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Network Models

• Erdős-Rényi Random Graphs: G(n, p).

i jp

• Inhomogeneous Random Graphs: G(n,P) where P = (pij)1≤i 6=j≤n is a
symmetric matrix.

i jpij

• Random Graphon Model: G(n,W ) where a graphon (graph + function)
W : [0, 1]2 → [0, 1] and is symmetric.

• Sample {U1, . . . ,Un} ∼ U [0, 1].
• Edge between i and j with probability W (Ui ,Uj).

• Examples:
• W ≡ p ⇐⇒ Erdős-Rényi random graph with edge probability p.
• W is a K-block function ⇐⇒ Stochastic Block Model with K

blocks.
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Motif Density

• Edge density in Gn :

t(K2,Gn) =

∑
1≤i<j≤n 1 {(i, j) ∈ E(Gn)}(n

2
) .

t(K2, G) = 5
6 t(K3, G) = 1

2

• Suppose Gn ∼ G(n,W ):

– Edge density of W : E [t(K2,Gn)] =
∫

W (x, y)dxdy = t(K2,W ).

• For any motif H ,

X(H ,Gn) = # Copies of H in Gn .

t(H ,Gn) =
X(H ,Gn)

X(H ,Kn)
= Motif density in Gn .

• Motif density in W :

E [t(H ,Gn)] =

∫
[0,1]|V(H)|

∏
(i,j)∈E(H)

W (xi , xj)
∏

k∈V(H)

dxk = t(H ,W ).
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Motif Density: Applications

• Motifs encode structural information about networks like clustering
coefficient = t(K3,G)

t(K1,2,G)
(Watts and Strogatz (1998)).

• Testing for Structure (Fang and Röllin (2015), Gao and Lafferty (2017)):

H0 : W = p for some p ∈ (0, 1).

– Quasirandom Graphs and Finite Forceability. (Chung, Graham and
Wilson (1989), Lovasz and Szegedy (2011))

H0 is true ⇐⇒ f (W ) = t(C4,W )− t(K2,W )4 = 0.

• Network Two-Sample Testing (Ouadah et al. (2022), Maugis et al. (2017)):

– H0 : t(K2,W1) = t(K2,W2).
– H0 : (t(K2,W1), t(K3,W1)) = (t(K2,W2), t(K3,W2)).
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Fluctuation of Motif Counts

• Recall,

t(H ,Gn) =
X(H ,Gn)

X(H ,Kn)
.

• For any motif H , t(H ,Gn)
P→ t(H ,W ).

• CLT for motif densities,

• Cycles and Trees: Bickel, Chen and Levina (2011).
• General Subgraphs: Féray, Meliot and Nikeghbali (2020).
• Centered Subgraph Counts: Kaur and Röllin (2020).

X(H ,Gn) is asymptotically N
(

0, σ2
H,W

)
.

• σ2 can equal 0: Hladký, Pelekis and Šileikis (2021) for cliques and, more
generally, in Bhattacharya, C., Janson (2023).

• Example: W = [a, b, b, a] and H = K2,K3.
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Fluctuation of Edge Counts

• Hladký, Pelekis and Šileikis (2021) showed that,
• For any W ,

√
n X(K2,Gn)− EX(K2,Gn)

n2
d→ N

(
0, σ2

K2,W

)
,

where

σ2
K2,W =

∫ 1

0

(
dW (x)−

∫ 1

0
dW (y)dy

)2

dx

and dW (x) =
∫ 1

0 W (x, y)dy is the degree function of W .

• If dW (x) = constant ⇐⇒ W is degree regular,

n X(K2,Gn)− EX(K2,Gn)

n2
d→ τK2,W Z +

∑
λ∈S(W ,K2)

λ

2 (Z
2
λ − 1)

where,

• S(W ,K2) and τK2,W are identified by W and K2.
• Z , {Zλ}λ∈S(W ,K2) are independent N(0, 1).

• The results of Hladký, Pelekis and Šileikis (2021) hold for H = Kr (the
complete graph on r vertices).
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Fluctuation of Motif Counts

• For a motif H let Z(H ,Gn) =
X(H,Gn)−EX(H,Gn)

n|V(H)| .

Theorem (Bhattacharya, C., Janson (2023))

• For any graphon W ,
√

nZ(H ,Gn)
d→ N(0, σ2

H,W ).

• If σ2
H,W = 0 ⇐⇒ W is H-regular,

nZ(H ,Gn)
d→ τH,W Z +

∑
λ∈S(W ,H)

λ(Z2
λ − 1)

where Z, {Zλ : λ ∈ S(W ,H )} ∼ N(0, 1).

• This provides the marginal distribution of the motif density.
• What about joint distributions? For example, clustering coefficient,

testing structure.

12



Fluctuation of Motif Counts

• For a motif H let Z(H ,Gn) =
X(H,Gn)−EX(H,Gn)

n|V(H)| .

Theorem (Bhattacharya, C., Janson (2023))

• For any graphon W ,
√

nZ(H ,Gn)
d→ N(0, σ2

H,W ).

• If σ2
H,W = 0 ⇐⇒ W is H-regular,

nZ(H ,Gn)
d→ τH,W Z +

∑
λ∈S(W ,H)

λ(Z2
λ − 1)

where Z, {Zλ : λ ∈ S(W ,H )} ∼ N(0, 1).

• This provides the marginal distribution of the motif density.
• What about joint distributions? For example, clustering coefficient,

testing structure.

12



Fluctuation of Motif Counts

• For a motif H let Z(H ,Gn) =
X(H,Gn)−EX(H,Gn)

n|V(H)| .

Theorem (Bhattacharya, C., Janson (2023))

• For any graphon W ,
√

nZ(H ,Gn)
d→ N(0, σ2

H,W ).

• If σ2
H,W = 0 ⇐⇒ W is H-regular,

nZ(H ,Gn)
d→ τH,W Z +

∑
λ∈S(W ,H)

λ(Z2
λ − 1)

where Z, {Zλ : λ ∈ S(W ,H )} ∼ N(0, 1).

• This provides the marginal distribution of the motif density.

• What about joint distributions? For example, clustering coefficient,
testing structure.

12



Fluctuation of Motif Counts

• For a motif H let Z(H ,Gn) =
X(H,Gn)−EX(H,Gn)

n|V(H)| .

Theorem (Bhattacharya, C., Janson (2023))

• For any graphon W ,
√

nZ(H ,Gn)
d→ N(0, σ2

H,W ).

• If σ2
H,W = 0 ⇐⇒ W is H-regular,

nZ(H ,Gn)
d→ τH,W Z +

∑
λ∈S(W ,H)

λ(Z2
λ − 1)

where Z, {Zλ : λ ∈ S(W ,H )} ∼ N(0, 1).

• This provides the marginal distribution of the motif density.
• What about joint distributions? For example, clustering coefficient,

testing structure.

12



Joint Fluctuation of Motif Counts

• For a motif H , let Z(H ,Gn) =
X(H,Gn)−EX(H,Gn)

n|V(H)| .

• Joint distribution for Z(Hr ,Gn) = (Z(H1,Gn), · · · ,Z(Hr ,Gn))
> , where

Hr := {
W−irregular︷ ︸︸ ︷
H1, . . . ,Hq ,

W−regular︷ ︸︸ ︷
Hq+1, . . . ,Hr}.

Theorem (C., Dan, Bhattacharya (2024))

• For 1 ≤ i ≤ q (irregular subgraphs),

≡
∫ 1

0
tHi ,W (x) dBx .

13
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d→ τHi ,W Z +

∑
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λ(Z2
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≡ ζi +

∫ 1

0

∫ 1

0
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where (ζq+1, · · · , ζr)
> ∼ Nr−q (0,Σ) are independent of the

Brownian motion {Bt}t∈[0,1]. 13
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Testing for Regularity

• Consider the “pseudo” hypothesis,

H̄0 : W is H-regular vs H̄1 : W is H-irregular.

• Recall,

W is H -regular ⇐⇒ σH,W = 0.

• Therefore, rejecting H̄0 when {
√

nσ̂2
H,Gn > 1} gives a consistent test for

regularity.
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Confidence Interval for Edge Density

• If H̄0 is rejected,

Ln :=

[
t(K2,Gn)− zα/2

2σ̂K2,Gn√
n

, t(K2,Gn) + zα/2
2σ̂K2,Gn√

n

]
.

• What if H̄0 is accepted? Graphon Multiplier Bootstrap.

• Let λn,1 ≥ λn,2 ≥ · · · ≥ λn,n be the eigenvalues of An is the adjacency
matrix of the observed graph Gn.

Theorem (C., Dan, Bhattacharya (2024))

If W is degree-regular and {ηi : i ≥ 1} ∼ N(0, 1), then,

E(K2,Gn) :=

n∑
i=1

λi,n(η
2
i − 1)|Gn

d
≈ Z(K2,Gn).

17



Confidence Interval for Edge Density

• If H̄0 is rejected,

Ln :=

[
t(K2,Gn)− zα/2

2σ̂K2,Gn√
n

, t(K2,Gn) + zα/2
2σ̂K2,Gn√

n

]
.

• What if H̄0 is accepted?

Graphon Multiplier Bootstrap.

• Let λn,1 ≥ λn,2 ≥ · · · ≥ λn,n be the eigenvalues of An is the adjacency
matrix of the observed graph Gn.

Theorem (C., Dan, Bhattacharya (2024))

If W is degree-regular and {ηi : i ≥ 1} ∼ N(0, 1), then,

E(K2,Gn) :=

n∑
i=1

λi,n(η
2
i − 1)|Gn

d
≈ Z(K2,Gn).

17



Confidence Interval for Edge Density

• If H̄0 is rejected,

Ln :=

[
t(K2,Gn)− zα/2

2σ̂K2,Gn√
n

, t(K2,Gn) + zα/2
2σ̂K2,Gn√

n

]
.

• What if H̄0 is accepted? Graphon Multiplier Bootstrap.

• Let λn,1 ≥ λn,2 ≥ · · · ≥ λn,n be the eigenvalues of An is the adjacency
matrix of the observed graph Gn.

Theorem (C., Dan, Bhattacharya (2024))

If W is degree-regular and {ηi : i ≥ 1} ∼ N(0, 1), then,

E(K2,Gn) :=

n∑
i=1

λi,n(η
2
i − 1)|Gn

d
≈ Z(K2,Gn).

17



Confidence Interval for Edge Density

• If H̄0 is rejected,

Ln :=

[
t(K2,Gn)− zα/2

2σ̂K2,Gn√
n

, t(K2,Gn) + zα/2
2σ̂K2,Gn√

n

]
.

• What if H̄0 is accepted? Graphon Multiplier Bootstrap.

• Let λn,1 ≥ λn,2 ≥ · · · ≥ λn,n be the eigenvalues of An is the adjacency
matrix of the observed graph Gn.

Theorem (C., Dan, Bhattacharya (2024))

If W is degree-regular and {ηi : i ≥ 1} ∼ N(0, 1), then,

E(K2,Gn) :=

n∑
i=1

λi,n(η
2
i − 1)|Gn

d
≈ Z(K2,Gn).

17



Confidence Interval for Edge Density

• If H̄0 is rejected,

Ln :=

[
t(K2,Gn)− zα/2

2σ̂K2,Gn√
n

, t(K2,Gn) + zα/2
2σ̂K2,Gn√

n

]
.

• What if H̄0 is accepted? Graphon Multiplier Bootstrap.

• Let λn,1 ≥ λn,2 ≥ · · · ≥ λn,n be the eigenvalues of An is the adjacency
matrix of the observed graph Gn.

Theorem (C., Dan, Bhattacharya (2024))

If W is degree-regular and {ηi : i ≥ 1} ∼ N(0, 1), then,

E(K2,Gn) :=

n∑
i=1

λi,n(η
2
i − 1)|Gn

d
≈ Z(K2,Gn).

17



Confidence Interval for Edge Density

• Recall the “pseudo” hypothesis,

H̄0 : W is K2-regular vs H̄1 : W is K2-irregular.

• If {
√

nσ̂2
K2,Gn > 1} reject H̄0.

• If H̄0 is rejected,

Ln :=

[
t(K2,Gn)− zα/2

2σ̂K2,Gn√
n

, t(K2,Gn) + zα/2
2σ̂K2,Gn√

n

]
.

• If H̄0 is accepted,

Ln :=

[
t(K2,Gn)− q̂α/2

2
n , t(K2,Gn) + q̂1−α/2

2
n

]
.

where q̂α is the α-th quantile of E(K2,Gn).

18



CI for Edge Density
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Joint Fluctuation of Motif Counts

• For a motif H , let Z(H ,Gn) =
X(H,Gn)−EX(H,Gn)

n|V(H)| .
• Joint distribution for

Z(Hr ,Gn) = (Z(H1,Gn), · · · ,Z(Hr ,Gn))
> ,

where

Hr := {
W−irregular︷ ︸︸ ︷
H1, . . . ,Hq ,

W−regular︷ ︸︸ ︷
Hq+1, . . . ,Hr}.

Theorem (C., Dan, Bhattacharya (2024))

• For 1 ≤ i ≤ q (irregular subgraphs),

√
nZ(Hi,Gn)

d→
∫ 1

0
tHi ,W (x) dBx ≡ N(0, σ2

Hi ,W ).

• For q + 1 ≤ i ≤ r (regular subgraphs),

nZ(Hi,Gn)
d→ ζi +

∫ 1

0

∫ 1

0
fHi ,W (x, y) dBxdBy

where (ζq+1, · · · , ζr)
> ∼ Nr−q (0,Σ) is independent of the Brownian

motion {Bt}t∈[0,1].
20



Joint Confidence Set of Motif Densities

• Consider a collection Hr = {H1, , . . . ,Hr}.

• For all 1 ≤ i ≤ r consider the pseudo hypothesis,

H̄ (i)
0 : W is Hi-regular vs H̄ (i)

1 : W is Hi-irregular.

• Define E(H,Gn) :=

(
E(H1,Gn), . . . ,E(Hr ,Gn)

)
where,

E(Hi,Gn) :=


∑n

`=1
1√
n wHi ,Gn (`) η` if H̄ (i)

0 is rejected.∑n
`,j=1

1
n wHi ,Gn (`, j) (η`ηj − δ`j) if H̄ (i)

0 is accepted.

with {ηi, 1 ≤ i ≤ n} ∼ N(0, 1).

Theorem (C., Dan, Bhattacharya (2024))

E(Hr ,Gn)|Gn
d
≈ Z(Hr ,Gn) as n → ∞.
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Joint Confidence Set of Motif Counts

• For each 1 ≤ i ≤ r define,

Ẑ(Hi,Gn) =


√

nZ(Hi,Gn) if H̄ (i)
0 is rejected.

nZ(Hi,Gn) if H̄ (i)
0 is accepted.

Theorem (C., Dan, Bhattacharya (2024))

For Ẑ(Hr ,Gn) =
(

Ẑ(H1,Gn), . . . , Ẑ(Hr ,Gn)
)>

,

‖Ẑ(Hr ,Gn)‖2 ≤ q̂1−α(Gn),

where q̂1−α(Gn) is αth quantile of ‖E(Hr ,Gn)‖2|Gn is asymptotically valid
confidence set.
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Ẑ(Hi,Gn) =


√

nZ(Hi,Gn) if H̄ (i)
0 is rejected.

nZ(Hi,Gn) if H̄ (i)
0 is accepted.

Theorem (C., Dan, Bhattacharya (2024))

For Ẑ(Hr ,Gn) =
(
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Confidence Sets for Edge and Triangle Density
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Outline

3 Eigenvalues of W-random Graphs

Spectra of Networks

Asymptotic distribution of λ1 (Wn)

Asymptotic distribution of λ1 (An)
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Spectra of Networks

• Eigenvalues of the adjacency matrix An ,
λ1 (An) ≥ . . . ,≥ λn (An) .

• Properties of λ1 (An) is extensively studied when An is from the Erdős-Rényi
model - Fűredi and Komlós (1981), Erdős, Knowles, Yau and Yin (2013),
Benaych-Georges, Bordenave and Knowles (2019), Chakrabarty, Chakraborty
and Hazra (2020)

λ1 (An)

n
d→ Gaussian.

• Eigenvalue encode structural properties of networks:
• Expansion properties - Hoory, Linial and Wigderson (2006), Malliaros

and Megalooikonomou (2011).
• Epidemics - Mieghem, Omic and Kooij (2009)
• Mental fatigue in brain networks - Li et.al. (2020).

• Fluctuations for An ∼ Random-Graphon Model!
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Spectra of Random Graphon Model

i jW (Ui,Uj)

• An = (Aij) is the adjacency matrix and Aij = Aji ∼ Ber (W (Ui,Uj)).

• Wn = (W (Ui,Uj)) is the edge-probability matrix.

λ1 (Wn) ≥ λ2 (Wn) ≥ . . . ≥ λn (Wn) .

λ1 (An)

λ1 (Wn) λ1 (An)− λ1 (Wn)

Fluctuations Fluctuations

Fluctuations of λ1 (An)

+
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Asymptotic distribution of λ1 (Wn)
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Asymptotic distribution of λ1 (Wn)

∫
W (x, y)φ(y)dy = λφ(x)

• λ - eigenvalue and φ - corresponding eigenfunction.

• Let λ1(W ) be the largest eigenvalue of W .
• It is well known that (Koltchinskii and Giné (2000)): λ1(Wn)

n
p→ λ1(W ).

• Gaussian convergence under technical conditions - Koltchinskii and Giné
(2000).

Theorem (C., Huang (2025))

Suppose W is Lipschitz continuous and λ1(W ) is unique. Then,

• for any graphon W satisfying above assumptions,

√
n
(
λ1 (Wn)

n
− λ1(W )

)
d→ N

(
0, σ2

W
)
,

• and if σW = 0 then,

λ1 (Wn)− (n − 1)λ1(W )
d→

∑
λ∈S(W)

wλ

(
Z2
λ − 1

)
+

∑
λ∈S(W)

cλ
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− λ1(W )

)
d→ N

(
0, σ2

W
)
,

• and if σW = 0 then,

λ1 (Wn)− (n − 1)λ1(W )
d→

∑
λ∈S(W)

wλ

(
Z2
λ − 1

)
+

∑
λ∈S(W)

cλ
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Conclusion

• Motif counts in random graphon models:

• Asymptotic distribution.
• Characterizing degeneracies of limits.
• Novel graphon multiplier bootstrap for quantile estimation.
• Asymptotically valid confidence sets and test.

• Spectrum of random graphon models:
• Asymptotic distribution.
• Complete characterization of fluctuation of leading eigenvalue.
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Non-Degeneracy of Limiting Distribution

• For a motif H let Z(H ,Gn) =
X(H,Gn)−EX(H,Gn)

n|V(H)| .

• If W is H -regular,

nZ(H ,Gn)
d→ τH,W Z +

∑
λ∈S(W ,H)

λ(Z2
λ − 1)

where Z , {Zλ : λ ∈ S(W ,H )} ∼ N(0, 1).

• Is the limiting distribution of Z(H ,Gn) non-degenerate?

• Hladký, Pelekis and Šileikis (2021) showed this is true for H = Kr .

Theorem (Bhattacharya, C., Janson (2023))

If W is H-regular, then the limiting distribution of Z (H ,Gn) is non-
degenerate if,

• H = C4,K1,2.

• H is bipartite and W ∈ (0, 1) with positive probability.

• What about other H?



Non-Degeneracy of Limiting Distribution

• For a motif H let Z(H ,Gn) =
X(H,Gn)−EX(H,Gn)

n|V(H)| .

• If W is H -regular,

nZ(H ,Gn)
d→ τH,W Z +

∑
λ∈S(W ,H)

λ(Z2
λ − 1)

where Z , {Zλ : λ ∈ S(W ,H )} ∼ N(0, 1).

• Is the limiting distribution of Z(H ,Gn) non-degenerate?

• Hladký, Pelekis and Šileikis (2021) showed this is true for H = Kr .

Theorem (Bhattacharya, C., Janson (2023))

If W is H-regular, then the limiting distribution of Z (H ,Gn) is non-
degenerate if,

• H = C4,K1,2.

• H is bipartite and W ∈ (0, 1) with positive probability.

• What about other H?



Non-Degeneracy of Limiting Distribution

• For a motif H let Z(H ,Gn) =
X(H,Gn)−EX(H,Gn)

n|V(H)| .

• If W is H -regular,

nZ(H ,Gn)
d→ τH,W Z +

∑
λ∈S(W ,H)

λ(Z2
λ − 1)

where Z , {Zλ : λ ∈ S(W ,H )} ∼ N(0, 1).

• Is the limiting distribution of Z(H ,Gn) non-degenerate?

• Hladký, Pelekis and Šileikis (2021) showed this is true for H = Kr .

Theorem (Bhattacharya, C., Janson (2023))

If W is H-regular, then the limiting distribution of Z (H ,Gn) is non-
degenerate if,

• H = C4,K1,2.

• H is bipartite and W ∈ (0, 1) with positive probability.

• What about other H?



Non-Degeneracy of Limiting Distribution

• For a motif H let Z(H ,Gn) =
X(H,Gn)−EX(H,Gn)

n|V(H)| .

• If W is H -regular,

nZ(H ,Gn)
d→ τH,W Z +

∑
λ∈S(W ,H)

λ(Z2
λ − 1)

where Z , {Zλ : λ ∈ S(W ,H )} ∼ N(0, 1).

• Is the limiting distribution of Z(H ,Gn) non-degenerate?

• Hladký, Pelekis and Šileikis (2021) showed this is true for H = Kr .

Theorem (Bhattacharya, C., Janson (2023))

If W is H-regular, then the limiting distribution of Z (H ,Gn) is non-
degenerate if,

• H = C4,K1,2.

• H is bipartite and W ∈ (0, 1) with positive probability.

• What about other H?



Non-Degeneracy of Limiting Distribution

• For a motif H let Z(H ,Gn) =
X(H,Gn)−EX(H,Gn)

n|V(H)| .

• If W is H -regular,

nZ(H ,Gn)
d→ τH,W Z +

∑
λ∈S(W ,H)

λ(Z2
λ − 1)

where Z , {Zλ : λ ∈ S(W ,H )} ∼ N(0, 1).

• Is the limiting distribution of Z(H ,Gn) non-degenerate?

• Hladký, Pelekis and Šileikis (2021) showed this is true for H = Kr .

Theorem (Bhattacharya, C., Janson (2023))

If W is H-regular, then the limiting distribution of Z (H ,Gn) is non-
degenerate if,

• H = C4,K1,2.

• H is bipartite and W ∈ (0, 1) with positive probability.

• What about other H?



Degeneracy of the limit: An Example

K1,3 Complete bipartite Graphon WK2 .

• Let h4 be the fourth Hermite polynomial. Then,

n2Z (K1,3,Gn)
d−→ − 1

48h4(Z) = − 1
48

(
Z4 − 6Z2 + 3

)
.
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Regularity Testing for Cliques

• Recall the “pseudo” hypothesis,

H̄0 : W is Kr-regular vs H̄1 : W is Kr-irregular.

and W is Kr -regular ⇐⇒ σKr ,W = 0.

• We can construct R̂(Kr ,Gn) | Gn
d→ R(Kr ,W ).

• Therefore, rejecting H̄0 when {nσ̂2
Kr ,Gn > q̂α,Kr ,Gn} gives a valid test for

regularity.
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• Consider the following hypothesis,

H0 : W is constant vs H1 : W is not constant

• Related tests studied in Gao and Lafferty (2017), Fang and Röllin (2015).
Q. Can we find a f such that f (W) = 0 ⇐⇒ H0 is true?

f (W ) = t(C4,W )− t(K2,W )4

Proposition (C., Dan, Bhattacharya (2024))

n3/2

σ̂n

(
t(C4,Gn)− t(K2,Gn)

4
)

d→ N(0, 1)

where σ̂2
n := 32t(K2,Gn)

6(1 − t(K2,Gn))
2.

• Reject H0 if,

n3/2

σ̂n

∣∣∣t(C4,Gn)− t(K2,Gn)
4
∣∣∣ > zα/2
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