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MOTIVATION

stress, strain tensors, dislocation density, disclination density in continuum mechanics,
metric, curvature (scalar, Ricci, Weyl, Riemann, Cotton...), torsion in differential geometry etc.

Are there discrete analogues of such tensors with symmeiries and differential structures?
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MOTIVATION

stress, strain tensors, dislocation density, disclination density in continuum mechanics,
metric, curvature (scalar, Ricci, Weyl, Riemann, Cotton...), torsion in differential geometry etc.

Are there discrete analogues of such tensors with symmeiries and differential structures?

A special case: differential forms (fully skew-symmetric tensors), exterior derivatives

Whitney forms and higher order versions are well accepted as the canonical discretization for differential
forms (skew-symmetric tensors). k-forms discretized on k-cells, unisolvent with P~ A%, conformity

Raviart-Thomas (1977), Nédélec (1980) in numerical analysis
Bossavit (1988): differential forms and complex
Hiptmair (1999), Arnold, Falk, Winther (2006): systematic study, “Finite Element Exterior Calculus”

)
’ : Zi ] .
Jean-Claude Nédélec  Franco Brezzi Y .
Pierre-Arnaud Raviart Donatella Marini
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OUTLINE

1 Continuous level: form-valued forms and BGG . . . . . . . & & v v v i i i v o v e e e s e e 4

2 Discrete level: intrinsic finite elements



CONTINUOUS LEVEL: FORM-VALUED FORMS AND BGG
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DIFFERENTIAL STRUCTURES IN ELASTICITY

Linear elasticity (Calabi, Kréner) complex

RM —S  CX @RS YME™, poogRdxd i, cogRdxs AV, gogRe 0



DIFFERENTIAL STRUCTURES IN ELASTICITY

Linear elasticity (Calabi, Kréner) complex

[embedding R3 — Rﬂ [change of metric (strain)}

sym grad

C® ® RSXS inc

RM —~ C® @R? e

p————— e= (Vo) (pV) -1

e = 0 iff ¢ is a rigid body motion.

Linearisation: e = sym grad u, in terms of displacement u(z) = ¢(z) — Z.

C>® ® RSXS

sym

div
—

C*oR® —— 0

- (5

dx —d& =di-e-dz
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DIFFERENTIAL STRUCTURES IN ELASTICITY

Linear elasticity (Calabi, Kréner) complex

metric (strain) [ Riemann curvature ]

sym grad C>® R3><3 inc C>® ® RSXS div C® ® R3 0

RM — C® @ R3 8% s s
e ————— Riem(e)
Strain tensor (change of metric) e = (Vo) - (¢ V) — I satisfies Riem(e) = 0.

Defect theory: Kréner et al. used violation of compatibility conditions to model defects and incompatibility

Linearisation: Saint-Venant compatibility condition ince := V x e x V = 0.

- Jj ou s /N
Bernhard Riemann  Ekkehart Kréner

de —di =di-e-dt
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DIFFERENTIAL STRUCTURES IN ELASTICITY

Linear elasticity (Calabi, Kréner) complex

[curvature / stress} covector / force

— C* @RS e, C* @R3:3 — & L, Cc*eR —— 0

RM C® % RS sym grad

o V.o

Cauchy stress tensor o balances load divo = f with o = Ae (Hooke’s law);
incompatibility causes internal stress inc e.

Robert Hooke Augustin-Louis Cauchy i________ /_\—‘ .

de —di =di-e-dz
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A NONLINEAR COMPLEX

cohomology not well defined, but exactness is. Exactness corresponds to important theorems.
Observations: KH, Nonlinear elasticity complex and a finite element diagram chase Springer INDAM Series (2024).

exactness: rigidity
two motions induce same metric iff up to RM
- . C =" go—Go . Ricci
rigid body motion ———— map R® to R3 > metric = > curvature

exactness: fundamental thm of Riem geometry
metric has vanishing curvature iff metric is Euclidean

Challenges for discretising nonlinear complex even in 1D:

0 coo Ut C » 0 exact: Vw,3u = /w, s.t., w = U°.
not work for polynomials!
u—u? +

Algebraic geometric issues. Relevant to preserving nonlinear constraints.

[ Question: tools for studying nonlinear complexes? discretisation?
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COMPLEXES FROM COMPLEXES

Generating, analysing and discretising linear (deformation) complexes: complexes from complexes

» Douglas Arnold, KH, Complexes from complexes, Foundations of Computational Mathematics (2021)

Step 1: connect two (or more) de Rham complexes

0 y R3 grad R3><3 curl R3><3 div y . 0
0 y R3 grad R3><3 curl R3><3 d|v> )

S*: algebraic operators, connecting components of vectors/matrices
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COMPLEXES FROM COMPLEXES

Generating, analysing and discretising linear (deformation) complexes: complexes from complexes

» Douglas Arnold, KH, Complexes from complexes, Foundations of Computational Mathematics (2021)

Step 2: elimination

0 R3 BP9, g g _cul, p3x3 _div ' 0
_mV /' gvsky
0 R® &2, gax3 _aurl, g » 0

S: symmetric matrix, K: skew-symmetric matrix
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COMPLEXES FROM COMPLEXES

Generating, analysing and discretising linear (deformation) complexes: complexes from complexes

» Douglas Arnold, KH, Complexes from complexes, Foundations of Computational Mathematics (2021)

Step 2: elimination

0 RN S Q=T N ' 0
mV / ZVSkM
0 RE 8, paxg el o , 0

S: symmetric matrix, K: skew-symmetric matrix
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COMPLEXES FROM COMPLEXES

Generating, analysing and discretising linear (deformation) complexes: complexes from complexes

» Douglas Arnold, KH, Complexes from complexes, Foundations of Computational Mathematics (2021)

Step 3: connect rows by zig-zag

sym grad
N
7

0 — R3 s —ur,y

cug; S div RS 0.

Conclusion: cohomology of the output (elasticity) is isomorphic to the input (de Rham)

Analytic results follow: Poincaré—Korn inequalities, Hodge decomposition, compactness...

Inspired by the Bernstein-Gelfand-Gelfand (BGG) construction (B-G-G 1975, Cap,Slovék,Sougek
2001, Eastwood 2000, Arnold,Falk,Winther 2006, Arnold, KH 2021, Cap, KH 2023)
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COMPLEXES FROM COMPLEXES

Generating, analysing and discretising linear (deformation) complexes: complexes from complexes

» Douglas Arnold, KH, Complexes from complexes, Foundations of Computational Mathematics (2021)

Step 3: connect rows by zig-zag

sym gra}d S curl

>

0 > RS

cu?i‘ S div RS 0.

Conclusion: cohomology of the output (elasticity) is isomorphic to the input (de Rham)

Analytic results follow: Poincaré—Korn inequalities, Hodge decomposition, compactness...

But, is it purely mathematical?
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[embedding/displacement}

sym grad
RS

curl

Riemann, Kréner, Cauchy, Hooke

curl

div

RS

[curvature/stress}

covector/load

33



[ embedding/displacement ]

R3 grad R3x3 curl .
s0
/ T
R3 — grad \ curl S div \ R3

[ curvature/stress ] covector/load

Cosserat brothers

Cosserat continua: microstructures (rotation, stretch etc.)
Observations: A. Cap & KH, BGG sequences with weak regularity and applications. FOCM (2024).
Leading to parameter-robust scheme for Cosserat model: A.Dziubek, KH, M.Karow & M. Neunteufel, SINUM (2025).
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[ embedding/displacement J

coframes

torsion 2-form

dislocation

RS grad
SO
RS grad

Elie Cartan Arash Yavari

Observations:
cohomology. arXiv (2023).

.

R3x3

RSXS

div

\RS

/ 52
curl div

[connection 1—form]

curvature/stress

Alain Goriely
Cartan’s bridge between Einstein and Cosserat brothers — torsion

disclination

Riemann-Cartan Manifolds (B,V,G)
VG=0T#0,R#0

Weitzenbéck Manifolds (B,V, G)
VG=0,T#0,R=0

Riemannian Manifolds (B,V, G)
VG=0,T=0R#0

Flat(BEuclidean)Manifolds (B,V, G)
VG =0T=0R=0

> RS

covector/load

Riemann-Cartan Geometry of Nonlinear Dislocation Mechanics,

Yavari and Goriely, ARMA (2012)

Christiansen, KH, & Lin, Extended Regge complex for linearized Riemann-Cartan geometry and
BGG construction is thus cohomology-preserving elimination of microstructures!



PART OF A LARGER PICTURE... MECHANICS V.S. COMPLEXES V.S. GEOMETRY

Mechanics interpretation of BGG construction: eliminating microstructure variables (e.g., pointwise
rotation) or torsion from twisted complexes via cohomology-preserving projections.

twisted complex BGG complex

1D Timoshenko beam Euler-Bernoulli beam
2D | Reissner-Mindlin plate | Kirchhoff-Love plate
3D Cosserat elasticity classical elasticity

(0-form Hodge Laplacian)

twisted complex: complexes involving all components in diagram; BGG complex: after reduction

High order forms: continuum defect theory
Idea (Kréner, Nye etc.): strain in standard elasticity e = sym grad(u) satisfying inc e = 0 (Saint-Venant compatibility). Defects
lead to incompatibility: use e as a basic variable, and in general inc e # 0 describes defects.

Trace complexes: dimension reduction

. . . . BGG (elasticity) . L.
Cosserat (micropolar) elasticity ———— 'classical elasticity

llﬁ —convergence JT —convergence

BGG (hessian)

Reissner — Mindlin plate ————— Kirchhoff plate

I" convergence: The Reissner—Mindlin plate is the I'-limit of Cosserat elasticity. Neff, P., Hong, K. |., & Jeong, J. M3AS, (2010).

Mixed dimensional models: combinatorial manifolds, contact mechanics, porous media...
Cech-de Rham double complex (Jan Martin Nordbotten, Wietse M. Boon et al.)



RECALL: DIFFERENTIAL FORMS

On R”, a k-form is an element in C*=(2) @ Alt.
» Ageneral k-form: w =", fidx, A--- A dx;.

» antisymmetric: dx; A dx; = —dx; A dx;, dx; A dx; = 0.
f=1f= 0-form, R
w = udx + vdy + wdz = 1-form, V
n=ady N dz+ bdz A dx + cdx A dy = 2-form, V
p=fdx AN dy A dz = 3-form, R

n
f
» Differential operator: dw = Z (Z (g;d)q) A dxi, A - A dX, .
1o\j=1 "
d = grad(0-form), curl(1-form), div(2-form), 0(3-form)
» Traces LT_—w : Z/(f/’/:) (dX,'1 ’F) A oA (dX,'k‘/:).
* = value(0-form), t(1-form), n(2-form), 0(3-form)
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FORM-VALUE FORMS

On R", a (k, £)-form is an element in (C*°(2) ® Alt¥) ®Alt’ =: C®(2) ® Altk’.

k forms ¢-form valued

g=gjdx' ®dx) (sym (1,1)-form), R = Rjpgdx’ A dx/ @ dxP A dx9 (sym (2,2)-form).

In three dimensions:

dx dy az dx dy dz

ax * * 7 dayANdz * * *

ay * * * azAdx * 0 *

az * * axAdy * * 7

(1,1) forms (2,1) forms
dy ANdz dzAdx dxAdy dy Ndz dzAdx dxAdy

dx * * * dy A dz * * *
dy * * * dz A dx * * *
az * * * dx A dy * * *

(1,2) forms (2,2) forms
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where Al

S p(vo,

thot .

k—1 k k41
C oy AQghTet L> Altht—1 L) Altht1-1 L> AJghktae=1 o .
S'M/ y SV
R ARy Y. - LN} PSS MO LSS YL

s ”y SV sk+y

k k
) Alth—1.6+1 AJghottt 95 A k104 o AR

. Altk 1,042 dk- Altk 0+2 Althr‘l 0+2 d k1 Altk+2 0+2 .

= Altk ® Alt?  ¢-form-valued k-forms (k-forms taking value in ¢-forms; (k, £)-form)

Vi) (wa, e W) Z( Wulvo, -V, v)(V,wy, - wy_y),

S'I|:7J/'L(V17“' ?V’.*‘l)(WO?'“ 7WJ) = Z(_-I)IM(W/’ Vi, - ’V,',1)(W1,--- y Wiy - e aWJ)a
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k k
k=101 Altht—1 AJth1-1 4 A k2,1

. Alth=1.0 970 Ak ALkt AT p k2.

Sk V Sly Sk+y

oy AT g Akt L AJph+10+1 &, ALkt

SK*V S'y SHV

k—
. Algk—14+2 @ Althot+2 a Alght1.6+2 d Altht2.6+2 .

Tensor symmetries encoded in diagrams: e.g.,

- —— Al

differential forms: (k, 0) metric, strain: (1, 1)  curvature, stress: (2,2) torsion: (2, 1)

Example: Riemannian tensor

ker(S??) C Alt>? : symmetry of Riemannian tensor (algebraic Bianchi identity)
Rab;cd = _Hba;cd = _Rab;dCs Rab‘cd — Rcd:ab, Rab‘cd e Rbc:ad aF Rca‘bd =0.

1 in2D Gauss curvature,
6 in3D Ricci/Einstein,

dim(ker(8*?)) = dim Alt*? — dim Alt>' = _ _
20 in4D Riemann
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DERIVING COMPLEXES: COMPLEXES FROM COMPLEXES

Inspired by the Bernstein-Gelfand-Gelfand (BGG) construction.  (B-G-G 1975, Cap,Slovak,Sougek 2001,
Eastwood 2000, Arnold,Falk,Winther 2006, Arnold,KH 2021, Cap,KH 2023)

0 — s AIOY-1 9y At 9 D AT 0
V Sy S”y
d S ..

0 — A% — 9 At d , Alt™ — 5 0

where Alt"Y := Alt' ® AltY  J-form-valued i-forms (i-forms taking value in J-forms; (i, J)-form)
Output:

00— ker(STq’J) ker(SJFlfz’J) _—

871
N ker(SY+) Yoo > ker(S™) —— 0.

S;: adjoint of S
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3D EXAMPLES

R: scalar V:vector M: matrix S: symmetric matrix T: trace-free matrix

A —gryd v curl . 0

0
e, W
0 grad curl v 0
kaw
grad curl

grad curl

,
o

Hessian complex:

0 y 0o sy poo(s) —ly goo(T) 4V, goo(V) —— 0.

biharmonic equations, plate theory, Einstein-Bianchi system of general relativity
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3D EXAMPLES

R: scalar V:vector M: matrix S: symmetric matrix T: trace-free matrix

grad curl

0 > 0
/—\//\y /
0 > 0
—mskw 2 vskw
0 \V grad curl div . 0
/ W
0 R grad \ curl \ div R 0.

elasticity complex:
0 —— Co(V) -5 o=(s) - c(S) -5 ¢(V) —— 0.

elasticity, defects, metric, curvature
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3D EXAMPLES

R: scalar V:vector M: matrix S: symmetric matrix T: trace-free matrix

0 R grad \ curl \ div R

0 \V grad M curl M div \

gy cump —div
0 \% M M \% > 0
curl div
oy LGS

~
o

Vv
o

0 R grad

divdiv complex:

dev grad sym curl

0 —— C®(V) =&Y coo(T) LY goo(s) vdX oo 0.

plate theory, elasticity
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DISCRETE LEVEL: INTRINSIC FINITE ELEMENTS

2 Discrete level: intrinsic finite elements



DISCRETIZATION OF COMPLEXES: FINITE ELEMENTS AND SPLINES

» 2D stress: Arnold-Winther 2002, J.Hu-S.Zhang 2014, Christiansen-KH 2018,
» 2D strain: Chen-J.Hu-Huang 2014 (Regge/HHJ), Christiansen-KH 2018 (conforming), Chen-Huang
2020, DiPietro-Droniou 2021 (polygonal meshes), KH 2023

» 3D elasticity: various results on last part of complex, Hauret-Kuhl-Ortiz 2007 (discrete
geometry/mechanics), Arnold-Awanou-Winther 2008, Christiansen 2011 (Regge),
Christiansen-Gopalakrishnan-Guzman-KH 2020, Chen-Huang 2021, J.Hu-Liang-Lin 2023,
Gong-Gopalakrishnan-Guzman-Neilan 2023

» 3D Hessian: Chen-Huang 2020, J.Hu-Liang 2021, Arf-Simeon 2021 (splines)

» 3D divdiv: Chen-Huang 2021, J.Hu-Liang-Ma 2021, Sander 2021 (H(sym curl), H(dev sym curl)),
J.Hu-Liang-Ma-Zhang 2022, J.Hu-Liang-Lin 2023, DiPietro-Hanot 2023

» nD: Chen-Huang 2021 (last two spaces), 2D arbitrary regularity: Chen-Huang 2022,
Bonizzoni-KH-Kanschat-Sap 2023 (tensor product construction, nD, (k, ¢)-forms)

» conformal complexes: KH-Lin-Shi 2023.

Question: Canonical finite elements, analogue of the Whitney forms?

correct cohomology, discrete topological/geometric structures...
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GENERALIZING FINITE ELEMENTS: BACK TO DE RHAM’S CURRENTS

Use currents (measures, Dirac delta), rather than functions.

Geometric Measure Theory , graphics
(Codimensional geometry: A point cloud represents a probability measure; curve cloud, surface cloud...)

3-form

0-form

Figure 2.4 Differential k-forms can be represented by clouds of codimension-k
geometries.

Figure: Exterior Calculus in Graphics, Stephanie Wang, Mohammad
Sina Nabizadeh and Albert Chern; ACM SIGGRAPH 2023 courses.
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GATHERING PIECES TO SOLVE THE PUZZLE

As the development of FEEC, several individual ingredients are already in the literature. Particularly, it is
perhaps with little hesitation to accept Christiansen-Regge complex as the canonical discretization for the
elasticity complex, due to simple dofs, geometric interpretations, formal self-adjointness, correct
cohomology.

Christiansen 2011: Regge calculus = finite elements

metric (singular) curvature
def / inc / div
—_— —_— —_—
-
Sl - — -
[c°]? Regge Regge* [CO2 )%
e CeleTe @ Te >y Coly

Regge finite element v.s. Regge Calculus (‘General relativity without coordinates’, quantum gravity)

curvature:
Dirac measure on hinges ™~

piecewise constant metric _ _jd
represented by edge lengths

nD: Lizao Li (2018 Minnesota thesis), nonlinear curvature with Regge elements (Berchenko-Kogan,Gawlik
2022, Gopalakrishnan,Neunteufel,Schéberl,Wardetzky 2022, Gawlik,Neunteufel 2023)
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Schdberl and collaborators systematically used finite elements + distributions to design numerical
schemes.

» Equilibrated residual error estimator

nypo’

pr—

distributional finite elements, Braess-Schoberl 2008, Licht 2017
» Tangential Displacement Normal-Normal Stress (TDNNS) method for elasticity

o=—¢(u), V-o=fF o: symmetric matrix

div o: tangential distribution ~ Schéberl-Sinwel 2007
» Mass-Conserving mixed Stress (MCS) method for Stokes equations

oc=-Vu, V-c+Vp=1F o: trace-free matrix

n-t dofs

div

div o: normal distribution ~ Gopalakrishnan-Lederer-Schéberl 2020
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TOWARDS A FINITE ELEMENT PERIODIC TABLE FOR TENSORS
KH, TING LIN. Finite element form-valued forms (I): Construction. ARXIV: 2503.03243 (2025)

—1,—1
Alt N
o A0
N AL —
e
— AWM —
AOT — AR —
e
—
Al®2 — Al —
A% — AT — ALEZS

— A" — AlLt20

Al —

AltZ2 —

Alt?2 —
v

—

— Alt3®

Al

Alt32

classical Finite Element Exterior Calculus

Nédélec, Raviart—-Thomas, Whitney, Bossavit, Hiptmair, Arnold, Falk, Winther...

Dirac deltas Braess-Schoberl
A00 ALO g8 A? "16 A3O g

/v grad /v curl / div /v distributional Whitney
AN o /

— Al
Hessian
Hu-Lin-Zhang
elasticity
Regge-Christiansen
functions
{ellan- Heumaml Johnson (HHJ)
TDNNS (Pechstein,Schéberl )
Hu-Lin-Zhang
grad arl - Y Whitney forms
4.4 e a4 [ .
Alt™ A03 AL A23
Nédélec Raviart-Thomas

Periodic Table of the Finite Elements
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TOWARDS A FINITE ELEMENT PERIODIC TABLE FOR TENSORS
KH, TING LIN. Finite element form-valued forms (I): Construction. ARXIV: 2503.03243 (2025)

Dirac delta Braess-Schoberl
ALO n/§' A0t ABO g

_curl | _div distfibutional Whitney
Alg=h T ‘ / / ‘
-2
»

kZos o ARYY 5 ARTO — AR0 — ALY

div Hessian
ALtO0 % /% /W Hu-Lin-Zhang
A1t1,1 A1t2’1 R A1t3’1 mtn ( ngular) curvature
Alt01 R Alg?? /v elasticity
/ Regge-Christiansen
L/ functions
—  Alt?2Z2 — Al32 ez
pINLR:N
A1t0,2 Alt1 ,2 A1t2’2 R dwdw {ellan- [h rrmann-Johnson (HHJ)
l/ TDNNS (Pechstein,Schéberl )
Alt3 3 Hu-Lin-Zhang
A A — AP A

Whitney forms

LTo Al

Nédélec Raviart-Thomas

distributional de Rham complex (currents).

Braess, Schéberl 2008: equilibrated residual error estimator
Licht 2017: double complex

=} ‘\)
Dietrich Braess  Joachim Schéberl
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TOWARDS A FINITE ELEMENT PERIODIC TABLE FOR TENSORS
KH, TING LIN. Finite element form-valued forms (I): Construction. ARXIV: 2503.03243 (2025)

Dirac deltas Braess-Schoberl
A00 ALO nyd! A20t.6e A30 g

curl _div_ distributional Whitney
Alg—1o—1 N ‘ ‘ / /

o AIOY o A0 s AR0 — ALD

Alt00

Hessian
— Hu-Lin-Zhang
—  AlY — AT — A
ALY — Al —
/ function|
— A2 —  AI3?
divdiv
Alt92 — Al —  Alt?2  — dwdw Iellan-Herrmann-Johnson (HHJ)
/ TDNNS (Pechstein,Schéberl )
Alt3’3 Hu-Lin-Zhang
0,3 1,3 2,3 3,3
Alt?® —  Alt"? — Alt™° —  Alt™ SN Whitney forms
z

LTo Al

Nédélec Rnnu Thomas
Christiansen’s interpretation of Regge calculus as finite elements I

Regge calculus (quantum & numerical gravity) :
edge length as metric, angle deficit as curvature /5

o =
Tullio Regge  Snorre Christiansen

Regge finite element : piecewise constant symmetric tensor field
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TOWARDS A FINITE ELEMENT PERIODIC TABLE FOR TENSORS
KH, TING LIN. Finite element form-valued forms (I): Construction. ARXIV: 2503.03243 (2025)

—1,—1
Alt N
s AL
A0 —
e
— ALY —
AT — AN —
4
—
AltP2 — Al —

Alt03

Hessian complex, unified structures identified.

Kaibo Hu, Ting Lin, Qian Zhang. Distributional Hessian and divdiv complexes on triangulation
and cohomology. SIAM Journal on Applied Algebra and Geometry (2025).

— A" — AlL28

— A" — AlLt20

AlBT —

Alt??

—
Alt?2 —
v
—

s AlSS

Al

Alt32

Alt33

-2

RN

Dirac deltas
. A0 ALO ng8! A20¢.5¢

Braess-Schoberl

A3O g

div/v distributional Whitney

— Al®

Hessian

HujLin-Zhang

elasticity

Regge-Christiansen

functions

divdiv
{ellan-Herrmann-Johnson (HHJ)

TDNNS (Pechstein,Schéberl )
Hu-Lin-Zhang

. Whitney forms

Al

A23
Nédélec Raviart-Thomas

Ting Lin Qian Zhang
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TOWARDS A FINITE ELEMENT PERIODIC TABLE FOR TENSORS
KH, TING LIN. Finite element form-valued forms (l): Construction. ARXIV: 2503.03243 (2025)

Dirac deltas Braess-Schéberl
ALO g8 A0t A0 g

curl _div distributional Whitney
At ‘ ‘ / / 5

KTos o A% — A0 — A0 — Al

Alt00

Y Hessian
—_ Hu-Lin-Zhang
A1t1 )1 A1t2’1 Alt3‘1 ( ingular) curvatur
0.1 1.1 elasticity
Alt” —  Alth — / Regge-Christiansen
v functions
—  Alt??2 — A2
. b,
vdiv
Alt92 — At —  Alt22 — d“d“ Tellan-Hefrmann-Johnson (HHJ)
N TDNNP (Pechstein,Schiberl )
N \“33 Hh-Lin-Zhang
0,3 1,3 2,3 3,3
Alt?® — A" — A5 —  AltS N Whitney forms

P

Nédélec Raviart-Thomas

divdiv complex , dual to Hessian complex.

TDNNS for elasticity (Schéberl, Sinwel 2007), Hellan-Herrmann-Johnson
(HHJ) element for plate.

Implemented by J.Schéberl in NGSolve with relativity applications ﬁ ﬁ
KH, Ting Lin, Qian Zhang. Distributional Hessian and divdiv complexes on triangulation \2

and cohomology. SIAM Journal on Applied Algebra and Geometry (2025). Astrid Pechstein ~ Joachim Schdberl 19733



TOWARDS A FINITE ELEMENT PERIODIC TABLE FOR TENSORS
KH, TING LIN. Finite element form-valued forms (I): Construction. ARXIV: 2503.03243 (2025)

Afs—1,—1
Alt s
- ALOO
A0S0 —
v
— Al —
AT — AR —
v
—
Alt%2 — Al —
A% — AT — AIEPS

— Alt"0 — AI20

AR — AT

Al22 —  Al2
Alt22  —»
v

—  Al3S

— AR

IEAEIN

Patterns, Symmetries, Duality.

functions (classical finite elements) v.s. Dirac measures (currents).

Georges de Rham

—  Alt®

functifns

Dirac deltas Braess-Schoberl

A LD g0 AU L0 ABO g

( ngular) curvature

Hu-

A23

cdelec Raviart-Thomas

any dimension, any degree.

Classical Finite Element Periodic Table (last row) is the special case of the
generalised Table where all spaces are piecewise polynomials.

tional Whitney

an
-Zhang

lasficity

-Cfristiansen

ellan-Herrrgann-Johnson (HHJ)
TDNNS (Jm hstein,Schéberl )

n-Zhang

ey forms
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Cohomology in < 3D proved (KH,Lin,Zhang 2025; Christiansen,KH,Lin 2023), isomorphic to continuous
version (thus copies of de Rham cohomology via BGG).
> 3D ongoing. Dimension count holds, as a strong indication.

Extend Regge calculus/finite element (S.Christiansen 2011, Regge for curvature)

metric curvature

metric (singular) curvature

- ﬁ'/)’\ ﬂ'//f\&

- Pl P -

- - - -

[co2? Regge Regge” [co2 >
Pe CeleTe B Te o Coly

to Riemann-Cartan geometry  (S.Christiansen, KH, L.Ting 2023, extended Regge for curvature + torsion)

[coframe (metric) } [discrete torsion ]

Lagrange @R spany g, (0 [nt1], 0y ntd], oststT + tatd]}  SPMece, {Oeni]

‘ = ‘ - /% - 7/%,
/ 4

discrete torsion

Regge @ mskw B3

.usk/' y’ 2 V

‘ l‘ o ‘ l‘ )
.

Lagrange

[ discrete connection ] [curvature ]
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WHERE DOES MCS SHOW UP? JUMP TWO ROWS. p =2

BGG happens not only between two consecutive rows...

ALOKT AT AR 0 —R

gOk+1 2-,k+1
ALK e gk

Alto’k+1 Alt‘l,kJr‘l A1t2,k+1

HV%V%JR%O

0.0 812,14'
AOET At 12

Alt%f Algh! Alt?!
We can skip more rows.
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DISCRETE LEVEL: INTRINSIC FINITE ELEMENTS

DG* Raviart-Thomas* Nédélec* Lagrange*
grad curl
~
0 -
N
N
N
N
N
N
~
N
N
~
~
~
\\
AN curl
0 —
s -
MCS* Nédélec*x3 | Lagrange*x 3
- \ x3 X3
grad curl div
— — / IR
e
Lagrange™
grad
—_—
grad
’ 0
|
! <
.
Lagrange Nédélec Raviart-Thomas DG* S
N
\ S
grad curl S
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CONSTRUCTION OF SHAPE FUNCTIONS: ELIMINATION

Example: Regge

0-form 1-form 2-form 3-form

0 0—5RixV -  vixxV -, vixaeR - R _ 0

1 0 —— V+x- M+xoV -9y v 0

s

curl div

M+xxM — M+xV — V — 0

3 0 —5RexV 2  vixxV -, vixeR R _ 0

» Whitney (1,1) forms: (V+ x x V) ® V. Whitney (0,2) forms: (R + x - V) ® V.
» vskw: M+ x x M — V + x - M is onto, and the kernel is S.
dim—=18 dim=12
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TRACE AND GENERALIZED TRACE: CORRECT CONTINUITY & DOFS FOR Alt*?
Trace of k-forms on j-cells: projection to the cell
LT_—OJ(V1 YT, Vk) = w(L*V1 y e ,L*Vk), w e COOAltk(Q); Vi,«-+ , Vg € %(Q)

trace of k-forms vanishes on ¢-cells if kK > ¢

Generalized trace j*: feeding tangent vectors as much as possible; allowing normal vectors if necessary.

e.g., define trace of 2-forms on 1-cells. Feed 1 tangent vector and 1 normal (n — 1 choices) to the 2-form.

Trace .* (above) and generalized trace 5* (below) on k-forms in R3

im(e)
K 0 1 2
0 vertex value edge value face value
1 0 edge tangential face tangential
2 0 0 face normal
im(e)
o K 0 1 2
w: 2-form, e: edge 0 vertex value edge value face value
Trace 1gw =0 1 vertex value edge tangential face tangential
Generalized trace jzw # 0, 2 vertex value  edge normal face normal

project to F1, F».

Single-valuedness of the ¢* j*-trace is the continuity we need for Hess, elasticity, divdiv etc.
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CONSTRUCTION THROUGH EXAMPLES: REGGE FROM NEDELEC

1
Nédélee x3 full Regge (sym+skw)
d

1
VAR
1
1
//L\\\

[ ]
—_—

Cye» P~ ALLH!

shape function: P; x 3
normal continuity

I

C,o e P~ AILY?

Step 2: symmetry reduction

CporP~WH = C. . P~ WL
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CONSTRUCTION THROUGH EXAMPLES: HHJ/TDNNS FROM RAVIART-THOMAS

I I- II=HHJ (TDNNS)

Raviart-Thomas x3

Step 1: ¢*1*-conformity Step 2: symmetry reduction

PA2 @ Alt? Cp P Al CpopeP~W22 = C,. . P~W?22

shape function: Nédélec

Cpop P~ AlLHS
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CONSTRUCTION THROUGH EXAMPLES: HLZ FROM NEDELEC

Nédélee x3 ! -1
x3 X ) ) .
/ Step 1: t*¢*-conformity Step 2: symmetry reduction Step 3: ¢*j*-continuity
-
\
—_—
b - 1,2 - 1,2 o
DAL g Al Cr-P=Alt CoovP™W Cop P7WI2

shape function: P,

Cre P ALY
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CONSTRUCTION THROUGH EXAMPLES: MCS FROM RAVIART-THOMAS

1 I-II=MCS

Raviart-Thomas x3

Step 1: ¢*1*-conformity Step 2: symmetry reduction

Cpoe P"W?! = C,. (o PW2!

P-A2 @ Alt!

2,1
%
82 2,1 12 @21
/ST‘M = ST © ST
11

shape function: Py

C,e» P~ Al
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Lagrange, Nédélec, Raviart-Thomas C,: Altk = C,: - Alt"*

moving DoFs

full Regge 1 — C,«,- AltF!

sym reduction

Regge

h”ICST 2 — CL*L*WK#Z moving DoFs 5-— CL*L*W MCS (p - 2)
TDNNS/HHJ

moving Do
moving DoFs moving DoFs
Regge k.t
HLZ 4—CprpWhE (oo 3 - C,+ - Altht 7= Cuye [p] 777777 6= Cpre AlLS

TDNNS/HHJ K % - .

symLreduction  p = 1 ~. - p=1 sym reduction’
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SOME EXAMPLES IN 4D

» distributional curvature, 4D elasticity complex

0 —— Lago VY™ ¥ Reg ™% @ Sm(f) L @ omle) - @ S(v)OK —— 0.
feTs ecT? veTg

D mm(f): linear combination of functionals against (2,2)-forms on 2-cells.
feTg
(reminiscence of sectional curvature).
» curvature tensor (2,2)-form, dual of 4D elasticity complex
Side product: tensor decomposition from the BGG perspective
2-form valued 2-forms = 4-forms + 'skew (2, 2)-form’ + Riemann-like tensor (algebraic curvature)

HHE@

+ 15 + 20

Alt?? = 830, (: \1@2) [n r(835) N 5572(A1t272)] @ ker(82%)

Projections to the 1st and 3rd components: Bianchi symmetrization, Kulkarni-Nomizu operator

0 — Lag®K —— CpppP W2 —— CppP W22 —— P dy(e) — D o(v)®@V —— 0.
ecTy veTg
30/33



YOUNG TABLEAUX PROVIDES ANOTHER WAY TO PARAMETRIZE FES

scalar

symmetsic 2-tensors/matrices

/

1
g

symmetriés,of Riemannian tensor Rjj

l

-

de Rham

(skew-sym tensors)

divdiv complex

|
r
l

(e[

JHessian complex lolastl(‘lt.\' (~0111plo}<V

Peter Olver, 'Differential hyperforms’ 1982.
Discretization: ongoing work with Jay Gopalakrishnan, Joachim Schéberl.

R: scalar field

S: symmetric matrix field

V: vectors

T: tracefree matrix field

R
lgrad
sym grad
\RALLIESE
J{curl lcurl
dev grad sym curl
V— T —— S
ldiv J{d'v ldiv
R grad y o_curl, y _div,
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o

g Fl(curl) N I:I(div) — b
N N N, N,

H' «——— H'(div) «—— H "(curl) +——— /R

P

H(curl) — | —— Hee Feq — Ifljz}(curl)

H=(div) «———— Haq +——— Heqr +——— H(div)/RT

A(div) — | — Heqr Aaa — Fygl(div)
H="(curl) +——— Heq Hec H(curl)/ND
Lg —|— l‘:li;(curl) —|— IfIE(div) e ,‘A:Ij;1

N N N

Lo/R <——— H(div)/RT +— H(curl)/MD +— H'/P;

Gopalakrishnan, J., Hu, K., & Schéberl, J. (2025). A 2-complex containing Sobolev spaces of matrix fields.
arXiv preprint arXiv:2507.11869.
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PERSPECTIVES

k¢

Discretization of the entire BGG diagram; ?,—W[p] ,

Intrinsic finite elements

Regge is an example, only using geometric information of the triangulation, not the ambient space.
Allowing flexible and complicated geometries (mixed dimension etc.), and lack of information about
embedded spaces.

Interactions between finite elements + Discrete Differential Geometry + PDEs
What is canonical discretization for geometric objects? Graphics, materials such as origami etc.

DEC version?

?,Wﬁ;f, forany r, k, ¢, p (BGG level), dimension n.
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SciCADE 2026

www.scicade.org
Edinburgh, UK June 29-July 3, 2026

INSTITUTE OF
MATHEMATICS &

@ JHRET MAC-MIGS

ot Aoy Gt ITS APPLICATIONS %
HEBIOT AIMS
Pl T

Call for Minisymposia

SciCADE will consider proposals submitted
for running minisymposia (typically 4 or 8
talks), via the form linked on the conference
website, until January 15, 2026.

VISIt the hlstorlc city of Edmburgh for the 16th running of Sc|CADE the international conference on scientific computing and
differential equations. This premier meeting series provides a forum for discussion of the latest advances in algorithms, their
mathematical analysis and their applications in science and enginering. For a full list of topics, see https:/Iscicade.orgl/topics

Plenary Speakers

Patrick Farrell, Oxford U.

Tammy Kolda, MathSci.ai

Buyang Li, Hong Kong Poly.

Weiqing Ren, NUS Singapore
Scientific Committee: W. Bao (Singapore), Q. Du (Columbia), E. Faou
(Rennes), B. Leimkuhler (Edinburgh), M. Leok (San Diego), C. Lubich

(Tiibingen), A. Ostermann (Innsbruck), L. Petzold (Santa Barbara), T. Tang
(Hong Kong), C. Woodward (Livermore)

J.M. Sanz-Serna, U. Carlos Ill, Madrid
Aretha Teckentrup, Edinburgh U.
Xiaochuan Tian, UC San Diego
Richard Turner, Cambridge U.
Organizing Committee (from Edinburgh and Heriot-Watt universities):L.

Banjai, E. Georgoulis, D. Higham, K. Hu, S. Klus, B. Leimkuhler, J. Pearson,
M. Ptashnyk, A. Teckentrup, K. Zygalakis
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