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From Data to RGG

Data Graph

Connecting nodes i/ and J:
dist(x,x;) < r,

Y

X1, - %X, € RY




Example

-, X be i.i.d. uniform on [0,1]2\ [1/4,3/4]
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Application: manifold learning

Most manifold learning algorithms are based on graph structures, e.g.,
Laplacian eigenmap. It can be summarized in the following framework:

Algorithm

Input: nodes 1,--- , n associated with features xg,--- ,x, € R?
Connect node i and node j if dist(x;,x;) < rp.

Assign a weight g(dist(x;,x;)/ry) if node i and node j are connected.
Construct affinity matrix K and degree matrix D.

Compute random-walk Laplacian matrix L,,, = I — D7!K and its eigen-
values 0 < A\ < --- < X, with eigenvectors vy, -+« ,v,.

6: Embed Xj — (VzJ, oo ,VM+1J)T

g e

This uses the spectrum of an RGG via L,,,.
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Impact of r,




Clustering

Graph is almost disconnected when RADIUS = 0.25
Before Clustering After Clustering
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Exact recovery when RADIUS
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Clustering

‘Y-coordinate

Only one connected component when RADIUS = 0.8
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Related literature

@ When r,=r, g =1, { metric is used and the sampling distribution
is uniform on [—1,1]9, the edge eigenvalues of L,, are studied by
Adhikari et al. (2022)

ed=2r=1:
A(Lw) =1, (L) = 1/2, A3(Lpw) = 1/2, Ma(Lpy) = 3/4.

@ When r, = 0(1), ¢2 metric is used and the sampling distribution is
compactly supported with density bounded from above and below,
Garcia Trillos et al. (2020) and Garcia Trillos et al. (2021) show the
(scaled) edges eigenvalues of L,, converge to those of a weight
Lapace-Beltrami operator.



Our results



o Gaussian samples x; ~ Ny(0, X) with ¥ = diag(o?,--- ,03);
e /(, distance, i.e., | - ||p, with 1 < p < o0;
@ radius ry,

nEE <<

for some small 0 < € < 2(d+4)

e weight function g € C?([0,0)) and bounded from above and below
by positive constants on [0, 1]

. [[xi — ;]|
(1) = 1 - 515 < ) (220,



@ scaling constants

Y
me = / ut g(|ullp) du
lullp<1

@ our objective matrix is

2m0 -1 2m0
L= I-D"K)=——1L
myr? ( ) mor2 ™

where K(i.j) = 1(|x; x|, < ra) g (72

@ eigenvalues of L
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@ exclude small eigenvalues

KO = max{j : )\J(L) < 5},
J

for some small 0 < § < min{oy?,--- ,052}.




Continuum limits

o Hilbert space

with weight

and inner product

(6.) = | A0 () (<)



Continuum limits

@ weighted Laplace—Beltrami operator

d
1 O*f  2x; Of
A f = ——div(0®’VF) = - =
e 02 IV(Q ) ; 8xl-2 J? Ox;

e eigenvalues of A, on (F, (-, "))

p(Bg) < pa(Ap) < -



Main results (1)

For the weighted Laplace-Beltrami operator A, on (F, (-,-)), its spectrum
is discrete and consists of eigenvalues 27:1 2(ki — 1)/o? with
corresponding orthonormal eigenfunctions

d
[%ik-1(x), ki, ks €N,
i=1

where
1

1/2
Vi k—1(xi) = (ﬁ(ki — 1)12"’10;) Hi—1(xi/ i),

and Hy,_1 is the (ki — 1)-th physicist's Hermite polynomial.




Main results (II)

Let M be any fixed integer. For sufficiently large n, with 1 — o(1)
probability

1——2_
Ko < n~ @+2?+1 for some small n > 0.

Moreover,

Moik(L) = prs1(D,) +0(1), for k=1,--- M.

@ scaling 2mo/(m2"3)

—tate —€
@ rangeof rpasn 4" - L r, K n
@ bound of K



Main results (l1l)

For ki, ko,--- , kg € NT, denote a sequence
i 2k — 1)
i—1 of ’

ordered by a; < ap < ---.

Proposition

Under mild assumptions, 1;(A,) = a;. Consequently, for sufficiently large
n and any fixed M, with probability 1 — o(1),

Akoik(L) = akg1 +0(1), fork=1,--- M.




ed=101=0. For1 < k<M,

2k
Ao+k(L) = —5 +op(1).

e o =1,g=1,n=5000
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ed=201=0p=o0.
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/
Meoek(L) = {/ Z |s/2) +1) > k+1, /eN}—i—o]p(l).
s=0



Proof strategy

@ smoothing-matching

2
L= 2 (1-D'K)
rpmp
smoothed L smoothing

\

smoothed empirical operator Z,,

‘ match with A, ’ matching
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[l

K(7,J) = 2lIxi = xjllp < ) g(|[xi = xjllp/rn)
K(i,J) = s(an(ry = xi = xi[13)) 8" (Ixi = x5/ 12)

where s(t) = 1/(1 + exp(—t)), o, > n"/? and g*(t) is some
extension of g(t) from [0, 1] to [0, c0).
o |[L —L| = op(1) under o, > n"/?

A(L) = N(L) 4 o0p(1), 1<j<n.



oL — L,
2y A s(an(— x = x12)) 8 (I — xill /) (F(x) — F(x)
) = e, IS (a2~ Ix - x12)) & (% — x5lpr)

o well-defined

o Eigenvalues of L and £, coincide for all /\J-(Z,,) < 2mo/(r2my).

~ 2
Ai(L) = Xj(L,) +op(1), forj such that \;(L L,) < r2nn?702



0 0 <puj <ps<--- <y with multiplicities n1, na, -+, npmy,

ZJI'V,:O1 nj > M and p?,; — pif lower bounded

@ partition of real line
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(8, pF = 9] (u¥ —9,p¥ +9) ¥ + 9, u¥,, - 9]

@ counting regions

@ empty regions



@ locating

L, has at least one eigenvalue in each counting region

@ counting
comparing — 5= frTr(R(z, EN,,)) dz and — 5t ¢ Tr(R(z,4,)) dz
@ empty regions

j—1
N(Ln) = pyp+op(1), for Ko+1+z ns <j< K0+Z ns,1 <0< M.
s=1 s=1



Key ingredient

@ closeness by eigenfunctions 1); of A,

(a0 = Zayus|| = ox()

@ intermediate operator

- 2
T )= gz | sl lb/r) (7)) els) oy
@ decomposition of (A, )Q/)J

|2 - Enm-Hf < @0 =Ty, +||(Ta = Za)us |,




Applications to manifold data clustering

Xj:Sj—i—ZJGRP

@ s; are sampled from manifolds

K
° o(sj) = >k=1 P(Yj = k)ox(sjlk)
e Distinct vertices /,j € V are connected if and only if ||x; — x;|| < rp,
where the threshold radius r, > 0 is such that

P(|lsi = sjll < ra) = Qy(iyy ()

where Q € [0, 1]%*K is some symmetric probability matrix

e Data — Random Geometric Graph (RGG) construction with
parameter selection based on spectral analysis — Eigenvector-based
embedding — Clustering
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