
independent covers

<latexit sha1_base64="qpM74E5QjqYYSfq3qP6rBFsgRh8="></latexit>

R. Kenyon (Yale)
<latexit sha1_base64="zTV1e9QqmCoMYoBayAFeSm0rJ38="></latexit>

C. Wolfram (Yale)





<latexit sha1_base64="n7MMRw6pCdURDWpOhI9KI39LRnA="></latexit>

1. dimer model
2. spanning trees
3. ising model

<latexit sha1_base64="jdftEqhFUyJ+GqyhhOdlL3pZkB8="></latexit>

4. percolation
5. 5-vertex model

<latexit sha1_base64="ADqKj5iRI5Bt0aWCvrHW/wiYeQg="></latexit>

and, to a lesser extent:

<latexit sha1_base64="K6fRnb6Mk1y9ya5T8hLm6l4kydA="></latexit>

Scaling limits of 2d lattice models

<latexit sha1_base64="RK39F3sY2YtZ5drbwAiiiyt2S7o="></latexit>

In this talk we define and study a rich family of determinantal processes in Zd,
constructing scaling limits.

<latexit sha1_base64="8FsREyfQgX0CRF8NRVRmuBL5RDw="></latexit>

tools:
* linear algebra
* Fourier analysis



<latexit sha1_base64="iN5PiL/3sSAo0ebzsWgkzlLLiWc="></latexit>

Setting: a graph (or set) G and collection T of subsets (“tiles”).

<latexit sha1_base64="UDq5RDmZ0KS4Slsw2DBaPndoe3g="></latexit>

Dv,t =

{
1 v → t

0 else.

<latexit sha1_base64="V5tA2qn8kthc+q16brVw4ukRrtc="></latexit>

Let D be the |V |→ |T | incidence matrix:

<latexit sha1_base64="wlReaIXaLx+jCSGoFtHLOqq/Tmk="></latexit>

submatrix with columns m

<latexit sha1_base64="t1B3VqklCqj+0ZHdNyxYIhYfETE="></latexit>

or multisets

<latexit sha1_base64="SNHe3q7FeLBK0z8Cax/4TyjT+V0="></latexit>

An independent covering (IC) is a collection m → T of tiles such that

1. |m| = |G|

2. It covers all of G:
⋃

t→m t = G

3. It is independent: detDm ↑= 0.



<latexit sha1_base64="QandbGCxW9PvmKzLGZtEuj6Fraw="></latexit>

Example: G = {1, 2, . . . , n}

<latexit sha1_base64="IlZUMMTQ44RwNQbfH7LbhwwerqE="></latexit>

T consists in all translates of {1, 2, 3} that intersect G.

<latexit sha1_base64="WIbBHzKHgltPHxXH6shDQTyWfpw="></latexit>

D =





1 1 1 0 0 0 0 0 0
0 1 1 1 0 0 0 0 0
0 0 1 1 1 0 0 0 0
0 0 0 1 1 1 0 0 0
0 0 0 0 1 1 1 0 0
0 0 0 0 0 1 1 1 0
0 0 0 0 0 0 1 1 1





<latexit sha1_base64="p+QjIKFem7cf6STWGgH2Qg4dhUk="></latexit>

Question: Which maximal minors have full rank? (See below.)

<latexit sha1_base64="wgCBpfehFC9b+ZMEnG6UdKfRpCA="></latexit>

T = {0, 1, . . . , n+ 1}



<latexit sha1_base64="0Y9BzexPvy82gZc/gMvtM3uxTVU="></latexit>

Example: spanning trees

<latexit sha1_base64="uY1Yq0bwH2fHRaSF7+0m5Czxv9k="></latexit>

T = E → {v0}.

<latexit sha1_base64="HDa+gS9hzs6magnyrqYVZiSTRRE="></latexit>

G = (V,E) is a bipartite graph; v0 → G a root vertex.

<latexit sha1_base64="gLoU3IKCWYQP1JNYkRlCM+jqCQg="></latexit>

Prop. (Poincaré Lemma) An independent cover is a set of |V |→1 edges and
v0 which make a spanning tree (rooted at v0).

0 1

23

<latexit sha1_base64="bgyXYBzYVUZ6uu2ZbcfIMN0yO88="></latexit>



1 1 0 0 1
0 1 1 0 0
0 0 1 1 0
0 0 0 1 1





<latexit sha1_base64="2GdsLhgmRyHTflB5PCwrmIhdWDI="></latexit>

0
1
2
3

<latexit sha1_base64="8yViZKAag6lGkDcT635hDZ8JXHk="></latexit>

0 01 12 23 30

<latexit sha1_base64="R+UIH3/irMnub5fcN9k8ZKXl1ZA="></latexit>

Conversely, any spanning tree is an IC.



Thm: An independent cover is a cycle-rooted spanning forest with odd-length
cycles.

<latexit sha1_base64="0pKPqDnnOHAHCs8mydQJMRbE5xg=">AAACw3icbZFLaxsxEMfl7St1X0577GWoKfQSsxsCfdBDSjHtMQ1xEuI1RqudtYX1QtImmEVfsN+g36LX9lSt7YPjdEDw5/8bzQwzhRHc+TT91Unu3X/w8NHe4+6Tp8+ev+jtvzx3urYMR0wLbS8L6lBwhSPPvcBLY5HKQuBFsfja8otrtI5rdeaXBieSzhSvOKM+WtNemSvNVYnKQ5MXFZzN5acAXxS0psE1YTqWAO6AAlsygQ dWa48lOEOV4moGlbboPNxwPwddlgcC1SzKVbIbwLTXTwfpKuCuyDaiTzZxMt3vfMtLzWoZuzNBnRtnqfGThlrPY8nQzWuHhrIFneE4SkUlukmzWkeAt9Ep25niW00f3e0fDZXOLWURMyX1c7fLWvN/bFz76sOk4crUHhVbN6pqAV5Du1souUXmxTIKyiyPswKbU0uZjxfo5gpvmJaSqrLJ0bjQ5NfURsGFVuE2Pg1Nk7cDFAWchh14tQWvduFwCw5DiKvPdhd9V5wfDrKjwccfh/3jz5sj7JHX5A15RzLynhyT7+SEjAgjP8lv8of8TYbJIrGJX6cmnc2fV+RWJOEfPsjg0w==</latexit>

Take G non-bipartite, and T = E.

<latexit sha1_base64="b5scZGHym9d3piE2/dvD06jPTxc=">AAAClnicbZHbahsxEIbl7Sl1D3Ham0JvRO1CL1qzGwppoS2BYNxLN9hJiNeYWe04EdZhkbQpZtGj9GlymzxA36Za2xeO0wHBz3wzmtGvrBDcujj+24gePHz0+MnO0+az5y9e7rb2Xp1YXRqGI6aFNmcZWBRc4chxJ/CsMAgyE3iazY9qfnqFxnKthm5R4ETCheIzzsCF1LR1kCrNVY7K0SHMkXb6Haq0+pTxAky4Dz9SUDntVK kEd8lA0KH/3ut0p6123I2XQe+LZC3aZB2D6V6jn+aalTKMYgKsHSdx4SZVPYUJ9M20tFgAm8MFjoNUINFOquULPX0fMjmdaRNOWHWZ3eyoQFq7kFmorPe026xO/o+NSzf7Mqm4KkqHiq0GzUpBnaa1XTTnBpkTiyCAGR52pewSDDAXTG2mCn8zLWWwqEqxsL5Kr8AEwYVW/i4+9tXKxCyjx34Lnm/A823Y24A974P1ybbR98XJfjf53P36a799+G39CTvkLXlHPpCEHJBD8pMMyIgw8odckxtyG72JfkS9qL8qjRrrntfkTkSDf+iZzRQ=</latexit>

CRSF example

<latexit sha1_base64="w1bkLPdbR8EHxHxH89yFZEcf6RY="></latexit>

<latexit sha1_base64="j/HLbHXqgYgtOUIote1XBM4RMGQ="></latexit>

(cycle-rooted spanning forest)

<latexit sha1_base64="PHEcqKLAm5kmdDe3qIoAmy1wIqc=">AAACfnicbZDNThsxFIWdKS00/SGUZTcWoaibpjNZAEKtFClddNEFoAQQmTTyeG7AwvaM7Du0kfEb8DTdti/St6nzIwGhV7J0dL57fe2TlVJYjOO/tejJytNnq2vP6y9evnq93th4c2KLynDo80IW5ixjFqTQ0EeBEs5KA0xlEk6zq+6Un16DsaLQPZyUMFTsQoux4AyDNWrsfAOl2AHdvklzQPplpG4+t7+7FOEnOj7hEqz3re 1Roxm34lnRxyJZiCZZ1OFoo9ZJ84JXCjRyyawdJHGJQ8cMinCpr6eVhZLxK3YBgyA1U2CHbvYhT98FJ6fjwoSjkc7c+xOOKWsnKgudiuGlXWZT839sUOF4f+iELisEzeeLxpWkWNBpOjQXBjjKSRCMGxHeSvklM4xjyLCeavjBi5CXzl167F06XZBl9Ng/ROd36HwJde9Qdwn1vJszziTteR8yT5YTfixO2q1kt7V71G52Pi3SXyNvyRZ5TxKyRzrkKzkkfcLJLflFfpM/EYl2og/Rx3lrVFvMbJIHFe3/A5gGw5w=</latexit>

Lemma: | detDm| = 2cycles.



<latexit sha1_base64="INTH0ILS4rgKCnh16PT7t57+wDA="></latexit>

There is a natural probability measure on ICs:

<latexit sha1_base64="Iwso7RppkW2AFANkyYaF5qA0OxM="></latexit>

Thm: This measure on ICs is determinantal, with kernel K = D→(DD→)↑1D.

<latexit sha1_base64="L7u1s7KFaj4Is5hcnwfLhj74IQY=">AAACrHicbZBNb9NAEIY35quErxSOXEZESOUS2T0UekERuXAMldNWja1ovB4nq653rd01KFj+Y/wTblzhV7BOIpWmzOnV+8zszL5ZJYV1YfizF9y7/+Dho4PH/SdPnz1/MTh8eW51bTjNuJbaXGZoSQpFMyecpMvKEJaZpIvsetLxi69krNAqduuK0hKXShSCo/PWYhDHK2FhSYoMSvGdLCC4FWlDJegCPtXGaQWocphSicq/D0 fR6Wn4Dgptuk6wFSol1BKcIQLubxktBsNwFG4K7opoJ4ZsV9PFYW+c5JrXJSnHJVo7j8LKpQ0aJ7iktp/Ulirk17ikuZcKS7Jps/l+C2+9k2/uKbRysHH/nWiwtHZdZr6zRLey+6wz/8fmtSs+pI1QVe1I8e2iopbgNHRZQi4McSfXXiA3wt8KfIUGufOJ9xNF37gufWp5k5y1TdItyDI4a2+jqxt0tYcmN2iyh+K22TKOEuK29ZlH+wnfFefHo+hkdPLleDj+uEv/gL1mb9gRi9h7Nmaf2ZTNGGc/2C/2m/0JRkEczIN02xr0djOv2K0Kir+Mr9Tu</latexit>

This generalizes a theorem of Burton and Pemantle (1990) for the spanning
tree case.

<latexit sha1_base64="OzAhvIYKFoyfRqM3vIhCi643EpI="></latexit>

See also Benjamini/Lyons/Peres/Schramm (2001).

<latexit sha1_base64="YsPpzBSVnWYf3tZYDADv2T43IMk="></latexit>

Pr(m) =
detDmD→

m

detDD→ .

<latexit sha1_base64="ospyLRTpRwMLjIJoLu5Xn6TdVU4="></latexit>

This is a probability measure by the Binet-Cauchy identity: For an n →m
matrix A and m→ n matrix B,

detAB =
∑

S→([n]
m)

detASB
S .



<latexit sha1_base64="xtvwZc/eGFaKB45Qh8t7jff4zpY="></latexit>

What is a determinantal probability measure?

<latexit sha1_base64="HJFZWWf68Ofw8XR+xPUiJRba3i0="></latexit>

→S ↑ [n], Pr(xi = 1 →i ↓ S) = det(KS
S ).

<latexit sha1_base64="4ZLkFvvOIQ2QAw39XZPUoNZsukM="></latexit>

Example: [K 1997] Edges in the dimer model for a planar bipartite graph.

<latexit sha1_base64="bTdszGv9Vcq5Yw1tgYMeuXsZc7o="></latexit>

Example:[Burton-Pemantle 1993] Edges in a uniform spanning tree.

<latexit sha1_base64="N3rpSuA0qhMmZUZ85ExDiNGXSJk="></latexit>

(Continuous) Example: [Peres-Virag 2005] Zeros of the Gaussian analytic
function.

<latexit sha1_base64="sPGbmSlNFhAbbSWWyeXvz0n/5TE="></latexit>

f(z) =
→∑

k=0

akz
k, ak → NC(0, 1)

<latexit sha1_base64="0sOmqm05EUMsnRvfRDxmr3yR/qE="></latexit>

(“free fermionic” measure)

<latexit sha1_base64="Smrv+OolJsxZqP8UpQlUEpJYFm4="></latexit>

+ other examples in random matrices: GUE, CUE, Ginibre, ...

<latexit sha1_base64="yVN13xMu4lIR+ywktAtM4yIFXpo="></latexit>

Def: A measure µ on {0, 1}n is determinantal if there is an n → n matrix K,
the kernel, such that



<latexit sha1_base64="7c/Kyeii09TfTYB9EJQ/KFGEAh0="></latexit>

Linear algebra fact:

<latexit sha1_base64="6YOJDuklt6HfOC3bGCvGbSEY79Y="></latexit>

Thm: Let W be a k-dimensional subspace of Rn and w1, . . . , wk a basis for W .
Let D be the k → n matrix with rows wi. Then D→(DD→)↑1D is the matrix of
orthogonal projection to W .

<latexit sha1_base64="ZQKN9u8MkJiVAxUb5xIVkmYZ1qs="></latexit>

Cor: The kernel of the IC determinantal measure is the matrix of the orthogonal
projection to ker(D)→.



<latexit sha1_base64="U0XZtilStSsPy+H2yaoUgwE5KBU="></latexit>

The size of a comic is |T |→ |G| = dimkerD.

<latexit sha1_base64="wPUd5wgkPapHaHPZix9N6VR8FQY="></latexit>

Def: A comic is the complement of an IC: the set of tiles not used in an IC.

<latexit sha1_base64="598lcTvqcxzkmiT2qHe9pqbuUpM="></latexit>

Thm: Let B be a matrix whose rows form a basis for kerD. Then for a comic
S,

Pr(S) =
det(BSB→

S)

detBB→ .

<latexit sha1_base64="1tI87z2lEqtcwgT2UBggVpNmTtQ="></latexit>

Comics have a natural determinantal measure with kernel I →K (where K
is the kernel for the IC). This operator I →K is orthogonal projection to kerD.



<latexit sha1_base64="QandbGCxW9PvmKzLGZtEuj6Fraw="></latexit>

Example: G = {1, 2, . . . , n}

<latexit sha1_base64="IlZUMMTQ44RwNQbfH7LbhwwerqE="></latexit>

T consists in all translates of {1, 2, 3} that intersect G.

<latexit sha1_base64="WIbBHzKHgltPHxXH6shDQTyWfpw="></latexit>

D =





1 1 1 0 0 0 0 0 0
0 1 1 1 0 0 0 0 0
0 0 1 1 1 0 0 0 0
0 0 0 1 1 1 0 0 0
0 0 0 0 1 1 1 0 0
0 0 0 0 0 1 1 1 0
0 0 0 0 0 0 1 1 1





<latexit sha1_base64="u6S06Z8lmJFv09luAYMIEosgRbg="></latexit>

kerD is 2-dimensional,

B =

(
1 ω ω2 1 . . . ωn+1

1 ω→1 ω→2 1 . . . ω→n→1

)
.

<latexit sha1_base64="6M7yKsP3YqSTWwqomcSbITHCDD4="></latexit>

ω = e2ωi/3



<latexit sha1_base64="dCZ0aKSQcUYdqygawV3KcL2Jyvk="></latexit>

Pr(x1, x2) =
1

Z
| detBx1,x2 |2

=
1

Z

∣∣∣∣

(
ωx1 ωx2

ω→x1 ω→x2

)∣∣∣∣
2

=
1

Z
sin2(

2ε(x1 → x2)

3
)

=

{
0 x1 ↑ x2 mod 3

c else.

<latexit sha1_base64="61gTuxeDDOYHIa78HTj6QeO5uXo="></latexit>

The comic is supported on two points...

<latexit sha1_base64="WIbBHzKHgltPHxXH6shDQTyWfpw="></latexit>

D =





1 1 1 0 0 0 0 0 0
0 1 1 1 0 0 0 0 0
0 0 1 1 1 0 0 0 0
0 0 0 1 1 1 0 0 0
0 0 0 0 1 1 1 0 0
0 0 0 0 0 1 1 1 0
0 0 0 0 0 0 1 1 1





<latexit sha1_base64="0hjlOweFBl9RnlYfvuqTkxjkiZ0="></latexit>

Question: Which maximal minors have full rank?

<latexit sha1_base64="wCm5Lo6D2iNXL81CT8+E0ecxbvg="></latexit>

Answer: Remove two columns which don’t di!er by 0 mod 3.



<latexit sha1_base64="9JzTdFEzJSAdqA5FXLUHvzzQZHU="></latexit>

Example 2. G = [n], T consists of all translates of (1 4 6 4 1). Then the comic
is supported on 4 points, and

<latexit sha1_base64="dhgR10ouSen1wNQKwW4WO9hJgW4="></latexit>

Pr(x1, x2, x3, x4) →
∏

1→i<j→4

(xi ↑ xj)
2.

<latexit sha1_base64="0v1a1hotGybjH4hGQ4jA26iNUXg="></latexit>

B =





1 →1 1 →1
1 →2 3 →4 . . .
1 →4 9 →16
1 →8 27 →64





<latexit sha1_base64="EOnUUCoCzxE9Cduan7m7vxYGfxs="></latexit>

D =





1 4 6 4 1 0 0 0 0
0 1 4 6 4 1 0 0 0
0 0 1 4 6 4 1 0 0
0 0 0 1 4 6 4 1 0
0 0 0 0 1 4 6 4 1





A small generalization of ICs allows us to add multiplicities to tiles: tv > 1.

<latexit sha1_base64="m34htv8AaH0ARh8cTnaz+Tx1dXw="></latexit>



<latexit sha1_base64="iAcvZigMFoi90zZSd7o0AVE0igI="></latexit>

Example 3: G → Z2 and T consists of translates of the L tile {(0, 0), (1, 0), (0, 1)}.

tilted square lattice

<latexit sha1_base64="PZKKNgaKtr/GhMUxpbvOK16BWoI="></latexit>

Because of their determinantal nature, we can exactly sample large systems.

<latexit sha1_base64="/0Zt6glwriJDqPxixnytIl2qHE0="></latexit>

<latexit sha1_base64="dc3H0DFlWV4lsV/NFx1dXnjQdqg=">AAACqXicbZHNahsxEMfl7VfifsRpj7mI2oVCwez6kPbQQ4ovPSbBToy9xszK41hEK6nSbIpZ9j36NL22r9C3ifwBSTYdEPw1Pw0zmn9mlfQUx/8a0ZOnz5 6/2Ntvvnz1+s1B6/DthTeFEzgURhk3ysCjkhqHJEnhyDqEPFN4mV331/zyBp2XRg9oZXGaw5WWCymAQmrW6n3jwuRScKM5LZF3dEoyR891h/sfBTjkS/C80wt3a6Qm35212nE33gR/LJKdaLNdnM4OG7N0bkSRoyahwPtJElualuBICoVVMy08WhDXcIWTIDWEAabl5nMV/xAyc74wLhxNfJO9X1FC7v0qz8LLHGjp62yd/B+bFLT4Mi2ltgWhFttGi0JxMny9KT6XDgWpVRAgnAyzcrEEB4LCPpupxp9hcznoeZmeV2W6bpBl/Lx6iMZ3aFxD/TvUr6FBVW6ZAMUHVY2i9aH0JphjvVRGV8GSpG7AY3HR6ybH3eOzXvvk686cPXbE3rOPLGGf2Qn7zk7ZkAn2i/1mf9jf6FN0Fo2i8fZp1NjVvGMPIhK39X/UXg==</latexit>

A comic on the n→ n square has 2n points.



-1.0 -0.5 0.5 1.0

-1.0

-0.5

0.5

1.0

<latexit sha1_base64="wqtIDkTiAdtmRqWqpgGly1C79IU="></latexit>

Zeroes of a Gaussian analytic function

<latexit sha1_base64="l+FqR8xI5umHO5x8CcTTiRFfZU4="></latexit>

Thm [Peres-Virag] The zeros of the GAF are a determinantal process on the
unit disk with kernel given by the Bergman kernel B(z, w) = 1

ω(1→zw̄)2 .

<latexit sha1_base64="q9+OR9Cjiwyxv3eeBOBIRsjTh00="></latexit>

zeros of f(z) =
∑→

j=0 ajz
j where aj = NC(0, 1)



<latexit sha1_base64="GI0aLW1qwSbP/2UjSakZzp/WjFo=">AAADu3icbVLbbtNAELUbLiVc2sIjLyNipFZCUdKHgpCKKiJRkHgoVdJWrUO1Xo+bpXuxdtetguVP4mt4QoJ/YewESlPmYTU7Z/bMzJlNcimc7/V+hEutW7fv3F2+177/4OGjldW1xwfOFJbjiBtp7FHCHEqhceSFl3iUW2QqkXiYnA9q/PACrRNGD/00x7FiZ1pkgjNPodO18F2sjdApal/GSQbDiXpdwa64QA0MUqOY0BCNYl </latexit>

Thm: Given a domain U → C, and let Gω = U ↑ ωZ2. In the limit ω ↓ 0 the
point process for the comic for the L tile on Gω converges in law (after linear
map) to the zeros of the Gaussian analytic function on U (determinantal point
process defined by the Bergman kernel on U).

-1.0 -0.5 0.5 1.0

-1.0

-0.5

0.5

1.0

<latexit sha1_base64="x6MrA0GJBiuDXiCQ0nC/f2uPf5U="></latexit>

The L polyomino comic scaling limit

<latexit sha1_base64="qTTryXFqXjaJr+umjiio8q4bfYA=">AAACYXicbZDLSgNBEEU74zu+oi7dNAbBVZhxoa4kkI1LDYkJyQSp6VS0sR9Dd48ShvkMt/pdrv0ROw9QEwsKLvdUUcVNUsGtC8PPUrCyura+sblV3t7Z3duvHBzeW50Zhm2mhTbdBCwKrrDtuBPYTQ2CTAR2kufGhHde0FiuVcuNUxxIeFR8xBk4b/WbHCUoRSWkD5VqWAunRZdFNBdVMq/bh4NSPR5qlklUjgmwth+FqRvkYBxnAotynFlMgT3DI/a9VCDRDvLpzwU99c6QjrTxrRydur83cpDWjmXiJyW4J7vIJuZ/rJ+50dUg5yrNHCo2OzTKBHWaTgKgQ26QOTH2Apjh/lfKnsAAcz6mcqzwlWnpQxnmcbPI48mBJKHN4i/q/aDeAmr8oMYCahX5jDEQtFUUPvNoMeFlcX9eiy5qF3fn1fr1PP1NckxOyBmJyCWpkxtyS9qEEU3eyDv5KH0FW0ElOJyNBqX5zhH5U8HxN3DYuag=</latexit>

Riemann map
<latexit sha1_base64="Y1g+0AdzmMrITo78bWldxB1b89I="></latexit>

ω → 0

<latexit sha1_base64="0idn8+0Sdbus8B85ZXJ/uewSgGg="></latexit>

Cor: Comics for the L tile are conformally invariant.



<latexit sha1_base64="gBUKQQ5Ve1UNT455nts/R6r1/vU="></latexit>↭
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After conjugation by the oscillating prefactor, and the linear change of coordi-
nates (x, y) →↑ x ↓ ω2y, the projection D is a discrete version of the Bergman
kernel, the projection operator from L2(U) to L2,h(U).
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Proof ideas: For ω small, a function in kerD and in L
2(U) is of the form

f(x, y) = ε
(x→y)/ω

F (x, y) + ε
(y→x)/ω

G(x, y) +O(ω2)

where ε = e
2εi/3 and F, Ḡ are analytic functions of z = x→ ε

2
y.
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What property of the L tile did we use?
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The L tile has Fourier transform 1 + z + w which has simple zeros (z, w) =
(ω,ω2), (ω2,ω) on the unit torus.

2 3
4

1 1
2

1

1 1
1 1
1

<latexit sha1_base64="P6c849tQ5tCG5pLQhl16r4yRKO4="></latexit>

p(z, w) = 1 + z + w + z2w + zw2
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p(z, w) = 1 + z + z2 + 2w
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p(z, w) = 2 + 3z + 4w
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Similar results hold for any comic when T consists of translates of a single tile
whose Fourier transform p(z, w) has only a single pair of complex conjugate
simple zeros on S1 → S1.
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two
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When tile polynomial has multiple simple root pairs, get a linear superposition
of (stretched, oscillated) Bergman kernels.

1 1 1 1

1 1

1



1 1
1 1

<latexit sha1_base64="zJHz6eYPOss2r0cTVkuOYuvca+Y="></latexit>

covariance function<latexit sha1_base64="0z7N3y8XHJwefqJjQqy1QmvLXGM="></latexit>

comic sample
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Sometimes tile polynomial can intersect the unit torus in a whole curve, leading
to more weird behavior.
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p(z, w) = (1 + z)(1 + w)
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p(z, w) = 2 + z + w + 2zw <latexit sha1_base64="4nkT2b1Q/5E4U0zloz9ZM+1xqWA="></latexit>

zero set of p
in torus
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covariance function
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“Plus” polyomino
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covariance function
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zero set of p
in torus
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What about 3d?
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Typically, p(z, w, u) = 0 intersects the unit torus {|z| = |w| = |u| = 1} in a 1d
curve.

<latexit sha1_base64="kfB7GgGs5DR20COfcmRbL/i0ArU=">AAAC+3icbZHPbtNAEMbX5l8Jf5rCCbisSJGKUll2D4UTqpQLx1IlTdU4itbrSbzqetfaHTcKlm+8CTfElYfhFXgKNk6kUpeRLH36fjOa9XxJIYXFMPzt+ffuP3j4aOdx58nTZ893u3svzq0uDYcR11Kbi4RZkELBCAVKuCgMsDyRME6uBms+vgZjhVZDXBUwzdlCibngDJ01636LlRYqBYV0LDCjuNQUhQS6braHlDNFF4BUWC 0ZQkoL144OQLAI6H4smVq47qj/tb88jPplbBpjP6DDDDajBxYNIM8gfU+NxmYxk1Soa2YEUxyCWbcXBmFT9K6ItqJHtnU62/Nmcap5mbt3c8msnURhgdOKGRRcQt2JSwsF41dsARMnFcvBTqvmXDV955yUzrVxn/vvxv13omK5tas8cZ05w8y22dr8H5uUOP84rYQqSgTFN4vmpaSom3PSVBjgKFdOMG6EeyvlGTOMo0uoEytYcp3nTKVVfFZX8XpBktCz+ja6vEGXLTS4QYMWGtbVhnF3+2HdolBYN+oCcUJIrWoXSdQO4K44Pwqi4+D4y1Hv5NM2nB3yhrwlByQiH8gJ+UxOyYhw8sfreq+8137tf/d/+D83rb63nXlJbpX/6y++EPJj</latexit>

With two tile types, can get isolated points, e.g. →1 + z + w, 1 + u↑. Then get
(stretched) rotational invariance.
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We don’t typically know how to describe the scaling limit.
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(Needs Fourier analysis...)
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With T = E → {v0}, get exactly the 3D spanning tree as the IC.
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But not conformal invariance(?)



Happy Birthday Greg!



Thank you
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Example: spanning trees
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T = E → {v0}.
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G = (V,E) is a bipartite graph; v0 → G a root vertex.
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Prop. (Poincaré Lemma) An independent cover is a set of |V |→1 edges and
v0 which make a spanning tree (rooted at v0).
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