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1. Background
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Planted models of random graphs

• Planted clique [Jerrum ’92]
• Planted dense subgraph [Bhaskara et al ’10]
• Planted partition (stochastic block model) [Holland et al ’83]
• ...
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Planted models of random graphs

• Planted (bipartite) matching [Chertkov et al ’10]
• Planted cycle (small world model) [Watts, Strogatz ’98]
• Planted trees [Massoulié et al ’18]
• Planted k-factors [Sicuro, Zdeborová ’20]
• ...

Figure from J. Xu’s slides
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This talk: Planted matching (independent edge set)

• Statistical physics 
[Chertkov, Kroc, Krzakala, Vergassola, Zdeborová ’10]
[Adomaityte, Toshniwal, Sicuro, Zdeborová ’22]

• Phase transitions for recovery
[Semerjian, Sicuro, Zdeborová ’20]
[Moharrami, Moore, Xu ’21] 
[Ding, Wu, Xu, Yang ’23]

• Perfect matchings in random graphs
[Janson ’94] 
analyzes likelihood ratio as an intermediate result

Particle tracking in turbulent flows
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2. Models and results
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Model: Planted matching in an Erdős–Rényi graph

Graph with adjacency matrix 𝐴 ∼ 𝐺 𝑛, 𝑝 ൅𝑀

• 𝐴௜௝ ∼ Bernoulliሺ𝑝ሻ if 𝑖, 𝑗 ∉ 𝑀

•𝑀 a random matching

𝜇 𝑀 ൌ ଵ
௓
𝜆|ெ|,  𝑍 ൌ ∑ 𝜆|ெ|

ெ⊂௄೙

•Monomer-dimer model 
[Heilmann, Lieb ’72]

• If 𝜆𝑛 ൌ 𝑐ଵ, then 𝑀 ൎ 𝑐ଶ𝑛
[Alberici, Contucci, Mingione ’14]
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The detection problem: hypothesis testing

Given 𝐴, test    𝑃:𝐴 ∼ 𝐺 𝑛, 𝑝 ൅𝑀 v.s.      𝑄:𝐴 ∼ 𝐺 𝑛, 𝑞

• 𝑝 ൎ 𝑞 defined so that 𝐄௉𝐴௜௝ ൌ 𝐄ொ𝐴௜௝

Phase transition: 𝑀 ൎ 𝑐𝑛

𝑛ିଵ Possible ? ? Impossible const

Short answer: ? ?ൌ 𝑛ିଵ/ଶ, 𝐴 has ≍ 𝑛ଷ/ଶ edges

𝑞
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Main result

𝑃:𝐴 ∼ 𝐺 𝑛, 𝑝 ൅𝑀 v.s.  𝑄:𝐴 ∼ 𝐺 𝑛, 𝑞
“Signed wedge count” 𝑇ሺ𝐴ሻ ≔ ∑ ሺ𝐴௜௝ െ 𝑞ሻሺ𝐴௝௞ െ 𝑞ሻ௜௝௞

Theorem (Wee, M. ’25) 
Log-likelihood ratio dominated by 𝑇 𝐴 under 𝑄:

log
𝑑𝑃
𝑑𝑄 𝐴 ൌ െ

𝜎ଶ

2 ൅ 𝜎
𝑇 𝐴

Varொ 𝑇 𝐴
൅ 𝑂𝐏

1
𝑛𝑞

where 𝜎 ൌ ଵ
ଶ௡௤

ଶ𝐄 ெ
௡

ଶ

• Le Cam’s contiguity condition: mean ൌ െ1/2 ൈ variance

𝑖
𝑗

𝑘
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Efficient test

𝑃:𝐴 ∼ 𝐺 𝑛, 𝑝 ൅𝑀 v.s.  𝑄:𝐴 ∼ 𝐺 𝑛, 𝑞 ,  𝑀 ൎ 𝑐𝑛,  𝑞 𝑛 → 𝜃

Proposition
The signed wedge count 𝑇 𝐴 is asymptotically normal under 𝑄, 𝑃.

Let 𝜙ሺ𝐴ሻ ൌ 𝑃 if 𝑇 𝐴 ൏ െ𝑐ଶ𝑞/𝜃 and 𝜙 𝐴 ൌ 𝑄 otherwise. Then

𝐏௉ 𝜙 𝐴 ൌ 𝑄 ൅ 𝐏ொ 𝜙 𝐴 ൌ 𝑃 → erfcሺ𝑐ଶ/𝜃ሻ

𝑖
𝑗

𝑘
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Asymptotic normality of log-likelihood ratio

𝑃:𝐴 ∼ 𝐺 𝑛, 𝑝 ൅𝑀 v.s.  𝑄:𝐴 ∼ 𝐺 𝑛, 𝑞 ,  𝑀 ൎ 𝑐𝑛,  𝑞 𝑛 → 𝜃

Corollary
Log-likelihood ratio is asymptotically 𝑁ሺേ4𝑐ସ/𝜃ଶ, 8𝑐ସ/𝜃ଶሻ under 𝑄, 𝑃
Likelihood ratio test achieves the same testing error, and
TV 𝑃,𝑄 → 1 െ erfcሺ𝑐ଶ/𝜃ሻ. 

• If 𝑞 ≪ 1/ 𝑛, then TV 𝑃,𝑄 → 1 (possible)
• If 𝑞 ≫ 1/ 𝑛, then TV 𝑃,𝑄 → 0 (impossible)

𝜃
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3. Testing threshold via wedge count
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Signed wedge count

𝑃:𝐴 ∼ 𝐺 𝑛, 𝑝 ൅𝑀 v.s.  𝑄:𝐴 ∼ 𝐺 𝑛, 𝑞 ,  𝑀 ൎ 𝑐𝑛 ,  𝑞 𝑛 → 𝜃
𝑇ሺ𝐴ሻ ≔ ∑ ሺ𝐴௜௝ െ 𝑞ሻሺ𝐴௝௞ െ 𝑞ሻ௜ழ௝ழ௞

Lemma 𝐄ொ𝑇 𝐴 ൌ 0,  𝐄௉𝑇 𝐴 ൌ െ2𝑐ଶ𝑛,  
Varொ𝑇 𝐴 ൎ Var௉𝑇 𝐴 ൌ 𝑛ଷ𝑞ଶ/2

• No wedge in a matching   ⟹ 𝐄௉𝑇 𝐴 negative
• 𝐄௉ െ 𝐄ொ ≍ Var ⟹ Threshold 𝑞 ≍ 1/ 𝑛
• 𝑇ሺ𝐴ሻ asymptotically normal   ⟹ Precise testing error erfcሺ𝑐ଶ/𝜃ሻ

𝑖
𝑗

𝑘

[Janson ’95]
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4. Cluster expansion of log-likelihood ratio
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Log-likelihood ratio

𝑃:𝐴 ∼ 𝐺 𝑛, 𝑝 ൅𝑀 v.s.  𝑄:𝐴 ∼ 𝐺 𝑛, 𝑞 ,  𝜇ሺ𝑀ሻ ∝ 𝜆|ெ|

Lemma

log
𝑑𝑃
𝑑𝑄 𝐴 ൌ 𝐹 𝐴 ൅ log𝑍஺ሺ𝜆/𝑝ሻ െ log𝑍௄೙ሺ𝜆ሻ

where 𝐹 𝐴 ≔ 𝐴 log ௣ ଵି௤
௤ ଵି௣

൅ ௡
ଶ log ଵି௣

ଵି௤
,

𝑍ீ 𝜆 ≔ ∑ 𝜆|ெ|
ெ⊂ீ partition function of monomer-dimer model

matching 𝑀 in graph 𝐺
𝑀
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Cluster expansion

• Series expansion of log of “polymer” partition function
[Gruber, Kunz ’71], [Brydges ’84], [Kotecky, Preiss ’86],
[Scott, Sokal ’05], [Friedli, Velenik ’17] Chapter 5

• Applications in combinatorics, statistical physics, random graphs
[Balogh, Treglown, Wagner ’16], [Dey, Wu ’23], 
[Helmuth, Jenssen, Perkins ’23], [Jenssen, Perkins, Potukuchi ’25],
[Bangachev, Bresler ’24], [Quitmann ’24], …
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Cluster expansion: general theory

Partition function: finite set 𝐺 of “polymers” 𝛾
𝑍 ൌ ∑ ∏ 𝑤 𝛾ఊ∈ெ ∏ 𝛿 𝛾, 𝛾ᇱఊ,ఊᇲ∈ெெ⊂ீ

weight           pairwise interaction
Cluster expansion (formal series):

log𝑍 ൌ ∑ ∑ 𝜑 𝛾ଵ, … , 𝛾௠ ∏ 𝑤ሺ𝛾௜ሻ௠
௜ୀଵఊభ,…,ఊ೘௠ஹଵ

where 𝜑 𝛾ଵ, … , 𝛾௠ ൌ ଵ
௠!
∑ ∏ 𝛿 𝛾௜ , 𝛾௝ െ 1ሺ௜,௝ሻ∈ுு “Ursell function”

connected, spanning graph 𝐻 on vertex set ሼ1, …𝑚ሽ
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Apply the cluster expansion

Partition function:

𝑍 ൌ ∑ ∏ 𝑤 𝛾ఊ∈ெ ∏ 𝛿 𝛾, 𝛾ᇱఊ,ఊᇲ∈ெெ⊂ீ

In our case 𝛾 ൌ ሺ𝑖, 𝑗ሻ, 𝑤 𝛾 ൌ 𝜆,  𝛿 𝛾, 𝛾ᇱ ൌ 𝟏ሼ𝛾, 𝛾ᇱ not adjacentሽ
“hard-core repulsion”

𝑍ீ 𝜆 ≔ ∑ ∏ 𝜆௜,௝ ∈ெ୫ୟ୲ୡ୦୧୬୥
ெ⊂ீ

ൌ ∑ 𝜆|ெ|
ெ⊂ீ

𝛾

𝛾ᇱ
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Apply the cluster expansion

Cluster expansion:
log𝑍ீ 𝜆 ൌ ∑ ∑ 𝜑 𝛾ଵ, … , 𝛾௠  𝜆௠ఊభ,…,ఊ೘௠ஹଵ

where, since 𝟏 𝛾௜ , 𝛾௝  not adjacent െ 1 ൌ െ𝟏ሼ𝛾௜ , 𝛾௝  adjacentሽ ,

𝜑 𝛾ଵ, … , 𝛾௠ ൌ ଵ
௠!
∑ ∏ െ𝟏ሼ𝛾௜ , 𝛾௝  adjacentሽሺ௜,௝ሻ∈ுு

connected, spanning graph 𝐻 on ሼ1, …𝑚ሽ

so 𝛾ଵ, … , 𝛾௠ form a connected multigraph called a “cluster”

𝛾௜

𝛾௝
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Example of a cluster and its line graph

Cluster 𝛾ଵ, … , 𝛾௠
𝐻 is a connected, spanning 
subgraph of the line graph
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Cluster expansion of the log-likelihood ratio

Log-likelihood ratio:

log ௗ௉
ௗொ

𝐴 ൌ 𝐹 𝐴 ൅ log𝑍஺ሺ𝜆/𝑝ሻ െ log𝑍௄೙ሺ𝜆ሻ

ൌ 𝐹 𝐴 ൅ ∑ ∑ 𝜑 𝛾ଵ, … , 𝛾௠ ∏ 𝐴ఊ೔
ఒ
௣

௠
௜ୀଵ െ 𝜆௠ఊభ,…,ఊ೘௠ஹଵ

where edges 𝛾ଵ, … , 𝛾௠ form a cluster (connected multigraph)

• Not just a formal series, converges if 𝜆 ൑ 𝑐ଵ/𝑛, 𝐄 𝑀 ൑ 𝑐ଶ𝑛
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First few terms in the cluster expansion for 𝒑 ൌ 𝒒
log ௗ௉

ௗொ
𝐴 ൌ ∑ ∑ 𝜑 𝛾ଵ, … , 𝛾௠ ∏ 𝐴ఊ೔

ఒ
௣
െ 𝜆௠௜∈ ௠ఊభ,…,ఊ೘௠ஹଵ
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Log-likelihood ratio dominated by signed wedge count

log ௗ௉
ௗொ

𝐴 ൌ 𝐹 𝐴 ൅ ∑ ∑ 𝜑 𝛾ଵ, … , 𝛾௠ ∏ 𝐴ఊ೔
ఒ
௣
െ 𝜆௠௜∈ ௠ఊభ,…,ఊ೘௠ஹଵ

Step 1: log ௗ௉
ௗொ

𝐴 is dominated by clusters that are trees with 

at most two repeated edges

Step 2: The dominating terms are either (essentially) deterministic or 
1 െ 𝑜 1 -corrected with the signed wedge count 𝑇ሺ𝐴ሻ

Variance                          Mean
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Log-likelihood ratio dominated by signed wedge count

log ௗ௉
ௗொ

𝐴 ൌ 𝐹 𝐴 ൅ ∑ ∑ 𝜑 𝛾ଵ, … , 𝛾௠ ∏ 𝐴ఊ೔
ఒ
௣
െ 𝜆௠௜∈ ௠ఊభ,…,ఊ೘௠ஹଵ

Theorem For 𝐴 ∼ 𝐺 𝑛, 𝑞 and 𝜆 ൑ 𝑐ଵ/𝑛, 𝐄 𝑀 ൑ 𝑐ଶ𝑛,

log
𝑑𝑃
𝑑𝑄 𝐴 ൎ െ

𝜎ଶ

2 ൅ 𝜎
𝑇 𝐴

Var 𝑇ሺ𝐴ሻ
⟶ 𝑁 െ

𝜎ଶ

2 ,𝜎ଶ

where 𝜎 ൌ ଵ
ଶ௡௤

ଶ𝐄 ெ
௡

ଶ

• [Janson ’94]: Asymptotic normality for perfect matching 𝑀 ൌ 𝑛/2
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5. Cluster expansion v.s. orthogonal decomposition
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Planted matching
Cluster expansion:

log ௗ௉
ௗொ

𝐴 ൌ 𝐹 𝐴 ൅ ∑ ∑ 𝜑 𝛾ଵ, … , 𝛾௠ 𝜆௠ ∏
஺ം೔
௣
െ 1௜∈ ௠ఊభ,…,ఊ೘

ୡ୭୬୬ୣୡ୲ୣୢ
௠ஹଵ

log-likelihood, infinite series, cumulants, not unique, subgraph count

Orthogonal decomposition [Janson ’94-95, Hopkins ’18]:
ௗ௉
ௗொ

𝐴 ൌ 1 ൅ ∑ ∑ 𝜓 𝛾ଵ, … , 𝛾௠ ∏ ሺ𝐴ఊ೔ െ 𝑝ሻ௜∈ ௠ఊభ,…,ఊ೘
ୢ୧ୱ୲୧୬ୡ୲

೙
మ
௠ୀଵ

likelihood, finite sum, moments, unique, signed subgraph count
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Planted 𝑘-clique in 𝐺ሺ𝑛, 1/2ሻ: a curious case
Cluster expansion (truncated):

log ௗ௉
ௗொ

𝐴
୲୰୳୬.

ൌ ∑ ௞
௡ି௞

|௏ ఈ |
∏ 2𝐴ఊ െ 1ఊ∈ఈఈ⊂௄೙, ఈஷ∅

ୡ୭୬୬ୣୡ୲ୣୢ

Orthogonal decomposition:
ௗ௉
ௗொ

𝐴 ൌ 1 ൅ ∑ ௞
௡

|௏ ఈ |
∏ 2𝐴ఊ െ 1ఊ∈ఈఈ⊂௄೙, ఈஷ∅

• Good: can see statistical & computational thresholds from log ௗ௉
ௗொ ୲୰୳୬.

• Bad: cluster expansion doesn’t converge unless 𝑘 ൌ 𝑂ሺ1ሻ
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Summary

• Detecting a planted matching in a random graph
• Phase transition at the critical threshold
• Efficient statistic: signed wedge count
• Analysis of the log-likelihood ratio via the cluster expansion

Question: Other planted models (e.g. 𝑘-regular graphs)?

Thank you!


