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Blow-up elements in 2D

Motivating example

Problem

Find a continuous map ® : H — T that collapses the red edges and
restricts to a diffeomorphism ®|,: H — T.
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Blow-up elements in 2D

Motivating example

Problem

Find a continuous map ® : H — T that collapses the red edges and
restricts to a diffeomorphism ®|,: H — T.

Observe: ®~! must be discontinuous at the vertices of T.
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Blow-up elements in 2D

A discontinuous function

A2

Ak
120 = a1 g

()\0+)\1+/\2:1)

-\
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Blow-up elements in 2D
A discontinuous function

A2
0 M
120 = PP
()\0+)\1+/\2:1)
0 - Ay

@ Along the edge A1 = 0, 9150 = 0.
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Blow-up elements in 2D
A discontinuous function

A2
0 SR
Y120 = a1 g
()\0+)\1+/\2:1)
0
A
0 0 !

@ Along the edge A1 = 0, 9150 = 0.
@ Along the edge \» = 0, 1120 = 0.
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Blow-up elements in 2D
A discontinuous function

A2
0 0 120 = A1A2
1207 Ao
()\0+)\1+/\2:1)
1
0 A
0 0

@ Along the edge A1 = 0, 9150 = 0.
@ Along the edge \» = 0, 1120 = 0.
@ Along the edge Ao = 0, 1120 = A1.
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Blow-up elements in 2D
Scalar-valued blow-up finite elements

bP1(T) = span{to12, VY120, V201, V102, V210, 021 }
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Blow-up elements in 2D
Scalar-valued blow-up finite elements

bP1(T) = span{to12, V120, V201, V102, Y210, Y021} O P1(T)

oM ok
v Yo12 = S P21 = o
ho12 + 021 = Ao
Y102 = A1Ao A
L v WL el v v
102 + Y120 = A1
o Y
. 01 = o Y010 = N g

Y201 + Y210 = A2
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Blow-up elements in 2D
Scalar-valued blow-up finite elements

ik = AN Aidj
k= Aj 4+ Ak N (N + Aj+ )\k)()\j + k)

Key property

lim lim 9 =

)\j/~)0 )\k/A)O

1 ifj=j and k=K,
0 otherwise.
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Blow-up elements in 2D
Mapping a triangle to a hexagon

X2 A2

X1 )\1

X0 )\O
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Blow-up elements in 2D
Mapping a triangle to a hexagon

A2

A1
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Blow-up elements in 2D
Mapping a triangle to a hexagon

A2

A1
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Blow-up elements in 2D
Mapping a triangle to a hexagon
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Blow-up elements in 2D
Mapping a triangle to a hexagon

F(Xo, A1, X2) = ( ;0)v012 + ( ,0)Y102 + ( , 1)vY120
+ (0, Wzlo +(1, )7/)201 + (2, )%21
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Blow-up elements in 2D
Mapping a triangle to a hexagon

(2,1,0)%012 + (1,2,0)1102 + (0, 2, 1)2P120
+(0,1,2)1210 + (1,0,2)1h201 + (2,0, 1)2bo21

=> (6710),07 (1), 0 M (2)Wo@)o(1)0(0):
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Blow-up elements in 2D
Mapping a triangle to a hexagon

F(X0, A1, 02) = (0710),07 (1), 07 (2)¥o@)r(1)0(0):

g

1

1y .
ZJ (Nbo@)o(1)o(0) = Ai Z A+ Aj
o j#i

Theorem [Matus 2003]
The map F : (Ao, A1, A2) — (x0, X1, x2) given by

1
XiZAiZ
i+ A
j;éiA A

is a diffeomorphism from T to H.
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Blow-up elements in nD

Higher dimensions

P" = n-permutohedron T" = n-simplex

Problem

Find a continuous map ® : P" — T" that collapses the red faces
and restricts to a diffeomorphism ®|s, : P" — T".
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Blow-up elements in nD

Higher dimensions

P" = n-permutohedron T" = n-simplex

Problem

Find a continuous map ® : P" — T" that collapses the red faces
and restricts to a diffeomorphism ®|s, : P" — T".
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Blow-up elements in nD

Scalar-valued blow-up finite elements in n dimensions
>‘io)‘f1 co )\in 1
T1720 (A + Xjy 4+ Ap)

Yigiy.in =

Key property

lim lim --- lim ¢
)‘i]’__>0)‘ié_)0 )\/ ioi..

:{1 if (1, iy sin) = (i, 0y 1),

0 otherwise.

Example (Dimension n = 3)

AgA1 A2
(Mo + A1+ A2+ A3)( A1+ A2+ A3)(A2 + )\3)'

o123 =

We have

lim lim lim 103 = 1,
)\1*}0)\2*}0)\3*} w

whereas, e.g., : .
g lim lim lim %123 = O.
)\2~>0A14>0/\34)
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Blow-up elements in nD

Scalar-valued blow-up finite elements in n = 3 dimensions

Mnemonic: iy “equals” 1 at one blue point and 0 at the others.
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Blow-up elements in nD

Mapping a simplex to a permutohedron

P" = n-permutohedron T" = n-simplex

F(Xo, A1y -5 An Z(U (0),071(1), ..., 0 (M) Vo(nyr(n—1)...0(0)-

1
Equivalently: Fi(Ao, A1,-. ., An) = Ai Y o
# 1
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Bochner Laplacian

Outline

© Application: Discretizing the Bochner Laplacian
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Bochner Laplacian
Finite elements for the Bochner Laplacian

Goal: Vector-valued finite elements for the Bochner Laplacian
(a.k.a. rough Laplacian or connection Laplacian)

A=-V'V=TrVV.

@ When applied to vector fields on a surface I' C R3, this is the
usual surface vector Laplacian Ar.

@ Note: Bochner Laplacian # Hodge Laplacian.
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Bochner Laplacian
Finite elements for the Bochner Laplacian

o Well-known difficulty: H-conforming vector fields on
triangulated surfaces are difficult to construct.

@ Reason: Any piecewise smooth, tangentially and normally
continuous vector field must vanish at (generic) vertices.

e The angle defect is the source of the problem.

a> 73
@ Idea: Use finite elements that incorporate “rapid rotations”
near the vertices.
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Bochner Laplacian

Vector-valued blow-up finite elements

Aij
Recall: ¥ = I =y
o Recall: i N+ Ar VYij
@ Local finite element space on a
triangle T:
2
bPu(T) = { D wylayry + byny) | ay, by € R}
ij=0
i#j

@ Global finite element space on a triangulation 7
bP1(T) ={u|ulr €bP(T)VT, [u-n] =[u-7] =0Ve}

@ 4 DOFs per edge: 2 ajj's (1 per endpoint) and 2 b;'s (1 per
endpoint).
o WhP-conforming for all p < 2.
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Bochner Laplacian
Numerical experiment

@ Eigenvalue problem for the surface vector Laplacian:
—Aru = )\u

e Discretization: Find u, € bP1(7) and A4 € R such that

/ <Vrhuh,Vrhvh>w5 = )\h/ (uh,vh)wg, Yvy, € bpl(T),
Fh

Ih

where w. = modified volume form on [y,
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Bochner Laplacian

Numerical experiment

Eigenvalues of the vector Laplacian on the unit sphere:

40

w
o

10°

FEigenvalue
[\~
o
Error

10 g 102 m

e§\e—e—e—e

900 10! 10° 10!
1/h 1/h
The exact eigenvalues are A = 1,5,11,19,... with multiplicities
6,10,14,18,.. ..
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Bochner Laplacian

Numerical experiment
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Bochner Laplacian

Numerical experiment

Remark: This discretization is intrinsic. Vertex coordinates play no
role in the calculation; only edge lengths do.
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Bochner Laplacian
Analysis of convergence

Analysis still in progress, but one encouraging result:

Proposition
Consider the following discretization of —Au = Au on a flat
domain Q C R": Find up € Vj, = P1(T) and Ay € R such that

a-(up, vh) = Apme(up, vi), Vvp € Vp,

where

mg(u, v) Z/ uvdx, a:(u,v)= Z Vu-Vvdx,

TeT; TeT " Te
T.={Xe T |Xi+ ) >c¢foreachi#j},

and € > 0 is fixed. Then for each i =1,2,...,dim V}, we have

min |AY) — D] < ch.
J
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Blow-up Whitney forms

Outline

@ Blow-up Whitney forms

E. Gawlik, joint with Y. Berchenko-Kogan & J. McKee = Blow-up Whitney forms



Blow-up Whitney forms
A differential complex

@ The space bP; can be generalized to differential forms on
n-simplices, leading to a differential complex

bPyN(TTY & BPIAY (T S bPyAX(T™) S - S bPyAY(T™)
that was studied by [Brasselet, Goresky, & MacPherson 1991].

@ These differential forms are called shadow forms |/ blow-up
Whitney forms.

@ In our paper [Berchenko-Kogan & G. 2025], we construct:
o Degrees of freedom (DOFs) for these spaces.
e A combinatorial procedure for computing bases dual to these
DOFs (via a surprising link with Poisson processes).
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Blow-up Whitney forms
Blow-up Whitney forms in 2D

Spaces:

AoA1 AoA2 A1o Ao Moo Ao
0-forms:

M+ A +AM Ao+ 2 A+ Ao+ AT A+ N

1-forms: { 0 P2{o1}01  Po{12}P12  P1{20}¥20 }
: ©o1, P12, P20, ()\0 + )\1)27 ()\1 + )\2)27 ()\2 T )\0)2

2-forms: {012}

where
= \id)\j — \jd);,

ik = NidAj A dXe + XjdA e A dAj + Ad A A d A,
Pigiky = Ai(1+ A + k).
Degrees of freedom:
O-forms: “Evaluation” at the 6 edge endpoints.
1-forms: Integration over the 3 original edges and 3 “tiny edges’".

2-forms: Integration over T.
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Blow-up Whitney forms
Degrees of freedom

Integration over a “tiny edge” means:
e Change from (Ao, A1, A2) to (r,0) := ()\1 + A2, ﬁ)
@ Take the limit as r — 0.
@ Integrate with respect to 6.

A2

A
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Blow-up Whitney forms
Degrees of freedom

Observe: Each degree of freedom is associated with a k-face of the
hexagon.
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Blow-up Whitney forms
Blow-up Whitney forms in 3D

In 3D, each degree of freedom is associated with a k-face of the
permutohedron P3.

Number of degrees of freedom:
0-forms: 24
1-forms: 36 (12 big edges, 12 small edges, 12 tiny edges)
2-forms: 14 (4 big hexagons, 6 rectangles, 4 small hexagons)
3-forms: 1
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Blow-up Whitney forms

The exterior derivative

Proposition

Let F be a k-dimensional face of P", and let 1) be the
corresponding blow-up Whitney k-form. Then

n—k
dr =+ v,
=1

where Fyi, Fy, ..., Fo_k are the (k + 1)-dimensional faces incident
to F.
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Blow-up Whitney forms

The word “blow-up”

The blow-up Whitney forms are not smooth on T7, but their
pullbacks to P" (the blow-up of T") are smooth.

)
~— A

Analogy: The function f(x,y) = arctan(y/x) is not smooth on
[0,00) x [0,00), but its pullback to [0, c0) x [0, 7/2] is smooth.
: () (y) Y

—x

R

Y
=
X
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Blow-up Whitney forms
Different ways to glue degrees of freedom

Single-valued Continuous
on edges, Lagrange
multi-valued at

vertices

Single-valued
and constant

on edges, _ .
multi-valued at Discontinuous
vertices Lagrange
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Blow-up Whitney forms
A surprising link with Poisson processes

The formulas for the bases have probabilistic interpretations.

Example 1: The 0-form )\);‘j:‘j\‘z.

@ Three radiation sources with rates A\g, A1, A> that sum to 1.

o Let tg, t1, t» be the times when the respective sources produce
their first particle.

@ The probability that tg < t; < tp is >\>1\Zr)\/{2'
Example 2: The 1-form %, Pof12y = Ao(1 + A1+ A2).

@ Two radiation sources A and B with rates \g and A1 + A\, that
sum to 1.

@ Let ty be the time when source A produces its first particle.
@ Let tg be the time when source B produces its second particle.
@ The probability that t4 < tg is A\o(1 + A1 + A2).
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Blow-up Whitney forms

A surprising link with horse race betting

Aidj Ak
()\,’ + A+ A+ /\/)()\j + A + )\/)()\k + )\/)
Aidj Ak
(=)A= =)

Recall: 1/},'1';(/ =

”

Benter '94, “Computer based horse race handicapping & wagering systems: A report

In exotic bets that involve specifying the finishing order of two or more horses in one race, a
method is needed to estimate these probabilities. A popular approach is the Harville formula.
(Harville, 1973):

For three horses ( i, j, k ) with win probabilities ( =,

» T, % ) the Harville formula specifies the
probability that they will finish in order as

Luf
Mg — - ©
a-n)(l-m-m)

This formula is significantly biased, and should not be used for betting purposes, as it will lead to
serious errors in probability estimations if not corrected for in some way.> (Henery 1981, Stern 1990,
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Conclusion
For further reading

@ Y. Berchenko-Kogan & E. S. Gawlik.
Blow-up Whitney forms, shadow forms, and Poisson processes.
Results in Applied Mathematics, special issue on Hilbert Complexes, 25,
100529 (2025).

@ J. P. Brasselet, M. Goresky, and R. MacPherson.
Simplicial differential forms with poles.
American Journal of Mathematics, 113(6):1019-1052 (1991).

@ R. B. Melrose.
Differential analysis on manifolds with corners.
https://math.mit.edu/ rbm/book.html (1996).

[ F. Matas.
Conditional probabilities and permutahedron.
Annales de I'Institut Henri Poincaré, 39(4):687-701 (2003).
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Conclusion

Thank you!
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