations of Computational Mathematics (2021)

Step 3: connect rows by zig-zag

0 R3 S

S R3 0.

sym grad curl

T
curl div

Conclusion: cohomology of the output (elasticity) is isomorphic to the input (de Rham)

Analytic results follow: Poincaré–Korn inequalities, Hodge decomposition, compactness...

But, is it purely mathematical?
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embedding/displacement metric/strain

R3 S

S R3

curvature/stress covector/load

sym grad curl

T
curl div

Riemann, Kröner, Cauchy, Hooke
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embedding/displacement metric/strain

R3R3R3 R3×3

R3R3R3 S R3

rotation curvature/stress covector/load

gradgradgrad curl

T
gradgradgrad

S0S0S0

curl div

d Cosserat brothers Cosserat continua: microstructures (rotation, stretch etc.)

Observations: A. Čap & KH, BGG sequences with weak regularity and applications. FoCM (2024).

Leading to parameter-robust scheme for Cosserat model: A.Dziubek, KH, M.Karow & M. Neunteufel, SINUM (2025).
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embedding/displacement coframes torsion 2-form
dislocation

Bianchi

R3 R3×3R3×3R3×3 R3×3R3×3R3×3 R3

R3 R3×3R3×3R3×3 R3×3R3×3R3×3 R3

rotation connection 1-form curvature/stress
disclination

covector/load

grad curlcurlcurl div

grad

S0

curlcurlcurl

S1S1S1

div

S2

dÉlie Cartan Arash Yavari Alain Goriely
Cartan’s bridge between Einstein and Cosserat brothers – torsion Riemann-Cartan Geometry of Nonlinear Dislocation Mechanics,

Yavari and Goriely, ARMA (2012)

Observations: Christiansen, KH, & Lin, Extended Regge complex for linearized Riemann-Cartan geometry and
cohomology. arXiv (2023). BGG construction is thus cohomology-preserving elimination of microstructures! 7 / 33



PART OF A LARGER PICTURE... MECHANICS V.S. COMPLEXES V.S. GEOMETRY

Mechanics interpretation of BGG construction: eliminating microstructure variables (e.g., pointwise
rotation) or torsion from twisted complexes via cohomology-preserving projections.

twisted complex BGG complex
1D Timoshenko beam Euler-Bernoulli beam
2D Reissner-Mindlin plate Kirchhoff-Love plate
3D Cosserat elasticity classical elasticity

(0-form Hodge Laplacian)

twisted complex: complexes involving all components in diagram; BGG complex: after reduction

High order forms: continuum defect theory
Idea (Kröner, Nye etc.): strain in standard elasticity e = symgrad(u) satisfying inc e = 0 (Saint-Venant compatibility). Defects

lead to incompatibility: use e as a basic variable, and in general inc e ̸= 0 describes defects.

Trace complexes: dimension reduction

Cosserat (micropolar) elasticity classical elasticity

Reissner − Mindlin plate Kirchhoff plate

BGG (elasticity)

Γ−convergence Γ−convergence

BGG (hessian)

Γ convergence:The Reissner–Mindlin plate is the Γ -limit of Cosserat elasticity. Neff, P., Hong, K. I., & Jeong, J. M3AS, (2010).

Mixed dimensional models: combinatorial manifolds, contact mechanics, porous media...
Čech-de Rham double complex (Jan Martin Nordbotten, Wietse M. Boon et al.)
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RECALL: DIFFERENTIAL FORMS

On Rn, a k -form is an element in C∞(Ω)⊗ Altk .
▶ A general k -form: ω =

∑
I fI dxi1 ∧ · · · ∧ dxik .

▶ antisymmetric: dxi ∧ dxj = −dxj ∧ dxi , dxi ∧ dxi = 0.

f = f ⇒ 0-form, R
ω = udx + vdy + wdz ⇒ 1-form, V
η = ady ∧ dz + bdz ∧ dx + cdx ∧ dy ⇒ 2-form, V
µ = fdx ∧ dy ∧ dz ⇒ 3-form, R

▶ Differential operator: dω =
∑

I




n∑

j=1

∂fI
∂xj

dxj


 ∧ dxi1 ∧ · · · ∧ dxik .

d = grad(0-form), curl(1-form), div(2-form), 0(3-form)

▶ Traces ι∗Fω :
∑

I(fI |F ) (dxi1 |F ) ∧ · · · ∧ (dxik |F ).
ι∗ = value(0-form), t(1-form), n(2-form), 0(3-form)
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FORM-VALUE FORMS

On Rn, a (k , ℓ)-form is an element in (C∞(Ω)⊗ Altk)︸ ︷︷ ︸
k forms

⊗Altℓ︸ ︷︷ ︸
ℓ-form valued

=: C∞(Ω)⊗ Altk ,ℓ.

g = gijdx i ⊗ dx j (sym (1,1)-form), R = Rijpqdx i ∧ dx j ⊗ dxp ∧ dxq (sym (2,2)-form).

In three dimensions:

dx dy dz
dx * * *
dy * * *
dz * * *

dx dy dz
dy ∧ dz * * *
dz ∧ dx * * *
dx ∧ dy * * *

(1,1) forms (2,1) forms
dy ∧ dz dz ∧ dx dx ∧ dy

dx * * *
dy * * *
dz * * *

dy ∧ dz dz ∧ dx dx ∧ dy
dy ∧ dz * * *
dz ∧ dx * * *
dx ∧ dy * * *

(1,2) forms (2,2) forms
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· · · · · · · · · · · ·

· · · Altk−1,ℓ−1 Altk ,ℓ−1 Altk+1,ℓ−1 Altk+2,ℓ−1 · · ·

· · · Altk−1,ℓ Altk ,ℓ Altk+1,ℓ Altk+2,ℓ · · ·

· · · Altk−1,ℓ+1 Altk ,ℓ+1 Altk+1,ℓ+1 Altk+2,ℓ+1 · · ·

· · · Altk−1,ℓ+2 Altk ,ℓ+2 Altk+1,ℓ+2 Altk+2,ℓ+2 · · ·

· · · · · · · · · · · ·

dk−1 dk dk+1

dk−1

Sk−1,ℓ

dk

Sk,ℓ

dk+1

Sk+1,ℓ

dk−1

Sk−1,ℓ+1

dk

Sk,ℓ+1

d2

Sk+1,ℓ+1

dk−1

Sk−1,ℓ+2

dk

Sk,ℓ+2

dk+1

Sk+1,ℓ+2

where Altk ,ℓ := Altk ⊗ Altℓ ℓ-form-valued k -forms (k -forms taking value in ℓ-forms; (k , ℓ)-form)

Si,Jµ(v0, · · · , vi)(w1, · · · ,wJ−1) :=
i∑

l=0

(−1)lµ(v0, · · · , v̂l , · · · , vi)(v l ,w1, · · · ,wJ−1),

Si,J
† µ(v1, · · · , vi−1)(w0, · · · ,wJ) :=

i∑

l=0

(−1)lµ(wl , v1, · · · , vi−1)(w1, · · · , ŵl , · · · ,wJ),

∀v0, · · · , vi ,w1, · · · ,wJ ∈ Rn.
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· · · · · · · · · · · ·

· · · Altk−1,ℓ−1 Altk ,ℓ−1 Altk+1,ℓ−1 Altk+2,ℓ−1 · · ·

· · · Altk−1,ℓ Altk ,ℓ Altk+1,ℓ Altk+2,ℓ · · ·

· · · Altk−1,ℓ+1 Altk ,ℓ+1 Altk+1,ℓ+1 Altk+2,ℓ+1 · · ·

· · · Altk−1,ℓ+2 Altk ,ℓ+2 Altk+1,ℓ+2 Altk+2,ℓ+2 · · ·

· · · · · · · · · · · ·

dk−1 dk dk+1

dk−1

Sk−1,ℓ

dk

Sk,ℓ

dk+1

Sk+1,ℓ

dk−1

Sk−1,ℓ+1

dk

Sk,ℓ+1

d2

Sk+1,ℓ+1

dk−1

Sk−1,ℓ+2

dk

Sk,ℓ+2

dk+1

Sk+1,ℓ+2

Tensor symmetries encoded in diagrams: e.g.,

differential forms: (k , 0) metric, strain: (1, 1) curvature, stress: (2, 2) torsion: (2, 1)

Example: Riemannian tensor

ker(S2,2) ⊂ Alt2,2 : symmetry of Riemannian tensor (algebraic Bianchi identity)
Rab;cd = −Rba;cd = −Rab;dc , Rab;cd = Rcd ;ab, Rab;cd + Rbc;ad + Rca;bd = 0.

dim(ker(S2,2)) = dimAlt2,2 − dimAlt3,1 =


1 in 2D Gauss curvature,
6 in 3D Ricci/Einstein,
20 in 4D Riemann
· · ·
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DERIVING COMPLEXES: COMPLEXES FROM COMPLEXES

Inspired by the Bernstein-Gelfand-Gelfand (BGG) construction. (B-G-G 1975, Čap,Slovák,Souček 2001,
Eastwood 2000, Arnold,Falk,Winther 2006, Arnold,KH 2021, Čap,KH 2023)

0 Alt0,J−1 Alt1,J−1 · · · Altn,J−1 0

0 Alt0,J Alt1,J · · · Altn,J 0

d d d

d

S0,J

d

S1,J

d

Sn−1,J

where Alti,J := Alti ⊗ AltJ J-form-valued i-forms (i-forms taking value in J-forms; (i, J)-form)
Output:

0 ker(S−1,J
† ) · · · ker(SJ−2,J

† )

ker(SJ,J) · · · ker(Sn,J) 0.

d

S−1

d

S†: adjoint of S
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3D EXAMPLES

R: scalar V: vector M: matrix S: symmetric matrix T: trace-free matrix

0 R V V R 0

0 V M M V 0

0 V M M V 0

0 R V V R 0.

grad curl div

grad

id

curl

2 vskw

div

tr

grad

−mskw

curl

S

div

2 vskw

grad

−ι

curl

mskw

div

id

Hessian complex:

0 C∞ C∞(S) C∞(T) C∞(V) 0.hess curl div

biharmonic equations, plate theory, Einstein-Bianchi system of general relativity
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R: scalar V: vector M: matrix S: symmetric matrix T: trace-free matrix

0 R V V R 0

0 V M M V 0

0 V M M V 0

0 R V V R 0.

grad curl div

grad

id

curl

2 vskw

div

tr

grad

−mskw

curl

S

div

2 vskw

grad

−ι

curl

mskw

div

id

elasticity complex:

0 C∞(V) C∞(S) C∞(S) C∞(V) 0.def inc div

elasticity, defects, metric, curvature
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3D EXAMPLES

R: scalar V: vector M: matrix S: symmetric matrix T: trace-free matrix

0 R V V R 0

0 V M M V 0

0 V M M V 0

0 R V V R 0.

grad curl div

grad

id

curl

2 vskw

div

tr

grad

−mskw

curl

S

div

2 vskw

grad

−ι

curl

mskw

div

id

divdiv complex:

0 C∞(V) C∞(T) C∞(S) C∞ 0.
dev grad sym curl div div

plate theory, elasticity
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DISCRETE LEVEL: INTRINSIC FINITE ELEMENTS

1 Continuous level: form-valued forms and BGG . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 Discrete level: intrinsic finite elements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15



DISCRETIZATION OF COMPLEXES: FINITE ELEMENTS AND SPLINES

▶ 2D stress: Arnold-Winther 2002, J.Hu-S.Zhang 2014, Christiansen-KH 2018,
▶ 2D strain: Chen-J.Hu-Huang 2014 (Regge/HHJ), Christiansen-KH 2018 (conforming), Chen-Huang

2020, DiPietro-Droniou 2021 (polygonal meshes), KH 2023
▶ 3D elasticity: various results on last part of complex, Hauret-Kuhl-Ortiz 2007 (discrete

geometry/mechanics), Arnold-Awanou-Winther 2008, Christiansen 2011 (Regge),
Christiansen-Gopalakrishnan-Guzmán-KH 2020, Chen-Huang 2021, J.Hu-Liang-Lin 2023,
Gong-Gopalakrishnan-Guzmán-Neilan 2023

▶ 3D Hessian: Chen-Huang 2020, J.Hu-Liang 2021, Arf-Simeon 2021 (splines)
▶ 3D divdiv: Chen-Huang 2021, J.Hu-Liang-Ma 2021, Sander 2021 (H(sym curl), H(dev sym curl)),

J.Hu-Liang-Ma-Zhang 2022, J.Hu-Liang-Lin 2023, DiPietro-Hanot 2023
▶ nD: Chen-Huang 2021 (last two spaces), 2D arbitrary regularity: Chen-Huang 2022,

Bonizzoni-KH-Kanschat-Sap 2023 (tensor product construction, nD, (k , ℓ)-forms)
▶ conformal complexes: KH-Lin-Shi 2023.

Question: Canonical finite elements, analogue of the Whitney forms?

correct cohomology, discrete topological/geometric structures...
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GENERALIZING FINITE ELEMENTS: BACK TO DE RHAM’S CURRENTS

Use currents (measures, Dirac delta), rather than functions.

Geometric Measure Theory , graphics
(Codimensional geometry: A point cloud represents a probability measure; curve cloud, surface cloud...)

Figure: Exterior Calculus in Graphics, Stephanie Wang, Mohammad

Sina Nabizadeh and Albert Chern; ACM SIGGRAPH 2023 courses.
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GATHERING PIECES TO SOLVE THE PUZZLE

As the development of FEEC, several individual ingredients are already in the literature. Particularly, it is
perhaps with little hesitation to accept Christiansen-Regge complex as the canonical discretization for the
elasticity complex, due to simple dofs, geometric interpretations, formal self-adjointness, correct
cohomology.

Christiansen 2011: Regge calculus = finite elements

def inc div

b

b b

b

b

bb

b

[C0P1]
3

Regge Regge∗ [C0P1]
3∗

∑
e ceδeτe ⊗ τe

∑
v cvδv

metric (singular) curvature

Regge finite element v.s. Regge Calculus (’General relativity without coordinates’, quantum gravity)

nD: Lizao Li (2018 Minnesota thesis), nonlinear curvature with Regge elements (Berchenko-Kogan,Gawlik
2022, Gopalakrishnan,Neunteufel,Schöberl,Wardetzky 2022, Gawlik,Neunteufel 2023)
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Schöberl and collaborators systematically used finite elements + distributions to design numerical
schemes.
▶ Equilibrated residual error estimator

grad curl div

b

b b

b
b

nfδ
f

teδ
e

δv

distributional finite elements, Braess-Schöberl 2008, Licht 2017
▶ Tangential Displacement Normal-Normal Stress (TDNNS) method for elasticity

σ = −ε(u), ∇ · σ = f . σ : symmetric matrix

div σ: tangential distribution Schöberl-Sinwel 2007
▶ Mass-Conserving mixed Stress (MCS) method for Stokes equations

σ = −∇u, ∇ · σ +∇p = f . σ : trace-free matrix

div σ: normal distribution Gopalakrishnan-Lederer-Schöberl 2020
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TOWARDS A FINITE ELEMENT PERIODIC TABLE FOR TENSORS
KH, TING LIN. Finite element form-valued forms (I): Construction. ARXIV: 2503.03243 (2025)

Alt−1,−1

Alt0,0 −→ Alt1,0 −→ Alt2,0 −→ Alt3,0

Alt0,0 −→
↙
−→ Alt1,1 −→ Alt2,1 −→ Alt3,1

Alt0,1 −→ Alt1,1 −→
↙
−→ Alt2,2 −→ Alt3,2

Alt0,2 −→ Alt1,2 −→ Alt2,2 −→
↙
−→ Alt3,3

Alt0,3 −→ Alt1,3 −→ Alt2,3 −→ Alt3,3

Alt4,4

classical Finite Element Exterior Calculus

Nédélec, Raviart–Thomas, Whitney, Bossavit, Hiptmair, Arnold, Falk, Winther...

k       

0
1

0
1
2

0
1
2
3

0
1
2
3
4

k       

0
1

0
1
2

0
1
2
3

0
1
2
3
4

k       

0
1

0
1
2

0
1
2
3

0
1
2
3
4

k       

0
1

0
1
2

0
1
2
3

0
1
2
3
4

r = 1

2
2

3
6
3

4
12
12

4

5
20
30
20

5

r = 1

2
1

3
3
1

4
6
4
1

5
10
10

5
1

r = 1

2
1

4
4
1

8
12

6
1

16
32
24

8
1

r = 1

2
2

4
8
3

8
24
18

4

16
64
72
32

5

2

3
3

6
12

6

10
30
30
10

15
60
90
60
15

2

3
2

6
8
3

10
20
15

4

15
40
45
24

5

2

3
2

9
12

4

27
54
36

8

81
216
216

96
16

2

3
3

8
14

6

20
48
39
10

48
144
168

84
15

3

4
4

10
20
10

20
60
60
20

35
140
210
140

35

3

4
3

10
15

6

20
45
36
10

35
105
126

70
15

3

4
3

16
24

9

64
144
108

27

256
768
864
432

81

3

4
4

12
22
10

32
84
72
20

80
272
336
180

35

4

5
5

15
30
15

35
105
105

35

70
280
420
280

70

4

5
4

15
24
10

35
84
70
20

70
224
280
160

35

4

5
4

25
40
16

125
300
240

64

625
2000
2400
1280

256

4

5
5

17
32
15

50
135
120

35

136
472
606
340

70

5

6
6

21
42
21

56
168
168

56

126
504
756
504
126

5

6
5

21
35
15

56
140
120

35

126
420
540
315

70

5

6
5

36
60
25

216
540
450
125

1296
4320
5400
3000

625

5

6
6

23
44
21

74
204
186

56

216
768

1014
588
126

6

7
7

28
56
28

84
252
252

84

210
840

1260
840
210

6

7
6

28
48
21

84
216
189

56

210
720
945
560
126

6

7
6

49
84
36

343
882
756
216

2401
8232

10584
6048
1296

6

7
7

30
58
28

105
294
273

84

328
1188
1602

952
210

7

8
8

36
72
36

120
360
360
120

330
1320
1980
1320

330

7

8
7

36
63
28

120
315
280

84

330
1155
1540

924
210

7

8
7

64
112

49

512
1344
1176

343

4096
14336
18816
10976

2401

7

8
8

38
74
36

144
408
384
120

480
1764
2418
1464

330

2
2

3
3

4
4

5
5

6
6

7
7

8
8

2
1

3
2

4
3

5
4

6
5

7
6

8
7

2
1

3
2

4
3

5
4

6
5

7
6

8
7

2
2

3
3

4
4

5
5

6
6

7
7

8
8

3
6
3

6
12

6

10
20
10

15
30
15

21
42
21

28
56
28

36
72
36

3
3
1

6
8
3

10
15

6

15
24
10

21
35
15

28
48
21

36
63
28

4
4
1

9
12

4

16
24

9

25
40
16

36
60
25

49
84
36

64
112

49

4
8
3

8
14

6

12
22
10

17
32
15

23
44
21

30
58
28

38
74
36

4
12
12

4

10
30
30
10

20
60
60
20

35
105
105

35

56
168
168

56

84
252
252

84

120
360
360
120

4
6
4
1

10
20
15

4

20
45
36
10

35
84
70
20

56
140
120

35

84
216
189

56

120
315
280

84

8
12

6
1

27
54
36

8

64
144
108

27

125
300
240

64

216
540
450
125

343
882
756
216

512
1344
1176

343

8
24
18

4

20
48
39
10

32
84
72
20

50
135
120

35

74
204
186

56

105
294
273

84

144
408
384
120

5
20
30
20

5

15
60
90
60
15

35
140
210
140

35

70
280
420
280

70

126
504
756
504
126

210
840

1260
840
210

330
1320
1980
1320

330

5
10
10

5
1

15
40
45
24

5

35
105
126

70
15

70
224
280
160

35

126
420
540
315

70

210
720
945
560
126

330
1155
1540

924
210

16
32
24

8
1

81
216
216

96
16

256
768
864
432

81

625
2000
2400
1280

256

1296
4320
5400
3000

625

2401
8232

10584
6048
1296

4096
14336
18816
10976

2401

16
64
72
32

5

48
144
168

84
15

80
272
336
180

35

136
472
606
340

70

216
768

1014
588
126

328
1188
1602

952
210

480
1764
2418
1464

330

Periodic Table of the Finite Elements
k = 0 k = 0 k = 0 k = 0

r = 1

r = 1

r = 1

n = 1

n = 2

n = 3

r = 2

r = 2

r = 2

r = 3

r = 3

r = 3

k = 1 k = 1 k = 1 k = 1k = 2 k = 2 k = 2 k = 2k = 3 k = 3 k = 3 k = 3

The table presents the primary spaces of finite elements for the 
discretization of the fundamental operators of vector calculus: the 
gradient, curl, and divergence. A finite element space is a space of 
piecewise polynomial functions on a domain determined by: (1) a 
mesh of the domain into polyhedral cells called elements, (2) a finite 
dimensional space of polynomial functions on each element called 
the shape functions, and (3) a unisolvent set of functionals on the 
shape functions of each element called degrees of freedom (DOFs), 
each DOF being associated to a (generalized) face of the element, 
and specifying a quantity which takes a single value for all elements 
sharing the face. The element diagrams depict the DOFs and their 
association to faces.

The spaces  and  depicted on the left half of the table 
are the two primary families of finite element spaces for meshes of 
simplices, and the spaces 
are the two primary families of finite element spaces for meshes of 

 and 
are the two primary families of finite element spaces for meshes of 

 on the right side are for 
meshes of cubes or boxes. Each is defined in any dimension n ≥1 
for each value of the polynomial degree r ≥1, and each value of 
0 ≤ k ≤ n. The parameter k refers to the operator: the spaces consist 
of differential k-forms which belong to the domain of the k th exterior 

derivative. Thus for k = 0, the spaces discretize the Sobolev space H 1, 
the domain of the gradient operator; for k = 1, they discretize H (curl), 
the domain of the curl; for k = n – 1 they discretize H (div), the domain 
of the divergence; and for k = n, they discretize L 2.
The spaces  and , which coincide, are the earliest finite 
elements, going back in the case r = 1 of linear elements to Cou-
rant ,1 and collectively referred to as the Lagrange elements. The 
spaces  and , which also coincide, are the disconti-
nuous Galerkin elements, consisting of piecewise polynomials with 
no interelement continuity imposed, first introduced by Reed and 
Hill. 2 The space  in 2 dimensions was introduced by Raviart 
and Thomas 3 and generalized to the 3-dimensional spaces  
and  by Nédélec, 4 while  is due to Brezzi, Douglas and 
Marini 5 in 2 dimensions, its generalization to 3 dimensions again 
due to Nédélec. 6 The unified treatment and notation of the 

 in 2 dimensions, its generalization to 3 dimensions again 
 

and  families is due to Arnold, Falk and Winther as part of finite 
element exterior calculus, 7 extending earlier work of Hiptmair  for the 

 family. 8 The space  is the span of the elementary forms 
introduced by Whitney. 9 

R. Courant, Bulletin of the American Mathematical Society 49, 1943.
W. H. Reed and T. R. Hill, Los Alamos report LA-UR-73-479, 1973.
P. A. Raviart and J. M. Thomas, Lecture Notes in Mathematics 606, Springer, 1977.
J. C. Nédélec, Numerische Mathematik 35, 1980.
F. Brezzi, J. Douglas Jr., and L. D. Marini, Numerische Mathematik 47, 1985.
J. C. Nédélec, Numerische Mathematik 50, 1986.
D. N. Arnold, R.S. Falk, and R. Winther, Acta Numerica 15, 2006.
R. Hiptmair, Mathematics of Computation 68, 1999.
H. Whitney, Geometric Integration Theory, 1957.
D. N. Arnold, D. Boffi, and F. Bonizzoni, Numerische Mathematik, 2014.
D. N. Arnold and G. Awanou, Mathematics of Computation, 2013.
A. Logg, K.-A. Mardal, and G. N. Wells (eds.), Automated Solution of Differential 
Equations by the Finite Element Method, Springer, 2012.
R. C. Kirby, ACM Transactions on Mathematical Software 30, 2004.
A. Logg and G. N. Wells, ACM Transactions on Mathematical Software 37, 2010.
M. Alnæs, A. Logg, K. B. Ølgaard, M. E. Rognes, and G. N. Wells, ACM Transactions 
on Mathematical Software 40, 2014.

1.
2.
3.
4.
5.
6.
7.
8.
9.

10.
11.
12.

13.
14.
15.

The family  of cubical elements can be derived from the 1-di-
mensional Lagrange and discontinuous Galerkin elements by a tensor 
product construction detailed by Arnold, Boffi and Bonizzoni, 10 but for 
the most part were presented individually along with the correspon-
ding simplicial elements in the papers mentioned. The second cubical 
family  is due to Arnold and Awanou. 11 

The finite elements in this table have been implemented as part of 
the FEniCS Project.12, 13, 14 Each may be referenced in the Unified Form 
Language (UFL) 15 by giving its family, shape, and degree, with the 
family as shown on the table. For example, the space 

 by giving its family, shape, and degree, with the 
 may 

be referred to in UFL as:
FiniteElement("N2E", tetrahedron, 3) 

Alternatively, the elements may be accessed in a uniform fashion as:
FiniteElement("P-", shape, r, k)
FiniteElement("P", shape, r, k)
FiniteElement("Q-", shape, r, k)
FiniteElement("S", shape, r, k)

for 
FiniteElement("S", shape, r, k)

, 
FiniteElement("S", shape, r, k)

, 
FiniteElement("S", shape, r, k)

, and 
FiniteElement("S", shape, r, k)

, respectively.

("P", interval, 1) ("P", interval, 1)("DP", interval, 0) ("DP", interval, 1)

("P", interval, 2) ("P", interval, 2)("DP", interval, 1) ("DP", interval, 2)

("P", interval, 3) ("P", interval, 3)("DP", interval, 2) ("DP", interval, 3)

2 21 2

3 32 3

4 43 4

P1 P1dP0 dP1

P2 P2dP1 dP2

P3 P3dP2 dP3

3 3 4 44 81 3

9 812 144 6

16 12 229 10

8 812 246 181 4

27 2054 4836 398 10

64 32144 84108 7227 20

1 3

4

4

44 12

6 63 6

10 1015 30

10 106 10

20 2036 60

3 6

6 121 4

8 12

20 304 10

15 20

45 6010 20

("P", triangle, 1) ("P", triangle, 1) ("Q", quadrilateral, 1) ("S", quadrilateral, 1)("RTC[E,F]", quadrilateral, 1) ("BDMC[E,F]", quadrilateral, 1)("DQ", quadrilateral, 0) ("DPC", quadrilateral, 1)

("Q", quadrilateral, 2) ("S", quadrilateral, 2)("RTC[E,F]", quadrilateral, 2) ("BDMC[E,F]", quadrilateral, 2)("DQ", quadrilateral, 1) ("DPC", quadrilateral, 2)

("Q", quadrilateral, 3) ("S", quadrilateral, 3)("RTC[E,F]", quadrilateral, 3) ("BDMC[E,F]", quadrilateral, 3)("DQ", quadrilateral, 2) ("DPC", quadrilateral, 3)

("Q", hexahedron, 1) ("S", hexahedron, 1)("NCE", hexahedron, 1) ("AAE", hexahedron, 1)("NCF", hexahedron, 1) ("AAF", hexahedron, 1)("DQ", hexahedron, 0) ("DPC", hexahedron, 1)

("Q", hexahedron, 2) ("S", hexahedron, 2)("NCE", hexahedron, 2) ("AAE", hexahedron, 2)("NCF", hexahedron, 2) ("AAF", hexahedron, 2)("DQ", hexahedron, 1) ("DPC", hexahedron, 2)

("Q", hexahedron, 3) ("S", hexahedron, 3)("NCE", hexahedron, 3) ("AAE", hexahedron, 3)("NCF", hexahedron, 3) ("AAF", hexahedron, 3)("DQ", hexahedron, 2) ("DPC", hexahedron, 3)

("DP", triangle, 0) ("DP", triangle, 1)

("P", tetrahedron, 1)

("P", tetrahedron, 1)

("P", tetrahedron, 1)

("P", triangle, 2) ("P", triangle, 2)("DP", triangle, 1) ("DP", triangle, 2)

("P", tetrahedron, 2) ("P", tetrahedron, 2)

("P", triangle, 3) ("P", triangle, 3)("DP", triangle, 2) ("DP", triangle, 3)

("P", tetrahedron, 3) ("P", tetrahedron, 3)

("RT[E,F]", triangle, 1) ("BDM[E,F]", triangle, 1)

("N1E", tetrahedron, 1) ("N2E", tetrahedron, 1)("N1F", tetrahedron, 1) ("N2F", tetrahedron, 1)("DP", tetrahedron, 0) ("DP", tetrahedron, 1)

("RT[E,F]", triangle, 2) ("BDM[E,F]", triangle, 2)

("N1E", tetrahedron, 2) ("N2E", tetrahedron, 2)("N1F", tetrahedron, 2) ("N2F", tetrahedron, 2)("DP", tetrahedron, 1) ("DP", tetrahedron, 2)

("RT[E,F]", triangle, 3) ("BDM[E,F]", triangle, 3)

("N1E", tetrahedron, 3) ("N2E", tetrahedron, 3)("N1F", tetrahedron, 3) ("N2F", tetrahedron, 3)("DP", tetrahedron, 2) ("DP", tetrahedron, 3)

P1 P1 Q1 S1dQ0 dPc1

Q2 S2dQ1 dPc2

Q3 S3dQ2 dPc3

Q1 S1dQ0 dPc1

Q2 S2dQ1 dPc2

Q3 S3dQ2 dPc3

dP0 dP1

P1

P1

P1

P2 P2dP1 dP2

P2 P2

P3 P3dP2 dP3

P3 P3

N11 N21 N21N11

N12 N12

N13 N13

dP0 dP1

dP1 dP2

dP2 dP3

N1e N1f

N1e N1f

N1e N1f

("Q", interval, 1) ("S", interval, 1)("DQ", interval, 0) ("DPC", interval, 1)

("Q", interval, 2) ("S", interval, 2)("DQ", interval, 1) ("DPC", interval, 2)

("Q", interval, 3) ("S", interval, 3)("DQ", interval, 2) ("DPC", interval, 3)

2 21 2

3 32 3

4 43 4

Q1 S1dQ0 dPc1

Q2 S2dQ1 dPc2

Q3 S3dQ2 dPc3

n = 1n = 1 n = 1 n = 1

n = 2n = 2 n = 2 n = 2

n = 3n = 3 n = 3 n = 3

n = 4n = 4 n = 4 n = 4
Weight functions 
for DOFs

Symbol of element

Element with degrees 
of freedom (DOFs)

Legend Finite elements References

Dimension of element 
function space

Finite element exterior 
calculus notation

Element specification 
in FEniCS
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[e/f]

RT[e/f]RT1

RT[e/f]RT2

RT[e/f]RT3

BDM[e/f] BDMc[e/f]

BDMc[e/f]

BDMc[e/f]

BDM1 BDMc1

BDMc2

BDMc3

BDM[e/f]BDM2

BDM[e/f]BDM3

N2e Nce AAe AAf

AAe AAf

AAe AAf

Ncf

Nce Ncf

Nce Ncf

N2 f

N2e N2fN22 N22

N2e N2fN23

RTc[e/f]

RTc[e/f]

RTc[e/f]

N23
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AA3 AA3

Nc1

Nc2 Nc2

Nc3 Nc3
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TOWARDS A FINITE ELEMENT PERIODIC TABLE FOR TENSORS
KH, TING LIN. Finite element form-valued forms (I): Construction. ARXIV: 2503.03243 (2025)

Alt−1,−1

Alt0,0 −→ Alt1,0 −→ Alt2,0 −→ Alt3,0

Alt0,0 −→
↙
−→ Alt1,1 −→ Alt2,1 −→ Alt3,1

Alt0,1 −→ Alt1,1 −→
↙
−→ Alt2,2 −→ Alt3,2

Alt0,2 −→ Alt1,2 −→ Alt2,2 −→
↙
−→ Alt3,3

Alt0,3 −→ Alt1,3 −→ Alt2,3 −→ Alt3,3

Alt4,4

distributional de Rham complex (currents).

Braess, Schöberl 2008: equilibrated residual error estimator
Licht 2017: double complex d Dietrich Braess Joachim Schöberl
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TOWARDS A FINITE ELEMENT PERIODIC TABLE FOR TENSORS
KH, TING LIN. Finite element form-valued forms (I): Construction. ARXIV: 2503.03243 (2025)

Alt−1,−1

Alt0,0 −→ Alt1,0 −→ Alt2,0 −→ Alt3,0

Alt0,0 −→
↙
−→ Alt1,1 −→ Alt2,1 −→ Alt3,1

Alt0,1 −→ Alt1,1 −→
↙
−→ Alt2,2 −→ Alt3,2

Alt0,2 −→ Alt1,2 −→ Alt2,2 −→
↙
−→ Alt3,3

Alt0,3 −→ Alt1,3 −→ Alt2,3 −→ Alt3,3

Alt4,4

Christiansen’s interpretation of Regge calculus as finite elements

Regge calculus (quantum & numerical gravity) :
edge length as metric, angle deficit as curvature

Regge finite element : piecewise constant symmetric tensor field d Tullio Regge Snorre Christiansen
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TOWARDS A FINITE ELEMENT PERIODIC TABLE FOR TENSORS
KH, TING LIN. Finite element form-valued forms (I): Construction. ARXIV: 2503.03243 (2025)

Alt−1,−1

Alt0,0 −→ Alt1,0 −→ Alt2,0 −→ Alt3,0

Alt0,0 −→
↙
−→ Alt1,1 −→ Alt2,1 −→ Alt3,1

Alt0,1 −→ Alt1,1 −→
↙
−→ Alt2,2 −→ Alt3,2

Alt0,2 −→ Alt1,2 −→ Alt2,2 −→
↙
−→ Alt3,3

Alt0,3 −→ Alt1,3 −→ Alt2,3 −→ Alt3,3

Alt4,4

Hessian complex, unified structures identified.

Kaibo Hu, Ting Lin, Qian Zhang. Distributional Hessian and divdiv complexes on triangulation

and cohomology. SIAM Journal on Applied Algebra and Geometry (2025). d Ting Lin Qian Zhang
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TOWARDS A FINITE ELEMENT PERIODIC TABLE FOR TENSORS
KH, TING LIN. Finite element form-valued forms (I): Construction. ARXIV: 2503.03243 (2025)

Alt−1,−1

Alt0,0 −→ Alt1,0 −→ Alt2,0 −→ Alt3,0

Alt0,0 −→
↙
−→ Alt1,1 −→ Alt2,1 −→ Alt3,1

Alt0,1 −→ Alt1,1 −→
↙
−→ Alt2,2 −→ Alt3,2

Alt0,2 −→ Alt1,2 −→ Alt2,2 −→
↙
−→ Alt3,3

Alt0,3 −→ Alt1,3 −→ Alt2,3 −→ Alt3,3

Alt4,4

divdiv complex , dual to Hessian complex.
TDNNS for elasticity (Schöberl, Sinwel 2007), Hellan-Herrmann-Johnson
(HHJ) element for plate.

Implemented by J.Schöberl in NGSolve with relativity applications

KH, Ting Lin, Qian Zhang. Distributional Hessian and divdiv complexes on triangulation

and cohomology. SIAM Journal on Applied Algebra and Geometry (2025). d Astrid Pechstein Joachim Schöberl 19 / 33



TOWARDS A FINITE ELEMENT PERIODIC TABLE FOR TENSORS
KH, TING LIN. Finite element form-valued forms (I): Construction. ARXIV: 2503.03243 (2025)

Alt−1,−1

Alt0,0 −→ Alt1,0 −→ Alt2,0 −→ Alt3,0

Alt0,0 −→
↙
−→ Alt1,1 −→ Alt2,1 −→ Alt3,1

Alt0,1 −→ Alt1,1 −→
↙
−→ Alt2,2 −→ Alt3,2

Alt0,2 −→ Alt1,2 −→ Alt2,2 −→
↙
−→ Alt3,3

Alt0,3 −→ Alt1,3 −→ Alt2,3 −→ Alt3,3

Alt4,4

Patterns, Symmetries, Duality.
functions (classical finite elements) v.s. Dirac measures (currents). any dimension, any degree.

d Georges de Rham

Classical Finite Element Periodic Table (last row) is the special case of the
generalised Table where all spaces are piecewise polynomials.
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Cohomology in ≤ 3D proved (KH,Lin,Zhang 2025; Christiansen,KH,Lin 2023), isomorphic to continuous
version (thus copies of de Rham cohomology via BGG).
> 3D ongoing. Dimension count holds, as a strong indication.

Extend Regge calculus/finite element (S.Christiansen 2011, Regge for curvature)

metric curvature

def inc div

b

b b

b

b

bb

b

[C0P1]
3

Regge Regge∗ [C0P1]
3∗

∑
e ceδeτe ⊗ τe

∑
v cvδv

metric (singular) curvature

to Riemann-Cartan geometry (S.Christiansen, KH, L.Ting 2023, extended Regge for curvature + torsion)

coframe (metric) discrete torsion

discrete connection curvature
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WHERE DOES MCS SHOW UP? JUMP TWO ROWS. p = 2

BGG happens not only between two consecutive rows...

Alt0,k−1 Alt1,k−1 Alt2,k−1 · · ·

Alt0,k Alt1,k Alt2,k · · ·

Alt0,k+1 Alt1,k+1 Alt2,k+1 · · ·
...

...
...

...

Alt0,ℓ−1 Alt1,ℓ−1 Alt2,ℓ−1 · · ·

Alt0,ℓ Alt1,ℓ Alt2,ℓ · · ·

S
0,k+1
[2]

S
1,k+1
[2]

S
0,ℓ
[2]

S
1,ℓ
[2]

0 R V V R 0

0 V M M V 0

0 V M M V 0

0 R V V R 0.

grad curl div

grad curl div

grad

id

curl

tr

div

grad

I

curl

id

div

We can skip more rows.
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DISCRETE LEVEL: INTRINSIC FINITE ELEMENTS
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CONSTRUCTION OF SHAPE FUNCTIONS: ELIMINATION

Example: Regge

0-form 1-form 2-form 3-form

0 0 R+ x · V V+ x × V V+ x ⊗ R R 0

1 0 V+ x ·M M+ x ×M M+ x ⊗ V V 0

2 0 V+ x ·M M+ x ×M M+ x ⊗ V V 0

3 0 R+ x · V V+ x × V V+ x ⊗ R R 0

grad curl div

grad

id

vskw

curl

2 vskw

div

tr

grad curl

S

div

2 vskw

grad

−ι

curl

mskw

div

id

▶ Whitney (1,1) forms: (V+ x × V)⊗ V. Whitney (0,2) forms: (R+ x · V)⊗ V.
▶ vskw : M+ x ×M︸ ︷︷ ︸

dim=18

→ V+ x ·M︸ ︷︷ ︸
dim=12

is onto, and the kernel is S.
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TRACE AND GENERALIZED TRACE: CORRECT CONTINUITY & DOFS FOR Altk ,ℓ?

Trace of k -forms on j-cells: projection to the cell

ι∗Fω(v1, · · · , vk) = ω(ι∗v1, · · · , ι∗vk), ω ∈ C∞Altk(Ω); v1, · · · , vk ∈ X (Ω).

trace of k -forms vanishes on ℓ-cells if k > ℓ

Generalized trace ȷ∗: feeding tangent vectors as much as possible; allowing normal vectors if necessary.
e.g., define trace of 2-forms on 1-cells. Feed 1 tangent vector and 1 normal (n − 1 choices) to the 2-form.

ω: 2-form, e: edge
Trace ι∗eω = 0
Generalized trace ȷ∗eω ̸= 0,
project to F1,F2.

Trace ι∗ (above) and generalized trace ȷ∗ (below) on k -forms in R3

k
dim(e)

0 1 2

0 vertex value edge value face value
1 0 edge tangential face tangential
2 0 0 face normal

k
dim(e)

0 1 2

0 vertex value edge value face value
1 vertex value edge tangential face tangential
2 vertex value edge normal face normal

Single-valuedness of the ι∗ȷ∗-trace is the continuity we need for Hess, elasticity, divdiv etc.
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CONSTRUCTION THROUGH EXAMPLES: REGGE FROM NÉDÉLEC
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CONSTRUCTION THROUGH EXAMPLES: HHJ/TDNNS FROM RAVIART–THOMAS
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CONSTRUCTION THROUGH EXAMPLES: HLZ FROM NÉDÉLEC
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CONSTRUCTION THROUGH EXAMPLES: MCS FROM RAVIART–THOMAS
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Cι∗Altk = Cι∗ρ∗Altk ,ℓLagrange, Nédélec, Raviart–Thomas

1 – Cι∗ι∗Altk ,ℓfull Regge

2 – Cι∗ι∗Wk ,ℓ
Regge
MCS⊤

TDNNS/HHJ

4 – Cι∗ȷ∗Wk ,ℓ
Regge
HLZ

TDNNS/HHJ
3 – Cι∗ȷ∗Altk ,ℓ

5 – Cι∗ι∗Wk ,ℓ
[p] MCS (p = 2)

7 – Cι∗ȷ∗
[p]
Wk ,ℓ

[p] 6 – Cι∗ι∗
[p]

Altk ,ℓ

moving DoFs

sym reduction

sym reduction

moving DoFs

moving DoFs

p = 1p = 1

moving DoFs

moving DoFs

sym reduction

Figure. Main steps of the construction by moving DoFs and symmetry reduction. The numbers indicate the items in
the list on Page ??.
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SOME EXAMPLES IN 4D

▶ distributional curvature, 4D elasticity complex

0 Lag ⊗ V Reg
⊕

f∈T◦
2

δmm(f )
⊕

e∈T◦
1

δmt(e)
⊕

v∈T◦
0

δ(v)⊗K 0.
sym grad inc 4 curl div

⊕
f∈T◦

2

δmm(f ): linear combination of functionals against (2,2)-forms on 2-cells.

(reminiscence of sectional curvature).
▶ curvature tensor (2,2)-form, dual of 4D elasticity complex

Side product: tensor decomposition from the BGG perspective
2-form valued 2-forms = 4-forms + ’skew (2, 2)-form’ + Riemann-like tensor (algebraic curvature)

⊗ = ⊕ ⊕

6 ∗ 6 = 1 + 15 + 20

Alt2,2 = S
2,2
†,[2](Alt2,2)⊕

[
ker(S2,2

†,[2]) ∩ S
2,2
† (Alt2,2)

]
⊕ ker(S2,2

† )

Projections to the 1st and 3rd components: Bianchi symmetrization, Kulkarni–Nomizu operator

0 Lag ⊗K Cι∗ȷ∗P
−W1,2 Cι∗ι∗P

−W2,2 ⊕
e∈T◦

1

δtt(e)
⊕

v∈T◦
0

δ(v)⊗ V 0.
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YOUNG TABLEAUX PROVIDES ANOTHER WAY TO PARAMETRIZE FES

Peter Olver, ’Differential hyperforms’ 1982.
Discretization: ongoing work with Jay Gopalakrishnan, Joachim Schöberl.
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H̊1 H̊(curl) H̊(div) L2,R

H−1 H−1(div) H−1(curl) L2/R

H̊(curl) ˜̊Hcc ˜̊Hcd ˜̊H−1
RT(curl)

H−1(div) Hdd Hcd⊤ H(div)/RT

H̊(div) ˜̊Hcd⊤ ˜̊Hdd ˜̊H−1
ND (div)

H−1(curl) Hcd Hcc H(curl)/ND

L2,R ˜̊H−1
RT(curl) ˜̊H−1

ND (div) ˜̊H−1
P1

L2/R H(div)/RT H(curl)/ND H1/P1

∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

Gopalakrishnan, J., Hu, K., & Schöberl, J. (2025). A 2-complex containing Sobolev spaces of matrix fields.
arXiv preprint arXiv:2507.11869.
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PERSPECTIVES

Discretization of the entire BGG diagram; P−
r W

k ,ℓ
[p] , PrWk ,ℓ

[p] , for any r , k , ℓ, p (BGG level), dimension n.

Intrinsic finite elements

Regge is an example, only using geometric information of the triangulation, not the ambient space.
Allowing flexible and complicated geometries (mixed dimension etc.), and lack of information about
embedded spaces.

Interactions between finite elements + Discrete Differential Geometry + PDEs

What is canonical discretization for geometric objects? Graphics, materials such as origami etc.

DEC version?
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