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Network Models

o Erddés-Rényi Random Graphs: G(n,p).

O———O@

o Inhomogeneous Random Graphs: G(n, P) where P = (pij)1<izj<n is a

e Random Graphon Model: G(n, W) where a graphon (graph + function)
W :[0,1]2> — [0,1] and is symmetric.

@ W(Us, Uj) @

e Sample {Uy,..., Un} ~ U[0,1].
o Edge between 4 and j with probability W(U;, Uj).

o Examples:

symmetric matrix.

o W = p <= Erdés-Rényi random graph with edge probability p.

¢ W is a K-block function <= Stochastic Block Model with K
blocks.
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o FEdge density in Gp:
Pi<icj<n H{(4,5) € E(Gn)}

(2)

t(KQ, Gn) =
t(Ky,G) =2 1(K3,G) =

o Suppose G ~ G(n, W):
— Edge density of W: E[t(Kz, Gn)] = [ W(z, y)dzdy = (K2, W).

e For any motif H,
X(H, Gn) = # Copies of H in G.

X(H, Gy, X L
t(H, Gp) = M = Motif density in Gy,.
X(H, Kn)
o Motif density in W:
E[t(H, Gn :/ W (i, z; doy, = t(H, W).
(1 Gl = [y (@z) ]] do=t(H,W)

(i,j)EE(H) ke V(H)
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H(K3,C) (Watts and Strogatz (1998)).
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Motif Density: Applications

e Motifs encode structural information about networks like clustering

t(K3,G
Mﬁ (Watts and Strogatz (1998)).

o Testing for Structure (Fang and Réllin (2015), Gao and Lafferty (2017)):

coefficient =

Hy : W = p for some p € (0,1).

— Quasirandom Graphs and Finite Forceability. (Chung, Graham and
Wilson (1989), Lovasz and Szegedy (2011))

Hy is true <= f(W) = t(Cy, W) — t(Ko, W)* = 0.
e Network Two-Sample Testing (Ouadah et al. (2022), Maugis et al. (2017)):

— Hy : t(KQ, W1) = t(KQ, Wz).
— Hp: (t(KQ, VV1)7 If([(37 W1)) = (t(KQ, WQ), t(Kg, WQ))
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Fluctuation of Motif Counts

¢ Recall,

o For any motif H, t(H, G,) £ t(H, W).
e CLT for motif densities,

e Cycles and Trees: Bickel, Chen and Levina (2011).
e General Subgraphs: Féray, Meliot and Nikeghbali (2020).
e Centered Subgraph Counts: Kaur and Réllin (2020).

X(H, G,) is asymptotically N (O, a?{,w) .

e 02 can equal 0: Hladky, Pelekis and Sileikis (2021) for cliques and, more
generally, in Bhattacharya, C., Janson (2023).

e Example: W = [a,b, b, a] and H = K>, K3.
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Fluctuation of Edge Counts

o Hladky, Pelekis and Sileikis (2021) showed that,
o For any W,

\/ﬁX(KQ’ Gn) —EX(Ka2, Gn) 4

— N (0,0’?{2714/) )

n2

Oy W = /01 <dw(m) = /01 dw(y)dy)2da:

and dw(z) = jol Wz, y)dy is the degree function of W.

where
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Fluctuation of Edge Counts

o Hladky, Pelekis and Sileikis (2021) showed that,

o For any W,
X(Ka, Gn) —EX (K2, Gr) 4
XKz, Gn) - (K2, Gn) —>N(O,U§(2’W),
where
) 1 1 2
dhow= [ (aw@) = [ dwtar) ao
0 0

and dw(z jo (z,y)dy is the degree function of W.

o If dw(z) = conbtant <= W is degree regular,

 X(Ks, Gn) — EX(K2, Gn)
TL2

d A
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NES(W,K3)
where,
o S(W,K3) and Tk, w are identified by W and Kj.
e Z,{Zx}xes(w,k,) are independent N(0, 1).
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Fluctuation of Edge Counts

o Hladky, Pelekis and Sileikis (2021) showed that,

o For any W,
X(Ka, Gn) —EX (K2, Gr) 4
XKz, Gn) - (K2, Gn) —>N(O,U§(2’W),
where
) 1 1 2
dhow= [ (aw@) = [ dwtar) ao
0 0

and dw(z jo (z,y)dy is the degree function of W.

o If dw(z) = conbtant <= W is degree regular,

 X(Ks, Gn) — EX(K2, Gn)
TL2

d, A 2
*)TKQ,WZ#» Z E(Zkfl)
NES(W,K3)
where,

o S(W,K3) and Tk, w are identified by W and Kj.

e Z,{Zx}xes(w,k,) are independent N(0, 1).
o The results of Hladky, Pelekis and Sileikis (2021) hold for H = K, (the

complete graph on r vertices).
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Theorem (Bhattacharya, C., Janson (2023))

e For any graphon W,
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Fluctuation of Motif Counts

o For a motif H let Z(H, G,) = XUH:Cn) “EX(H.Cn)
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Theorem (Bhattacharya, C., Janson (2023))

e For any graphon W,
VRZ(H, Gy) 5 N(0,0% w).
o If 0'%(,W =0 <= W is H-regular,

nZ(H, Gn) 4 THwZ + Z AZ3-1)
AES(W,H)

where Z, {Zx : X € S(W,H)} ~N(0,1).

e This provides the marginal distribution of the motif density.

o What about joint distributions? For example, clustering coefficient,
testing structure.
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Joint Fluctuation of Motif Counts

« For a motif H, let Z(H, G,) = XULCGn)EX(H.Cn)

nl V()]
o Joint distribution for Z(#,, G,) = (Z(Hy, Gy), -+ , Z(Hy, Gn)) |, where

W —irregular W —regular
—_—~ ———
H,:={Hy,...,Hy, Hyr1,...,H}.
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Joint Fluctuation of Motif Counts

o For a motif H, let Z(H, G,) = W

o Joint distribution for Z(#,, G,) = (Z(Hy, Gy), -+ , Z(Hy, Gn)) |, where

W —irregular W —regular
—— —_——
HTZZ{Hl,...,Hq, Hq+1,.‘.,HT}.

Theorem (C., Dan, Bhattacharya (2024))

o For 1 < i< q (irregular subgraphs),

1
VnZ(H;, Gy) 4 N(ngjzﬁli,w) = / ta, w(z) dBy.
0
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Joint Fluctuation of Motif Counts

o For a motif H, let Z(H, G,) = W

« Joint distribution for Z(H,, Gn) = (Z(Hi, Gn),--- , Z(Hy, Gy)) ", where
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H,:={H,...,Hy, Hyi1,...,Hr}.

Theorem (C., Dan, Bhattacharya (2024))

e For 1< i< q (irregular subgraphs),
1
VZ(H;, G) 5 N(0, 0%, w) z/ tr, w(z) dBs.
0

o For q+ 1< i<r (regular subgraphs),
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Joint Fluctuation of Motif Counts

« For a motif H, let Z(H, G,) = XULCGn)EX(H.Gn)

nlV(H)]
« Joint distribution for Z(H,, Gn) = (Z(Hi, Gn),--- , Z(Hy, Gy)) ", where
W —irregular W —regular
—HN— ——
Hy:={H,...,Hy, Hyr1,...,H}.

Theorem (C., Dan, Bhattacharya (2024))

o For 1< i< q (irregular subgraphs),
p 1
VRZ(H:, Ga) 5 N(0, 0%, w) = / tr,.w(z) dB.
0

e For g+ 1< i<r (regular subgraphs),

nZ(Hi, Gu) % tmwZ+ > NZ-1)
AES(W,H;)

1 1
=Gt / / for w(z, y) dBodB,
0 0

where (Cor1,--+ ) ~ Ny (0, %) are independent of the
Brownian motion {Bi}iejo,1]-
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Testing for Regularity

e Consider the “pseudo” hypothesis,

Hy : W is H-reqular vs Hy : W is H-irregular.

e Recall,

W is H-regular <= opy,w = 0.

If W is H—regular then,

~2 P,
\/EO'H,G” — 0,

where 6y, q, is the consistent empirical estimate of o, w.

o Therefore, rejecting Hy when {\/ﬁ&;gn > 1} gives a consistent test for
regularity.
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Confidence Interval for Edge Density
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Confidence Interval for Edge Density

o If Hy is rejected,

20k,,G, 201,,G,

= t(KQ, Gn) — Za/2

7t(K27 Gn) + Za /2

o What if Hy is accepted? Graphon Multiplier Bootstrap.

e Let A1 > Ao > -+ > Ay, be the eigenvalues of A, is the adjacency
matrix of the observed graph G,.
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Confidence Interval for Edge Density

o If Hy is rejected,

2%k,

G, 20k,,aG,
) ”,tK,Gn +za 2,0Un
NG (K2, Gn) 2

Ln = t(KQ, Gn) - Za/g

o What if Hy is accepted? Graphon Multiplier Bootstrap.

e Let A1 > Ao > -+ > Ay, be the eigenvalues of A, is the adjacency
matrix of the observed graph G,.

Theorem (C., Dan, Bhattacharya (2024))

If W is degree-reqular and {n; : i > 1} ~ N(0, 1), then,

E(Ka, Gy) ZAM 2 1) G & Z(Ka, Gr).

17



Confidence Interval for Edge Density

Recall the “pseudo” hypothesis,

Hy: Wis Ka-regular vs H, : Wis Ks-irregular.

If {\/n6%,.q, > 1} reject Ho.
If Hy is rejected,

26 k5,6,

\/ﬁ 7t(K27 Gn) +Za/2

Ly = [t(Kz, Gn) — Zay2 N

If Hy is accepted,
. 2 . 2
Ly, := t(K27 Gn) - Qa/2g7 t(K27 Gn) + Q1—a/2g .

where g, is the a-th quantile of E(K>, G,).

26;(2,@,,]
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CI for Edge Density
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Joint Fluctuation of Motif Counts

« For a motif H, let Z(H, G,) = XULCGn)EX(H.Gn)

nlVH)]
o Joint distribution for

Z(H7'7 Gn) = (Z(Hh Gn)7 o 7Z(HT» Gn))T )

where
W —irregular W —regular
—_—~— — .~
Hr ::{Hlv---thIv Hq+17"'7HV‘}'

Theorem (C., Dan, Bhattacharya (2024))

e Forl < i< q (irregular subgraphs),
1
VnZ(Hi, Gy) —‘%/ tu,, w(z) dB, = N(0,0%, w).
0
e For g+ 1< i<r (regular subgraphs),
., 1,1
nZ(Hy G) S Gt [ [ fw (@) dBuaB,
o Jo

where (Cor1,--+ ,Cr) | ~ Ny_y (0,%) is independent of the Brownian
motion {Bi}iejo,1]-
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Joint Confidence Set of Motif Densities

e Consider a collection H, = {Hi,,..., H.}.
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Joint Confidence Set of Motif Densities

e Consider a collection H, = {Hi,,..., H.}.

e For all 1 < ¢ < r consider the pseudo hypothesis,
ﬂéi) . W is H;-regular vs El(i) : W is H;-irregular.
e Define E(H, G,) := (E(Hl, Ghn),...,E(Hy, Gn)> where,

E(H;, Gy) = py- n WH;, Gy, (&) ne if Hy"” is rejected.

with {n;,1 <i<n}~N(0,1).

S0y 2w, (6,9) (nen; — 80)  if HY? is accepted.
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Joint Confidence Set of Motif Densities

e Consider a collection H, = {Hi,,..., H.}.

e For all 1 < ¢ < r consider the pseudo hypothesis,

EQ(%‘) : W is Hi-regular vs fIl(i) : W is Hj-irregular.

o Define E(H, G,) = (E(Hl, Gh),...,E(Hy, Gn)> where,

A e (4 if H'” is rejected.
E(H;, Gy) = Zf;1 \/lﬁ HmGn( )‘W ' _(zi) . 2|
Dotm1 nWH; G, (0, §) (menj — 6¢5)  if Hy" is accepted.

with {n;,1 <i<n}~N(0,1).

Theorem (C., Dan, Bhattacharya (2024))

E(H,, Go)|Gn % Z(Hy, Gn) as n— 0.
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Joint Confidence Set of Motif Counts

e For each 1 < i < r define,

E(Hi, G) = VnZ(H;, Gy) if Héj) is rejected.

nZ(H;, Gy) if I:Iéj) is accepted.
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Joint Confidence Set of Motif Counts

e For each 1 < i < r define,

VnZ(H;, Gy) if Iqéi) is rejected.

Z(Hi, Gn) = o m (i)
nZ(H;, Gy) if Hy" is accepted.

Theorem (C., Dan, Bhattacharya (2024))

~ ~ = T
For Z(Hy, Gy) = (Z(Hl, G, ..., 2(H,, Gn)) ,

||2(Hr7 Gn)”Q S /q\lfa(Gn)v

where G1—o (Gr) is o' quantile of |E(H,, Gu)|l2| Gn is asymptotically valid
confidence set.

22



Confidence Sets for Edge and Triangle Density
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Spectra of Networks

A B C
A0 1 1
B 1 0 0
c1 0 0
Do 1 1
EO0 1 0

o Eigenvalues of the adjacency matrix A,

M (An) > o> A (An).
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Spectra of Networks
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o Eigenvalues of the adjacency matrix A,
M (An) > .., > A (4An).

o Properties of A\1 (Ay) is extensively studied when A, is from the Erdés-Rényi
model - Fiiredi and Komlés (1981), Erdds, Knowles, Yau and Yin (2013),
Benaych-Georges, Bordenave and Knowles (2019), Chakrabarty, Chakraborty
and Hazra (2020)
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M 4 Gaussian.
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o Epidemics - Mieghem, Omic and Kooij (2009)
o Mental fatigue in brain networks - Li et.al. (2020).



Spectra of Networks

cosaso0>
s~ aoco-awm
o200 g
“oaso0o0
©osoasom

moow>»

o Eigenvalues of the adjacency matrix A,
M (An) > .., > A (4An).

o Properties of A\1 (Ay) is extensively studied when A, is from the Erdés-Rényi
model - Fiiredi and Komlés (1981), Erdds, Knowles, Yau and Yin (2013),
Benaych-Georges, Bordenave and Knowles (2019), Chakrabarty, Chakraborty
and Hazra (2020)

M 4 Gaussian.
n
¢ Eigenvalue encode structural properties of networks:
o Expansion properties - Hoory, Linial and Wigderson (2006), Malliaros
and Megalooikonomou (2011).
o Epidemics - Mieghem, Omic and Kooij (2009)
o Mental fatigue in brain networks - Li et.al. (2020).
¢ Fluctuations for A, ~ Random-Graphon Model!



Spectra of Random Graphon Model

@ W (Ui, Uj) @

o A, = (Aj) is the adjacency matrix and A; = Aj; ~ Ber (W (U;, U;)).
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@ W (Ui, Uj) @

o A, = (Aj) is the adjacency matrix and A; = Aj; ~ Ber (W (U;, U;)).
o W, = (W(U; Uj)) is the edge-probability matrix.
A (W) > X (W) > ... > X\ (W)

26



Spectra of Random Graphon Model

@ W (Ui, Uj) @

o A, = (Aj) is the adjacency matrix and A; = Aj; ~ Ber (W (U;, U;)).
o W, = (W(U; Uj)) is the edge-probability matrix.
A (W) > X (W) > ... > X\ (W)

)\1 (An)

MWL) (4] M (AL) = M (W)

v v

Fluctuations Fluctuations

N

Fluctuations of A\ (A,,)
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e and if oy =0 then,

AM(Wo) = (n=DM(W) S 3w (ZZ-1)+ > o
AES(W) AES(W)
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Asymptotic distribution of \; (A,)

v

>\1 (An) :‘ >\1 (Wn)

+[ A1 (4n) = 1 (W)
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Asymptotic distribution of \; (A,)

v v
A1 (An) :‘ A1 (W) “F‘ A1 (An) = AL (Wy)

Proposition (C., Huang (2025))

Suppose W is Lipschitz continuous and A\ (W) is unique. Consider U, =
{U1,...,Un}. Then,

M (An) = A1 (W) |Un 5 N (uw, 73 a.s.
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Proposition (C., Huang (2025))

Suppose W is Lipschitz continuous and A\ (W) is unique. Consider U, =
{U1,...,Un}. Then,

M (An) = A1 (W) |Un 5 N (uw, 73 a.s.

Theorem (C., Huang (2025))

Suppose W is Lipschitz continuous and A1 (W) is unique. Then,
o for any graphon W satisfying above assumptions,
A1 (A
vn (M - /\1(W)) 4N (0,0%),

n

e and if oy =0 then,

A (An) — (n— DA (W) S N (,LW,T;,) + 3 w (z§ - 1) + 3 a
AES(W) XES(W)

o Lunde and Sarkar (2023) - Gaussian regime for finite rank W.
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o Motif counts in random graphon models:
e Asymptotic distribution.
e Characterizing degeneracies of limits.
e Novel graphon multiplier bootstrap for quantile estimation.
o Asymptotically valid confidence sets and test.
o Spectrum of random graphon models:

o Asymptotic distribution.

e Complete characterization of fluctuation of leading eigenvalue.
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Theorem (Bhattacharya, C., Janson (2023))

If W is H-reqular, then the limiting distribution of Z (H, G,) is non-
degenerate if,

e« H=Cy Ky

e H is bipartite and W € (0,1) with positive probability.

¢ What about other H?
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Degeneracy of the limit: An Example

K3 Complete bipartite Graphon Wk, .

e Let hs be the fourth Hermite polynomial. Then,

n27 (K13, Gn) — — = ha(2) = —%

7% _ 622 3) .
18 ( u
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e Recall the “pseudo” hypothesis,
Hy: W is K,-regular vs H, : W is K.-irregular.

and W is K,-regular <= ok, w = 0.

If W is H—regular then,

né% ¢, — R(K., W),

where 6y ¢, is the consistent empirical estimate of om, w.

« We can construct R(K,, Gy) | Gn & R(K,, W).

o Therefore, rejecting Hy when {né%, ¢, > Ga,k,,c,} gives a valid test for
regularity.
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Broader Scope: Structure Testing

e Consider the following hypothesis,
Hy : W is constant vs H; : W is not constant

o Related tests studied in Gao and Lafferty (2017), Fang and Réllin (2015).
Q. Can we find a f such that f(W) =0 <= H, is true?

F(W) = t(Cy, W) — t(Ka, W)*

Proposition (C., Dan, Bhattacharya (2024))

3/2
% (41, Gn) = t(Ka, Ga)') 5 N(0, 1)

On

where 62 := 32t(Kz, Gn)®(1 — t(Ka, G»))>.

e Reject Hp if,

n3/2
— | t(Ca, Gn) — t(Kay Gn)*| > 202

n
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