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Abstract

Topological data analysis (TDA) provides a mathematical framework for
extracting multiscale geometric and topological structure from complex
data. Unlike conventional methods designed for Euclidean data, TDA
naturally analyzes point clouds, networks, images, and other non-
Euclidean objects through persistent homology, graph filtrations, and
related topological invariants. This tutorial introduces the statistical
foundations of TDA, including simplicial complexes, filtrations, persistent
homology, persistence diagrams, and topological distances, together with
practical computation using the standalone open-source MATLAB toolbox
PH-STAT (https://github.com/laplcebeltrami/PH-STAT). Hands-on
examples will cover structural and functional brain connectomics,
dynamic brain networks, and other non-Euclidean datasets.

The tutorial will also introduce recent advances in topological analysis of
directed interactions and causal modeling, including Hodge-theoretic
representations of feedback loops and cyclic information flow.
Participants will gain both the theoretical background and practical tools
needed to apply topological methods to modern data analysis problems.
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Lecture materials for TDA tutorial

Standalone TDA matlab toolbox (50+ functions)
https://github.com/laplcebeltrami/PH-STAT

Tutorial slides are in this site.
Plan to have 200+ functions

Detailed software manual with basic theory
(49 pages). Plan to have 300+ page manual
https://arxiv.org/abs/2304.05912

Lecture slides have unlerlined links for additional
information and papers.
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Geometry

Gaussian curvature

Quantities that change
under continuous @ BT /NN £/ A\ ML DO e
deformation.
e length (geodesic distance)
e angle
e curvature —— el o
e area / surface area Ellipsoid (stretched) Saddle surface Deformed surface
e volume Area 4mR? Area > 4mR? Area (varies) Area (varies)
e metric, coordinates, ... Volume %HRS Volume = %?‘L’R3 Volume (varies) Volume (varies)
K =1/R*>0 K > 0 (varies) K<0 K (varies, +/—)
Sum of angles (triangle) > 7 Sum of angles > 7 Sum of angles < 7 Sum of angles (varies)
Genus ( Genus 1 Genus 2 Genus 3 ' Two components
TOpOlogy (sphere topology) (torus topology) (double-torus topology) (triple-torus topology) i (disconnected surfaces)
Bo=1 p=0, =1 Bo=1 Bi=2 =1 Bo=1 Bi=4 B=1 Bi=L ofr=6ub =11 | =2 =0,
Quantities that remain g=0 g= g=2 g=3 i g =0 (each)
|

invariant under
continuous deformation.

e number of connected
components f3,

number of holes (1D) §;
number of voids (2D) S,
genus g

cannot change without
cutting or gluing

Shapes in the same column
are topologically equivalent
(they can be continuously
deformed into each other).

Deformed sphere Two deformed spheres




Homology studies which objects cannot be continuously
contracted to a lower-dimensional object (ultimately a point).

Connected components. Every connected component
contracts to a point.

Betti number By = dim(qq}”\ts the resulting points.

/80 — 17/81 — 07/82 =1
Loops that cannot be contracted to a point

(1 = dim(Heounts the resulting loops.

H Closed surfaces that cannot be }

contracted to a point because they
enclose a cavity.
Y =1, m 9.8,



Topological variability 1s zero.

/80:17/81:1

Can you come up with a method that gives O variability?



Morse filtration on functional data
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http://www.stat.wisc.edu/%7Emchung/papers/IPMI.2009.pdf
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“ Filtration:
nested sets

~ — multiscale, hierarchy

Topological features: % o

persistent diagrams, barcodes Pt
Topological distance
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@ [ @
~ Simplicial complex Data Structure
// A graph represents only pairwise interactions through vertices and edges.
A simplicial complex extends a graph by including higher-order structures
such as filled triangles (2-simplices) and filled tetrahedra (3-simplices),
enabling the representation of multi-way interactions.

Graph 2-simplex 3-simplex = -
(vertices + edges) (filled triangle) (filled tetrahedron) Simplicial complex .

Why simplicial complex? / Potential energy

Encoding higher order interactions V= Z Va(rij) + Z Va(0,5x) + Z Va(iir)
in protein structure (i.j)eB (i.j,k)€A (i,7,k))€D
5 \ & ’ S D E i % - .
function function function
over edges over triangles over tetrahedra

rip

2-atom interaction 3-atom interaction 4-atom interaction
(3 atoms form a plane) (dihedral angle)

Methyl Formate




'Rips complex

Baseline simplicial complex is the Rips complex
constructed by connecting pairs of points whose
distance is less than radius €. Whenever all edges
of a simplex are present, its interior is filled
automatically.

) Q
@ - L

/ .\.'J'CE- — x| < ¢
% | : il 3
" g e, 99 o -
_ 2 : 2-simplex 3-simplex
Point cloud X = {x;,...,%,} CR Add edges (||x; — x;|| <€) (filled triangle)  (filled tetrahedron)
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Matlab implementation in PH'STAT / Functional data

Connectivity over simplex

p=50; d = 3;

E— rand(p’ d); . ntalMed- ) (triaHgJES) 5 ) )
~J A 1 5§ 43 0.2932
/ AT A
k=3; % 1 5 16 0.2579
gd s = i, LS
radius =iy . 1 5 26 0.2766
S = PH_rips (X, k, radius);
PH_rips_display(X, S); : N\ T & : )
A ., d e | (tetrahedra) _

S = 4x2 cell array % 2 7 18 247 C0.1254 |
{50x1 double} % vertices (0O-simplices) 3 5 12 20 0.3187
{101x2 double} % edges (1-simplices) 3 6 14 928 0.2191
{73x3 double} % triangles (2-simplices) B [ .

{2?:-:4 double} % tetrahedra (3-simplices) il : : . :\ >/ 2 S = = .

L

/f.';h./’l//'
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///". # /;'///?{5//;

eeeeee

LA | Directed interactions



Rips filtration
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Betti number

Graph filtration (edge deletion from smallest to largest)

Deleting edges destroy cycles

Deleting edges create components

--------------------------------------------------------------------------------------------------------------

= birth (§; increé‘sgs) = (eath (/Eii"decreases) component born
Rl s L Sl P E T L o SEET S r s S kb e e
component born
3 e e et e e el e T a1 " )
ﬁO (components) component born
o0 i i S s S e e
: ﬁl (ovlis) /cycle dies
| cycle dies
ot+————— e ——————— e e )~
| | | I | |
0.1 0.2 0.3 0.4 0.5 0.6

deleted edge weight



Persistent diagram (inefficient representation)

Deleting edges destroy cycles

Deleting edges create components

---------------------------------------------------------------------------------------------------------------

Death
o0 ‘o [S O
~ (0.4, «) (0.5, «) (0.6, «)
0.3 1 &(0.1, 0.3) @ Hy, components
2 o
0.2 - @® (0.1,0.2) .-, ‘\(\466 Hi cycles
o\
0.1 -
O T T T T T T
0 0.1 0.2 0.3 0.4 0.5 0.6



Topological Embedding on MINST
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. —— Covariate-free Method

o Male
o Female ,
Male and female differences
_ are mostly geometric.
average of

death ]

average of birth values

1
. @Zb .

Topological be o
EmbEdding Births

0.9



Topological Embedding of Structural Connectivity (dMRI)

3 %107 |
e Young <40 years

7+ ° Middle 40-60 years ¢
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Data from

Jeffrey Phillips
James Gee
Jniv. of
Pennsylvania

Aging is topological.



Topological distance =2 Euclidean distance

Birth polytope B Death polytope D Product polytope P = B xD
bp < by <--- < by di < dy < -+ <dg P={(b,d):be B,de D}

(product of two simplices)

B={beR*":by<b; < - <bg} D={deR¥:d; <dy<---<dg}

Run time for g number of edges

Chung et al. 2024 PLOS Computational



https://journals.plos.org/ploscompbiol/article?id=10.1371/journal.pcbi.1011869

7 X""“fl Y"‘vfz

r-Wasserstein distance:

r F
duv)" = inf E[IX-Y]|

2-Wasserstein distance: '

1/2
d(Py, Py) = xp.me (Z ”x-ll’(x)”z)

NN

~ Wasserstein dlstancej

1=P2 \ yep
T
Q= =49 Assignment problem:
@ T Hungarian algorithm
r...-""r'::“:::“‘---_‘_ 3
A o 0(¢’)
Optimal bijection
0P ) v ///

Chung 2026, arXiv:2608. 04770

7

' Wasserstein registration
of trees

Source



https://arxiv.org/pdf/2608.04770
https://arxiv.org/pdf/2608.04770

Topological averaging

= minimizer of topological distance

Songdechakraiwut and Chung 2023 Annals of Applied




We can average rs-fMRI across time and subjects (n=400,15mn)
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Topological inference via online permutation test

Group 1 Group 2
1 Z 3 -+ 5 6 7 8 9 10

Group 1

Group 2

Permuted group labels

Original group labels

Distance matrix precomputed. 100 million
A permutation only rearrange terms transpositions < 2 mins

Songdechakraiwut & Chung 2023 Annals of Applied Stat.




Topological clustering
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https://arxiv.org/pdf/2201.00087.pdf

Existing clustering fails in topological task

Group 1 Group 2 K-means clustering 0.98 +- 0.01
Hierarchical clustering 1.00 +- 0.00

Mo A

«-?'M M, y ; .\ |

of % ;
i

'M"m-r-' k,.“._é" . ’ .
2 | o | Topological clustering 0.63 +- 0.04
-2 0 2 -2 0 2
Group 3 Group 4
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2§ ) o }
0 R eay 0 TRL""'*‘”"P'
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” / Simplicial complex:
/ boundary matrices a © / A

0-simplex 1-simplex 2-simplex

3-simplex

= — — = —— — —_— — ——— — —— - 2 E_—_ —
7

Hodge Expansion Hodge decomposition

Functional data an‘an‘ysis Directed intera‘cﬁOHS, X=Xg+Xc+ Xy
Denoising, regression cyclic interactions

-

gradient (X¢)

—

c.orw"  Inference & learning

Statistical inference
Prediction, classification
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r o .
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=y y,
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Chung, El-Yaagoubi, Omao, 2026 Vector Space of Cycles, arXiv:2606.08202
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https://par.nsf.gov/servlets/purl/10478233

k-th Hodge Laplacian

e -

b

Ay =B, B}

Acts on nodes
(0-simplices).
Measures

net outflow

k = 0 : Graph Laplacian %W—

k = 1: Edge Laplacian

V1
Ed

Acts on edges
(1-simplices).
Measures both
divergence and curl

A, = B{B; + B,B,

%
7

k = 2 : Face Laplacian
Az = BEBZ “ B3 BE

Acts on triangles
(2-simplices).
Measures how
face values are

% Edge e3 = (v = v3) is included.

Each column has —1 at the talil
and +1 at the head of the edge.

Bfl = 61 +€2 —

) V3 || inconsistent
et of edge flows. across tetrahedra
2 y (3-simplices).
r 7 7 //%w . .
m k B, (edges x nodes) e Laplacian matrix
_£xample 1 _ ge Lap
U V3 V4 . Bz (faces X EdgeS) Al W B,II‘B]_ & B2 Bg e)
g [1] e, € e e e e e e e e LHEES edg?: Eﬁaﬁz* 3
- vy qC C 3
v @ o £ |- B =W ] affz 1 =1 9 o E’;Hl o Y 1 e, are tree
0 1 el1 2 -1 0 0 edges. The Hodge o
: es
gl B 1 =1 1 Triangle f = [v1,V2, V3] el-1 -1 2 0 0 L?p]aaan caﬂ;rcur
V2 - = has oriented boundary glo o o0 1 -1 divergence

structures.

Anand and Chung, 2023 |IEEE
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Eigenmodes of graph Laplacian vs. | -Hodge Laplacian

Graph
Laplacian
(nodes)

First nonzero
eigenmode

(A1)

1-Hodge
Laplacian
(edges)

Gradient mode

(A1)

1-Hodge
Laplacian
(edges)

Harmonic mode

(Ao = 0)

At

A, = 0.0594 A, = 0.2679 Ay =0.1142

O

0
fa)
S Owo
O O _ o
o © O...o-.o-o-,o_.o—»o O 0O
o o

O
C o
A, = 0.0594 A, = 0.2679 A, = 0.1142

Rg=10
(none)
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_f_loc?ge deco_m position

e X = Xo + X + Xy

flow X

aa

Original Gradient (exact) Curl (coexact) Harmonic
edge flow X  (flow from nodes)  (flow around triangles) ~ (topological cycles)
Xg =Bjs Xc =By¢ Xy
Function on nodes ~ Function on triangles G!obacl,y?’(;rsrtr ivial
I ' jangl al
(scalar polent.'al) (triangle Ttenﬁa) (i ker(B.)n ker(BD)

Harmonic XH

Gradient X

Curl X¢

Least Squares Estimation of X,

Xy = arg. min® (|KC—Z}|=
Z

e RIE]

subjectto B;Z =0, B;Z =0

B,Z=0 BIZ =0
(no divergence ,
at nodes) (no curl on triangles)
\
=
O : B,
il B = Zero circulation
e Bg | oneach triangle

Orthogonal projection onto harmonic subspace

Py=1-B"(BB")'B
XH = 7)HX

El-Yaagoubi, Chung, Ombao
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| Diffusion equation on edges
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c) i Chung et al., 2026



https://github.com/laplcebeltrami/hodge/blob/main/chung.ISBI.2026.pdf

Performance in a cycle recovery task
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Ground truth: 3 broken cycles
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Thank you
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: Any question, sugges’éion or collaboration
mkchungdwisc.edu



mailto:mkchung@wisc.edu
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