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Block-weighted planar maps

Figure 2.5: Block tree corresponding to a planar map.
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In particular, the first terms of the expansion of B� are

B�(y) = 1 + 2y + y2 + 2y3 + 6y4 + 22y5 + 91y6 + 408y7 + . . .

The enumeration of 2-connected planar maps of size n can also be obtained bijectively
through a bijection with so-called left ternary trees [LRP00, JS98].

Tutte’s block decomposition can also be applied recursively, i.e. we consider first the root
block and then apply the block decomposition to each of the pendant submaps. By doing so,
for any map m we can obtain a decomposition tree Tm, which was first explicitly described by
Addario-Berry [AB19, §2]. More precisely:

1. Let b = (b, ⇢) be the maximal 2-connected submap containing the root ⇢. The root v⇢
of Tm represents b, and has 2|E(b)| children (in particular, if b is of size 0, v⇢ is a leaf);

2. List the half-edges of b as a1, . . . , a2|E(b)| according to an arbitrarily fixed deterministic
order on half-edges (e.g. the order in a left-to-right depth first search). Then, the subtree
of Tm attached to its i-th child is the tree encoding Tmai

.

An example of such a correspondence is described in Fig. 2.5. This decomposition has three
essential properties, which stem directly from its definition and are summarized in the following
proposition.

Proposition 2.5. [Tut63, AB19] The block tree Tm of a map m satisfies the following
properties:
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Abstract

We consider the model of random planar maps of size n biased by a weight u > 0 per
2-connected block, and the closely related model of random planar quadrangulations of
size n biased by a weight u > 0 per simple component. We exhibit a phase transition at
the critical value uC = 9/5. If u < uC , a condensation phenomenon occurs: the largest
block is of size ⇥(n). Moreover, for quadrangulations we show that the diameter
is of order n1/4, and the scaling limit is the Brownian sphere. When u > uC , the
largest block is of size ⇥(log(n)), the scaling order for distances is n1/2, and the
scaling limit is the Brownian tree. Finally, for u = uC , the largest block is of size
⇥(n2/3), the scaling order for distances is n1/3, and the scaling limit is the stable tree
of parameter 3/2.
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1 Introduction

Models of planar maps exhibit a form of universality: many “natural” classes of
random maps exhibit a similar behaviour when the size grows to infinity. This can be
made precise by considering scaling limits: when taking an object Mn uniformly among
all objects of size n in some class, then, after an appropriate rescaling, the sequence
(Mn)n>1 converges in distribution towards some random metric space. This was first
proved for uniform quandrangulations by Miermont [52] and independently for the cases
of uniform 2q-angulations (q > 2) and uniform triangulations by Le Gall [43], following a
sequence of results on this subject [48, 21, 41, 42, 44]. Since then, these results have
been extended to other families of maps: the sequence (Mn) converges towards the
Brownian sphere Me (also called Brownian map, see Fig. 1), always with a rescaling
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Figure 2.5: Block tree corresponding to a planar map.
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In particular, the first terms of the expansion of B� are

B�(y) = 1 + 2y + y2 + 2y3 + 6y4 + 22y5 + 91y6 + 408y7 + . . .

The enumeration of 2-connected planar maps of size n can also be obtained bijectively
through a bijection with so-called left ternary trees [LRP00, JS98].

Tutte’s block decomposition can also be applied recursively, i.e. we consider first the root
block and then apply the block decomposition to each of the pendant submaps. By doing so,
for any map m we can obtain a decomposition tree Tm, which was first explicitly described by
Addario-Berry [AB19, §2]. More precisely:

1. Let b = (b, ⇢) be the maximal 2-connected submap containing the root ⇢. The root v⇢
of Tm represents b, and has 2|E(b)| children (in particular, if b is of size 0, v⇢ is a leaf);

2. List the half-edges of b as a1, . . . , a2|E(b)| according to an arbitrarily fixed deterministic
order on half-edges (e.g. the order in a left-to-right depth first search). Then, the subtree
of Tm attached to its i-th child is the tree encoding Tmai

.

An example of such a correspondence is described in Fig. 2.5. This decomposition has three
essential properties, which stem directly from its definition and are summarized in the following
proposition.

Proposition 2.5. [Tut63, AB19] The block tree Tm of a map m satisfies the following
properties:
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Figure 2.11: Quadrangulation drawn according to the subcritical model Pn,1 of size around
55 000.

Figure 2.12: Quadrangulation drawn according to the subcritical model Pn,8/5 of size around
55 000.
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Figure 2.13: Quadrangulation drawn according to the critical model Pn,9/5 of size around
80 000.

Figure 2.14: Quadrangulation drawn according to the supercritical model Pn,5/2 of size around
75 000.
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Figure 2.13: Quadrangulation drawn according to the critical model Pn,9/5 of size around
80 000.

Figure 2.14: Quadrangulation drawn according to the supercritical model Pn,5/2 of size around
75 000.
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Maps with edges
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A phase transition in block-weighted random maps

Figure 13: Block tree corresponding to a planar map.

An example of such a correspondence is described in Fig. 13. This decomposition has
three essential properties, that follow directly from its definition, and that we summarize
in the following proposition.

Proposition 2.5 ([61, 1]). The block tree Tm of a map m satisfies the following proper-
ties:

• The edges of Tm correspond to the half-edges of m;
• The internal nodes of Tm correspond to the blocks of m: if an internal node v of Tm

has r children, then the corresponding block bv of m has size r/2;
• The map m is entirely determined by (Tm, (bv, v 2 Tm)) where bv is the block of m
represented by v in Tm if v is an internal node; else, by convention, bv is the vertex
map.

By abuse of language, we might refer to (bv, v 2 Tm) as the family of blocks (even if
blocks necessarily have positive size). A direct consequence of this proposition is that
to study the block sizes of a map m, it is sufficient to study the degree distribution of
Tm. This is precisely the strategy developed by Addario-Berry in [1]. This allows him to
study the block sizes of a uniform random map Mn of size n, by describing TMn as a
Galton-Watson tree with an explicit degree distribution conditioned to have 2n edges,
and one of our contributions is to extend his result to our model.

2.4 Block tree of a quadrangulation

We describe in this section how a quadrangulation can be decomposed into maximum
simple quadrangular components, in the same way that a map can be decomposed into
maximum 2-connected components.

Definition 2.6. A quadrangulation is a map with all faces of degree 4.

Planar quadrangulations are bipartite, i.e. their vertices can be properly bicolored in
black and white. In the following, we always assume that they are endowed with the
unique such coloring having a black root vertex. Although quadrangulations are maps,
when an object is explicitly defined as a quadrangulation, its size will be its number of
faces. Thus, a quadrangulation of size n has 2n edges.

Definition 2.7. A quadrangulation of the 2-gon is a map where the root face — the face
containing the corner associated to the root — has degree 2 and all other faces have
degree 4.

A quadrangulation of the 2-gon with at least two faces can be identified with a
quadrangulation of the sphere by simply gluing together both edges of the root face.

EJP 29 (2024), paper 34.
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Figure 2.5: Block tree corresponding to a planar map.
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The enumeration of 2-connected planar maps of size n can also be obtained bijectively
through a bijection with so-called left ternary trees [LRP00, JS98].

Tutte’s block decomposition can also be applied recursively, i.e. we consider first the root
block and then apply the block decomposition to each of the pendant submaps. By doing so,
for any map m we can obtain a decomposition tree Tm, which was first explicitly described by
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essential properties, which stem directly from its definition and are summarized in the following
proposition.
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2. Block-weighted maps at their dual critical point

2.1. Substitution relation and dual critical point

Following [9], we denote by m
(u)
n the generating function of rooted decorated maps of size

n, enumerated with a weight u per block, and with a conventional first term m
(u)
0 = 1

which we interpret as accounting for an “empty” map: these quantities are gathered in
the generating function Mu(g) =

P
n�0m

(u)
n g

n. We will call the root-block size of a
map the size of its root-block, that is the block containing its root-edge. In this paper,
we will consider the archetypical situation of block-weighted decorated maps where the
number of blocks which can be attached to a root-block of root-block size k is equal
⇤
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Touching random surfaces and Liouville gravity

Igor R. Klebanov
Joseph Henry Laboratories, Princeton University, Princeton, ¹wJersey 08$$$

(Received 25 July 1994)
Large 1V matrix models modified by terms of the form g(TrC ) generate random surfaces which

touch at isolated points. Matrix model results indicate that, as g is increased to a special value g~,
the string susceptibility exponent suddenly jumps from its conventional value p to p/(p —1). We
study this efFect in Liouville gravity and attribute it to a change of the interaction term from Oe +~
for g ( gi to Oe —s for g = gi (n+ and n are the two roots of the conformal invariance condition
for the Liouville dressing of a matter operator 0). Thus, the new critical behavior is explained by
the unconventional branch of Liouville dressing in the action.

PACS number(s): 11.25.Pm, 11.25.Sq

I. INTRODUCTION E = Eo + EgN + E2N

A remarkable aspect of the recent developments in
two-dimensional quantum gravity has been an interplay
between discretized [I] and continuum [2—5] approaches
to the problem. The discretized approach, implemented
mainly via elegant matrix model techniques, has so far
proven more powerful [6]. However, the full significance
of the matrix model results usually becomes apparent
only after they are translated into the continuum lan-
guage of I iouville gravity. By now there exists a consid-
erable amount of evidence that the discretized and con-
tinuum approaches are indeed equivalent, but a general
demonstration of this has not been found. We believe
that much more can be learned &om comparing the two
approaches to two-dimensional quantum gravity.
While the matrix models which generate conventional

discretized random surfaces have been investigated quite
thoroughly, there exists a new class of matrix models
where only some partial results are available. These mod-
els describe random surfaces which are allowed to touch
each other at isolated points. This is implemented by
adding a term of the form g(TrO") to the action of an
N x N Hermitian matrix 4. The first matrix integral
of this kind,

was introduced in Ref. [7]. The free energy

lnZ
N2

Each term in this expansion has an interesting geometri-
cal interpretation. Feynman graphs of the perturbation
theory in A generate the usual connected closed random
surfaces, while the g(Tr@ ) term can glue a pair of such
surfaces together at a point. This point can be resolved
into a tiny neck (a wormhole), so that the network of
such touching surface can be assigned an overall genus.
Thus, Eo gives the sum over all such surfaces of overall
genus zero (they look like trees of spherical bubbles such
that any two bubbles touch at most once, and a bubble
is not allowed to touch itself). In general, I"G is the sum
over all surfaces of overall genus G.
The authors of Ref. [7] found a critical line in the (A, g)

plane where the &ee energy becomes singular. For a fixed
g, Ep(A) becomes singular at A = A, (g) on the critical
line. There exists a critical value gq such that, for g & gq,
the singularity is characterized by p = —2'. i.e.,

Ep(A) (A, —A) ~ (A, —A) i

In this phase the touching of random surfaces is irrelevant
and one finds the convention c = 0 behavior. For g )
gq, on the other hand, p = 2, and one finds branched
polymer behavior, which is dominated by the touching.
Most interestingly, for g = g&, the authors of Ref. [7]
found a new type of critical behavior with p = 3. This
is the first example of a matrix model where new critical
behavior occurs due to fine-tuned touching interactions.
We will generally refer to such new critical points as the
modified matrix models.
The results above have been generalized to the kth

multicritical one-matrix model [8,9]:

can be expanded in powers of 1/N2: 'V4 exp —N TrVI, C ——Tr@, 1.2N

where

n is often set equal to 2, but all 6nite n are expected to
lead to the same universal behavior.

VA,, (4) = ) t,C2' .
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Liouville quantum gravity
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Following [9], we denote by m
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n, enumerated with a weight u per block, and with a conventional first term m
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3.3. Construction of the dual quantum measure

A way to rigorously construct the singular quantum measures µ�0>2, which would repro-
duce all the scaling properties seen above, has been presented in Refs. [44, 41, 6]. In the
first approach, one uses the dual measure µ�<2 and the additional randomness of sets of
point masses where finite amounts of quantum area are localized. More precisely, condi-
tionally on the quantum measure µ� , with � = 4/�0 < 2, one considers a Poisson random
measure N�0(dz, d⌘) distributed on D ⇥ (0,1), of intensity µ�(dz) ⇥ ⇤↵0

(d⌘), where
⇤↵0

(d⌘) := d⌘/⌘1+↵0
, ↵0 := 4/�02 = �2/4 2 (0, 1), letting each point (z, ⌘) represent an

atom of size ⌘ located at z. The dual measure for �0 > 2 is then purely atomic,

µ�0(dz) :=

ˆ 1

0
⌘N�0(dz, d⌘), �0 > 2. (3.15)

From this follows, for any Borelian A ⇢ D, the characteristic Laplace transform,

E exp[��µ�0(A)] = E exp
h
�(�↵0)�↵0

µ�(A)
i
, (3.16)

a Lévy-Khintchine formula valid for all � 2 R+, where �(�↵0) = ��(1 � ↵0)/↵0 < 0 is
the usual Euler �-function. From (3.16) follows the relation between moments of dual
measures

E
⇥�
µ�0(A)

�p⇤
=

�(1� p/↵0)[��(�↵0)]p/↵
0

�(1� p)
E
h�
µ�(A)

�p/↵0i
, p < ↵ = 4/�02,

showing the characteristic scaling of µ�0 as µ1/↵0
� , in agreement with (3.2). In Ref.[6], a

slightly different (and more general) construction was proposed, which the authors called
“atomic Gaussian multiplicative chaos”. The random measure there constructed and the
dual measure µ�>2 (3.15) then obey the same law (3.16) in terms of µ�0 , thus coincide,
even though the two constructions a priori differed. A form of the dual KPZ relation
(2.2) for � > 2 (in the Hausdorff dimension sense) is then proved in Ref. [6] for the
atomic GMC and for dual exponents defined exactly as in Eq. (3.4).

4. Substitution and asymptotics

Duality is intimately linked to the branching structure of maps which allows us to pre-
serve the connected nature of a map while cutting off large amounts of area enclosed
in outgrowths (the, possibly large, baby universes). At the combinatorial level, this
branching structure can be made fully explicit by considering a block decomposition of

the maps. Indeed, many families of, possibly decorated, planar maps have a canonical
decomposition into elementary blocks, which are more regular (e.g. 2-connected, sim-
ple, irreducible, ...) decorated submaps attached to each other by small bottlenecks or
attaching points so as to form a tree-like pattern; see Figure 1 for an illustration. The
statistics of maps therefore results from the superposition of two critical phenomena, one
describing the elementary blocks, with its own statistics, and the other dealing with the
tree-like arrangement of these blocks.
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“atomic Gaussian multiplicative chaos”. The random measure there constructed and the
dual measure µ�>2 (3.15) then obey the same law (3.16) in terms of µ�0 , thus coincide,
even though the two constructions a priori differed. A form of the dual KPZ relation
(2.2) for � > 2 (in the Hausdorff dimension sense) is then proved in Ref. [6] for the
atomic GMC and for dual exponents defined exactly as in Eq. (3.4).

4. Substitution and asymptotics

Duality is intimately linked to the branching structure of maps which allows us to pre-
serve the connected nature of a map while cutting off large amounts of area enclosed
in outgrowths (the, possibly large, baby universes). At the combinatorial level, this
branching structure can be made fully explicit by considering a block decomposition of

the maps. Indeed, many families of, possibly decorated, planar maps have a canonical
decomposition into elementary blocks, which are more regular (e.g. 2-connected, sim-
ple, irreducible, ...) decorated submaps attached to each other by small bottlenecks or
attaching points so as to form a tree-like pattern; see Figure 1 for an illustration. The
statistics of maps therefore results from the superposition of two critical phenomena, one
describing the elementary blocks, with its own statistics, and the other dealing with the
tree-like arrangement of these blocks.
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3.3. Construction of the dual quantum measure

A way to rigorously construct the singular quantum measures µ�0>2, which would repro-
duce all the scaling properties seen above, has been presented in Refs. [44, 41, 6]. In the
first approach, one uses the dual measure µ�<2 and the additional randomness of sets of
point masses where finite amounts of quantum area are localized. More precisely, condi-
tionally on the quantum measure µ� , with � = 4/�0 < 2, one considers a Poisson random
measure N�0(dz, d⌘) distributed on D ⇥ (0,1), of intensity µ�(dz) ⇥ ⇤↵0

(d⌘), where
⇤↵0

(d⌘) := d⌘/⌘1+↵0
, ↵0 := 4/�02 = �2/4 2 (0, 1), letting each point (z, ⌘) represent an

atom of size ⌘ located at z. The dual measure for �0 > 2 is then purely atomic,

µ�0(dz) :=

ˆ 1

0
⌘N�0(dz, d⌘), �0 > 2. (3.15)

From this follows, for any Borelian A ⇢ D, the characteristic Laplace transform,

E exp[��µ�0(A)] = E exp
h
�(�↵0)�↵0

µ�(A)
i
, (3.16)

a Lévy-Khintchine formula valid for all � 2 R+, where �(�↵0) = ��(1 � ↵0)/↵0 < 0 is
the usual Euler �-function. From (3.16) follows the relation between moments of dual
measures

E
⇥�
µ�0(A)

�p⇤
=

�(1� p/↵0)[��(�↵0)]p/↵
0

�(1� p)
E
h�
µ�(A)

�p/↵0i
, p < ↵ = 4/�02,

showing the characteristic scaling of µ�0 as µ1/↵0
� , in agreement with (3.2). In Ref.[6], a

slightly different (and more general) construction was proposed, which the authors called
“atomic Gaussian multiplicative chaos”. The random measure there constructed and the
dual measure µ�>2 (3.15) then obey the same law (3.16) in terms of µ�0 , thus coincide,
even though the two constructions a priori differed. A form of the dual KPZ relation
(2.2) for � > 2 (in the Hausdorff dimension sense) is then proved in Ref. [6] for the
atomic GMC and for dual exponents defined exactly as in Eq. (3.4).

4. Substitution and asymptotics

Duality is intimately linked to the branching structure of maps which allows us to pre-
serve the connected nature of a map while cutting off large amounts of area enclosed
in outgrowths (the, possibly large, baby universes). At the combinatorial level, this
branching structure can be made fully explicit by considering a block decomposition of

the maps. Indeed, many families of, possibly decorated, planar maps have a canonical
decomposition into elementary blocks, which are more regular (e.g. 2-connected, sim-
ple, irreducible, ...) decorated submaps attached to each other by small bottlenecks or
attaching points so as to form a tree-like pattern; see Figure 1 for an illustration. The
statistics of maps therefore results from the superposition of two critical phenomena, one
describing the elementary blocks, with its own statistics, and the other dealing with the
tree-like arrangement of these blocks.
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Fig. 2. Spatial localization of a few big atoms for different values of γ

there are only a very small quantity of atoms with a very big weight. The other atoms
have much smaller weights. To have a better picture of the values of these weights, we
plot on the right-hand side the same picture with a logarithmic ordinate scale.

In Fig. 2, we illustrate the influence of γ on the spatial localization of the atoms.
For a different value of γ , we simulate a few atoms of the measure (the biggest). The
colored background stands for the height profile of the measure M plotted with a loga-
rithmic intensity scale: red for areas with large mass and blue for areas with small mass.
Localization of atoms is plotted in black. The larger γ is, the more localized on areas
with large potential the atoms are.

6. Perspectives

Here we develop a few comments and open problems related to this work.

6.1. Dual chaos and possible renormalizations of degenerate Gaussian multiplicative
chaos. We continue to assume to be under exact scale invariance. For θ ≥ 0 consider
the associated sequence of measures

Mθ,n(A) =
∫

A
eθ Xn

x − θ2
2 E((Xn

x )2) dx, n ≥ 1, A ∈ B(Rd).
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slightly different (and more general) construction was proposed, which the authors called
“atomic Gaussian multiplicative chaos”. The random measure there constructed and the
dual measure µ�>2 (3.15) then obey the same law (3.16) in terms of µ�0 , thus coincide,
even though the two constructions a priori differed. A form of the dual KPZ relation
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4. Substitution and asymptotics

Duality is intimately linked to the branching structure of maps which allows us to pre-
serve the connected nature of a map while cutting off large amounts of area enclosed
in outgrowths (the, possibly large, baby universes). At the combinatorial level, this
branching structure can be made fully explicit by considering a block decomposition of

the maps. Indeed, many families of, possibly decorated, planar maps have a canonical
decomposition into elementary blocks, which are more regular (e.g. 2-connected, sim-
ple, irreducible, ...) decorated submaps attached to each other by small bottlenecks or
attaching points so as to form a tree-like pattern; see Figure 1 for an illustration. The
statistics of maps therefore results from the superposition of two critical phenomena, one
describing the elementary blocks, with its own statistics, and the other dealing with the
tree-like arrangement of these blocks.
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Gall and Miermont that many random planar map models, like random triangulations
or quadrangulations, when equipped with the graph distance, have for scaling limit a
universal random metric space, the Brownian map or sphere [85, 84].

In parallel, the mathematical theory of LQG, resting on the so-called mating of trees

approach [49] (see also [61]), allowed Miller and Sheffield, building on [86], to equip thep
8/3–LQG sphere with a metric space structure [87, 88], as well as the Brownian map

of Refs. [85, 84] with a conformal structure [89], to finally show that these two objects
have the same law. The embedding into the plane defined in the latter work for the
Brownian map was proved to exist only abstractly, and the natural question whether it
can be described in an explicit way was solved in [63, 64], whereas another approach to
the conformal embedding of a random planar map was developed in [68] based on [62].

Various values of � 2 (0, 2] are expected when weighting the random map by the
partition function of a (critical) statistical physical model defined on that map (e.g., Ising
model, O(n) or Potts model). Building on [100], the mating of trees framework allowed
one to establish such a convergence to LQG in the so-called peanosphere topology [49],
with random paths becoming Schramm-Loewner evolution (SLE) curves of parameter
 2 [0,1), with a canonical LQG–SLE correspondance [99, 46, 49]

�2 =  ^ 16/ 2 (0, 4]. (2.1)

By the usual conformal invariance Ansatz in physics, it is natural to expect that if one
conditions on the infinite map, and then samples the loops or clusters in these critical
models (as mapped into the plane, say), their law, in the scaling limit, will be independent

of the random measure. This independence in turn leads to the famous KPZ formula.

One of the most influential papers in this field is indeed a 1988 one by Knizhnik,
Polyakov, and Zamolodchikov [77] (see also [25, 34]). They derive a relationship between
scaling dimensions (i.e., conformal weights x) of scaling fields defined using Euclidean
geometry and analogous dimensions (��) hereafter defined via the Liouville quantum
gravity measure µ� with � < 2,
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where �� is the positive inverse to relation (2.2)
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4x+ a2� � a�

⌘
, a� := 2/� � �/2. (2.3)

In the continuum limit, the statistical system is described at criticality by a conformal

field theory (CFT), whose universality class is characterized by the so-called central charge

c (c  1). KPZ determine � as [77, 25, 34]
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Gall and Miermont that many random planar map models, like random triangulations
or quadrangulations, when equipped with the graph distance, have for scaling limit a
universal random metric space, the Brownian map or sphere [85, 84].

In parallel, the mathematical theory of LQG, resting on the so-called mating of trees

approach [49] (see also [61]), allowed Miller and Sheffield, building on [86], to equip thep
8/3–LQG sphere with a metric space structure [87, 88], as well as the Brownian map

of Refs. [85, 84] with a conformal structure [89], to finally show that these two objects
have the same law. The embedding into the plane defined in the latter work for the
Brownian map was proved to exist only abstractly, and the natural question whether it
can be described in an explicit way was solved in [63, 64], whereas another approach to
the conformal embedding of a random planar map was developed in [68] based on [62].

Various values of � 2 (0, 2] are expected when weighting the random map by the
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model, O(n) or Potts model). Building on [100], the mating of trees framework allowed
one to establish such a convergence to LQG in the so-called peanosphere topology [49],
with random paths becoming Schramm-Loewner evolution (SLE) curves of parameter
 2 [0,1), with a canonical LQG–SLE correspondance [99, 46, 49]
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models (as mapped into the plane, say), their law, in the scaling limit, will be independent

of the random measure. This independence in turn leads to the famous KPZ formula.
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which yields for �0 > 2 the probability for a given point z to be �-regular, E[1"A>0] =

� 0 1�4/�02
= �0/�, recovering (2.13) and vanishing when �0 ! 0. The ratio of the expecta-

tion (3.7) to this probability then gives the �0-regular conditional version of probability
(2.14). It indeed scales as � 0��0 ⇥ (�/�0) = ��� , i.e., with now the standard quantum
exponent �� .

Duality and string susceptibility exponents In Liouville field theory, the asymptotic
behavior of the partition function of a random surface of fixed area A is given by Z /

e�AA�S�3, with the so-called cosmological constant � and string susceptibility exponent
�S, given for �  2 by [57, 27]

�S = 2� 2Q�/� = 1� 4/�2. (3.9)

The latter thus obeys the duality relation [74, 39]

(1� �S)(1� �0S) = 1, (3.10)

to the dual suceptibility exponent,

�0S = 1� 4/�0 2, (3.11)

with
�S < 0 < �0S, � < 2 < �0 = 4/�.

In terms of the central charge c  1, the string susceptibility exponent and its dual take
the form

�S =
1

12

⇣
c� 1�

p
(1� c)(25� c)

⌘
 0,

�0S =
1

12

⇣
c� 1 +

p
(1� c)(25� c)

⌘
� 0 . (3.12)

Note finally that the duality equation (3.4) for quantum scaling exponents can simply be
recast as [39]

��0 =
�� � �S

1� �S
, (3.13)

or, by involution, as

�� =
��0 � �0S
1� �0S

. (3.14)

Notice that for � < 2, one has for a vanishing Euclidean scaling exponent x = 0, ��(x =
0) = 0, hence from (3.14) ��0(x = 0) = �0S, in agreement with (3.8) and (3.11).
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⇣
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p
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Analytic combinatorics

More precisely, the elementary blocks form a subfamily of possibly decorated maps,
characterized by their generating function

�(⌧) =
X

i�0

�i⌧
i , (4.1)

where ⌧ is a fugacity per unit block size. Here, the quantity �i is the number of elementary
block configurations of size i. In particular, the large i asymptotics of �i is encoded in
the singularity of �(⌧) as ⌧ approached some critical value ⌧�.

As for the tree describing the arrangement of blocks, it is characterized by its generating
function

y(z) =
X

n�1

ynz
n , (4.2)

where z is now a fugacity per block, i.e., yn is the number of tree configurations with
n attached blocks (including “blocks of size i = 0” corresponding to potential attaching
points where no block of positive size i > 0 is attached). If the average number of
outgrowths attached to a single block exceeds a certain value, the tree becomes critical,
i.e., its size (= number of blocks) becomes arbitrarily large. This critical behavior is
now described by the singularity of y(z) when z approaches some critical value zc. If
the number of possible attaching points on a block is equal or proportional to its size,
the generating functions y(z) and �(⌧) are linked by a simple substitution relation (see
below). At the critical point ⌧ = ⌧�, the tree may then be below, at or above criticality.

While Liouville quantum gravity with � < 2 describes the case below criticality, with
small outgrowths attached to a block of macroscopic size, �0�LQG with �0 > 2 describes
instead the case at criticality, where the size of the largest block is only a vanishing
fraction of the total size of the map. The duality relations (3.10), (3.13) and (3.14), that
we saw in Section 3, connect these two situations and can be recovered combinatorially,
as we shall now see by analyzing the link between the singular behaviors of � and y
resulting from the substitution relation.

4.1. Generating function singularities and partition function asymptotics

Following [55], we consider a combinatorial problem, with ordinary generating function
y(z) as in (4.2) above, which can be related to some other combinatorial problem, with
generating fonction �(⌧) as in (4.1), via a simple substitution procedure. By this, we
mean that we may write

y(z) = z �(y(z)) . (4.3)

By a simple expansion in powers of z, we see that y(z) enumerates planted plane trees
with a weight z per vertex of arbitrary degree and a weight �i per vertex with descending

degree (number of children) i. The vertices here are supposed to describe the blocks in
the block decomposition of a map (including possible blocks of size i = 0), where a block
of size i � 0 gives rise to i attached descending blocks in the tree structure formed by the
blocks. As discussed in [55], we may now look for a critical point of the tree generating
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function y(z), i.e., a value z = zc for which the mapping z 7! y is not locally invertible ,
namely when

1 = zc �
0(y(zc)) .

Setting y(zc) = yc, a critical point (zc, yc) is thus characterized by the two identities

�(yc) = yc �
0(yc) , (4.4)

zc =
yc

�(yc)
. (4.5)

This in general selects at most one single combinatorial critical point (zc, yc) which is
such that the mapping z 7! y is invertible (and strictly increasing) for z 2 [0, zc).

In this paper, we furthermore assume that

�i / ⌧�i
� /i1+↵

at large i, with
1 < ↵ < 2 , (4.6)

so that the mapping ⌧ 7! � is itself singular at ⌧ = ⌧�, with the following expansion for
⌧ ! ⌧�� :

�(⌧) = �(⌧�)� (⌧� � ⌧)�0(⌧�) +K(⌧� � ⌧)↵ + o((⌧� � ⌧)↵) . (4.7)

We may now encounter three situations.

Supercritical case. Equation (4.4) has a combinatorial solution with yc < ⌧�. In this
case, letting z increase from 0, we reach the singularity at y = yc before encountering
the singularity of �. Since � is regular at yc, we may write

zc � z =
yc

�(yc)
�

y

�(y)
=: H(y)

with
H(yc) = 0 , H 0(yc) = �

1

�(yc)
+ yc

�0(yc)

�(yc)2
= 0

so that
zc � z =

1

2
H 00(yc)(yc � y)2 + o((yc � y)2) ,

namely

y = yc �

✓
2

H 00(yc)
(zc � z)

◆1/2

+ o((zc � z)1/2).

We therefore deduce the large n behavior

yn /
z�n
c

n3/2
(supercritical) . (4.8)
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Remark 1. In the following, we will also consider the case ↵ = 2 with a logarithmic
singularity, namely with
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�
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It is easily seen that nothing changes for the supercritical case while the subcritical case
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The following table summarizes the various asymptotic behaviors for yn that we have
obtained:
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4.2. Asymptotics for 2-point correlators

Let us now consider some other observable enumerated by wn whose associated generating
function w(z) =

P
n�0wnzn is linked to y(z) via the relation

w(z) =  (y(z)) (4.11)

with  (⌧) =
P

i�0  i⌧ i such that  i / ⌧�i
� /i1+� at large i, where 0 < � < 1. Otherwise

stated,  is singular at the same value ⌧ = ⌧� as �, now with expansion

 (⌧) =  (⌧�)�K (⌧� � ⌧)� + o((⌧� � ⌧)�) .

Using the results of previous section, we immediately deduce the following large n asymp-
totics for wn in the three possible situations.
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Block-weighted maps

The critical case requires more attention: we know have

w(z)� w(zc) ⇠ K 

✓
�

2yc
z2cK

zc � z

log(zc � z)

◆1/2

log

✓
�

2yc
z2cK

zc � z

log(zc � z)

◆1/2

,

so that

w(z) = w(zc)+
K 

2

✓
�

2yc
z2cK

◆1/2

(zc�z)1/2 (log(zc � z))1/2+o
⇣
(zc � z)1/2 log(zc � z)1/2

⌘
.

We then deduce that
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(critical) . (4.17)

Note that (4.17) is not the � ! 1 limit of (4.15).

The following table provides a summary of the various asymptotic behaviors for wn:
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5. Substitution and duality for random maps

5.1. General setting

5.1.1. Generating functions

As we will see in the next sections, all the cases of block-weighted decorated maps that
we will study in this article correspond to a substitution of the form

Mu(g) = 1 + u
⇥
B
�
gMu(g)

2
�
� 1

⇤
(5.1)

with B(t) = 1 +
P

j�1 bjt
j , where bj enumerates rooted decorated maps of size j formed

of a single block. Expanding Mu(g) as Mu(g) =
P

n�0m
(u)
n gn, the quantity m(u)

n then
enumerates rooted decorated maps of size n, now formed of possibly several blocks, with

a weight u per block, with a conventional initial term m(u)
0 = 1. The reader is asked to

accept at this stage the precise form of the relation (5.1) or to refer to [56, 95] for explicit
examples2. We will study in detail in the next sections several instances of block-weighted

2
Note that, in these references, a more general setting where the argument of B is gMu(g)

d
is considered.

Here we will restrict to the case d = 2 but our results are easily extended to other integer values of d.
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5.1.1. Generating functions

As we will see in the next sections, all the cases of block-weighted decorated maps that
we will study in this article correspond to a substitution of the form

Mu(g) = 1 + u
⇥
B
�
gMu(g)

2
�
� 1

⇤
(5.1)

with B(t) = 1 +
P

j�1 bjt
j , where bj enumerates rooted decorated maps of size j formed

of a single block. Expanding Mu(g) as Mu(g) =
P

n�0m
(u)
n gn, the quantity m(u)

n then
enumerates rooted decorated maps of size n, now formed of possibly several blocks, with

a weight u per block, with a conventional initial term m(u)
0 = 1. The reader is asked to

accept at this stage the precise form of the relation (5.1) or to refer to [56, 95] for explicit
examples2. We will study in detail in the next sections several instances of block-weighted

2
Note that, in these references, a more general setting where the argument of B is gMu(g)

d
is considered.

Here we will restrict to the case d = 2 but our results are easily extended to other integer values of d.
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Figure 4: Decomposition of a rooted planar quadrangulation (left, including an infinite
external face of degree 4) into 5 blocks which are rooted planar simple (i.e.,
without multiple edges) quadrangulations. The blocks are obtained by cutting
out the maximal cycles of length 2 and transforming the extracted rooted maps
with a boundary of length 2 into rooted quadrangulations by identifying their
two sides (red arrows). Proceeding recursively decomposes the map into blocks
which are themselves rooted planar simple quadrangulations.

decorated maps for which B can be made explicit. Figure 4 gives an illustration of a
block decomposition in the particular case of a quadrangulation.

To make the connection with the analysis of Section 4, we note that we may rewrite
(5.1) as our generic substitution equation (4.3) upon setting

z =
p
g , y(z) = zMu(z

2) ,

�(⌧) = 1 + u
⇥
B(⌧2)� 1

⇤
= 1 + u

X

j�1

bj⌧
2j . (5.2)

The tree described by the generating function y(z) is nothing but the so-called block tree

introduced in [56, 95]. Equations (4.4) and (4.5) for the tree critical point translate, in
the variables g and t := ⌧2 = gMu(g)2, into

1 + u(B(tc)� 1) = 2u tcB
0(tc) with tc := gcMu(gc)

2 , (5.3)

gc =
tc

(1 + u(B(tc)� 1))2
.

Let us write Equation (5.3) equivalently as

u =
1

1�B(tc) + 2tcB0(tc)
. (5.4)
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More precisely, the elementary blocks form a subfamily of possibly decorated maps,
characterized by their generating function

�(⌧) =
X

i�0

�i⌧
i , (4.1)

where ⌧ is a fugacity per unit block size. Here, the quantity �i is the number of elementary
block configurations of size i. In particular, the large i asymptotics of �i is encoded in
the singularity of �(⌧) as ⌧ approached some critical value ⌧�.

As for the tree describing the arrangement of blocks, it is characterized by its generating
function

y(z) =
X

n�1

ynz
n , (4.2)

where z is now a fugacity per block, i.e., yn is the number of tree configurations with
n attached blocks (including “blocks of size i = 0” corresponding to potential attaching
points where no block of positive size i > 0 is attached). If the average number of
outgrowths attached to a single block exceeds a certain value, the tree becomes critical,
i.e., its size (= number of blocks) becomes arbitrarily large. This critical behavior is
now described by the singularity of y(z) when z approaches some critical value zc. If
the number of possible attaching points on a block is equal or proportional to its size,
the generating functions y(z) and �(⌧) are linked by a simple substitution relation (see
below). At the critical point ⌧ = ⌧�, the tree may then be below, at or above criticality.

While Liouville quantum gravity with � < 2 describes the case below criticality, with
small outgrowths attached to a block of macroscopic size, �0�LQG with �0 > 2 describes
instead the case at criticality, where the size of the largest block is only a vanishing
fraction of the total size of the map. The duality relations (3.10), (3.13) and (3.14), that
we saw in Section 3, connect these two situations and can be recovered combinatorially,
as we shall now see by analyzing the link between the singular behaviors of � and y
resulting from the substitution relation.

4.1. Generating function singularities and partition function asymptotics

Following [55], we consider a combinatorial problem, with ordinary generating function
y(z) as in (4.2) above, which can be related to some other combinatorial problem, with
generating fonction �(⌧) as in (4.1), via a simple substitution procedure. By this, we
mean that we may write

y(z) = z �(y(z)) . (4.3)

By a simple expansion in powers of z, we see that y(z) enumerates planted plane trees
with a weight z per vertex of arbitrary degree and a weight �i per vertex with descending

degree (number of children) i. The vertices here are supposed to describe the blocks in
the block decomposition of a map (including possible blocks of size i = 0), where a block
of size i � 0 gives rise to i attached descending blocks in the tree structure formed by the
blocks. As discussed in [55], we may now look for a critical point of the tree generating
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Block-weighted maps

The critical case requires more attention: we know have
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so that
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(zc�z)1/2 (log(zc � z))1/2+o
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⌘
.

We then deduce that

wn /
z�n
c (log n)1/2

n3/2
(critical) . (4.17)

Note that (4.17) is not the � ! 1 limit of (4.15).

The following table provides a summary of the various asymptotic behaviors for wn:

subcritical critical supercritical
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5. Substitution and duality for random maps

5.1. General setting

5.1.1. Generating functions

As we will see in the next sections, all the cases of block-weighted decorated maps that
we will study in this article correspond to a substitution of the form

Mu(g) = 1 + u
⇥
B
�
gMu(g)

2
�
� 1

⇤
(5.1)

with B(t) = 1 +
P

j�1 bjt
j , where bj enumerates rooted decorated maps of size j formed

of a single block. Expanding Mu(g) as Mu(g) =
P

n�0m
(u)
n gn, the quantity m(u)

n then
enumerates rooted decorated maps of size n, now formed of possibly several blocks, with

a weight u per block, with a conventional initial term m(u)
0 = 1. The reader is asked to

accept at this stage the precise form of the relation (5.1) or to refer to [56, 95] for explicit
examples2. We will study in detail in the next sections several instances of block-weighted

2
Note that, in these references, a more general setting where the argument of B is gMu(g)

d
is considered.

Here we will restrict to the case d = 2 but our results are easily extended to other integer values of d.
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Figure 4: Decomposition of a rooted planar quadrangulation (left, including an infinite
external face of degree 4) into 5 blocks which are rooted planar simple (i.e.,
without multiple edges) quadrangulations. The blocks are obtained by cutting
out the maximal cycles of length 2 and transforming the extracted rooted maps
with a boundary of length 2 into rooted quadrangulations by identifying their
two sides (red arrows). Proceeding recursively decomposes the map into blocks
which are themselves rooted planar simple quadrangulations.

decorated maps for which B can be made explicit. Figure 4 gives an illustration of a
block decomposition in the particular case of a quadrangulation.

To make the connection with the analysis of Section 4, we note that we may rewrite
(5.1) as our generic substitution equation (4.3) upon setting

z =
p
g , y(z) = zMu(z

2) ,

�(⌧) = 1 + u
⇥
B(⌧2)� 1

⇤
= 1 + u

X

j�1

bj⌧
2j . (5.2)

The tree described by the generating function y(z) is nothing but the so-called block tree

introduced in [56, 95]. Equations (4.4) and (4.5) for the tree critical point translate, in
the variables g and t := ⌧2 = gMu(g)2, into

1 + u(B(tc)� 1) = 2u tcB
0(tc) with tc := gcMu(gc)

2 , (5.3)

gc =
tc

(1 + u(B(tc)� 1))2
.

Let us write Equation (5.3) equivalently as

u =
1

1�B(tc) + 2tcB0(tc)
. (5.4)

21

Figure 4: Decomposition of a rooted planar quadrangulation (left, including an infinite
external face of degree 4) into 5 blocks which are rooted planar simple (i.e.,
without multiple edges) quadrangulations. The blocks are obtained by cutting
out the maximal cycles of length 2 and transforming the extracted rooted maps
with a boundary of length 2 into rooted quadrangulations by identifying their
two sides (red arrows). Proceeding recursively decomposes the map into blocks
which are themselves rooted planar simple quadrangulations.

decorated maps for which B can be made explicit. Figure 4 gives an illustration of a
block decomposition in the particular case of a quadrangulation.

To make the connection with the analysis of Section 4, we note that we may rewrite
(5.1) as our generic substitution equation (4.3) upon setting

z =
p
g , y(z) = zMu(z

2) ,

�(⌧) = 1 + u
⇥
B(⌧2)� 1

⇤
= 1 + u

X

j�1

bj⌧
2j . (5.2)

The tree described by the generating function y(z) is nothing but the so-called block tree

introduced in [56, 95]. Equations (4.4) and (4.5) for the tree critical point translate, in
the variables g and t := ⌧2 = gMu(g)2, into

1 + u(B(tc)� 1) = 2u tcB
0(tc) with tc := gcMu(gc)

2 , (5.3)

gc =
tc

(1 + u(B(tc)� 1))2
.

Let us write Equation (5.3) equivalently as

u =
1

1�B(tc) + 2tcB0(tc)
. (5.4)

21

More precisely, the elementary blocks form a subfamily of possibly decorated maps,
characterized by their generating function

�(⌧) =
X

i�0

�i⌧
i , (4.1)

where ⌧ is a fugacity per unit block size. Here, the quantity �i is the number of elementary
block configurations of size i. In particular, the large i asymptotics of �i is encoded in
the singularity of �(⌧) as ⌧ approached some critical value ⌧�.

As for the tree describing the arrangement of blocks, it is characterized by its generating
function

y(z) =
X

n�1

ynz
n , (4.2)

where z is now a fugacity per block, i.e., yn is the number of tree configurations with
n attached blocks (including “blocks of size i = 0” corresponding to potential attaching
points where no block of positive size i > 0 is attached). If the average number of
outgrowths attached to a single block exceeds a certain value, the tree becomes critical,
i.e., its size (= number of blocks) becomes arbitrarily large. This critical behavior is
now described by the singularity of y(z) when z approaches some critical value zc. If
the number of possible attaching points on a block is equal or proportional to its size,
the generating functions y(z) and �(⌧) are linked by a simple substitution relation (see
below). At the critical point ⌧ = ⌧�, the tree may then be below, at or above criticality.

While Liouville quantum gravity with � < 2 describes the case below criticality, with
small outgrowths attached to a block of macroscopic size, �0�LQG with �0 > 2 describes
instead the case at criticality, where the size of the largest block is only a vanishing
fraction of the total size of the map. The duality relations (3.10), (3.13) and (3.14), that
we saw in Section 3, connect these two situations and can be recovered combinatorially,
as we shall now see by analyzing the link between the singular behaviors of � and y
resulting from the substitution relation.

4.1. Generating function singularities and partition function asymptotics

Following [55], we consider a combinatorial problem, with ordinary generating function
y(z) as in (4.2) above, which can be related to some other combinatorial problem, with
generating fonction �(⌧) as in (4.1), via a simple substitution procedure. By this, we
mean that we may write

y(z) = z �(y(z)) . (4.3)

By a simple expansion in powers of z, we see that y(z) enumerates planted plane trees
with a weight z per vertex of arbitrary degree and a weight �i per vertex with descending

degree (number of children) i. The vertices here are supposed to describe the blocks in
the block decomposition of a map (including possible blocks of size i = 0), where a block
of size i � 0 gives rise to i attached descending blocks in the tree structure formed by the
blocks. As discussed in [55], we may now look for a critical point of the tree generating
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value of a. Writing C(t) =
P

j�0 cjt
j , the coefficient cj (which does not depend on u)

now enumerates rooted decorated maps of size j formed of a single block, and with an
additional marking. The above substitution may be rewritten in the canonical form
(4.11) upon setting z and y(z) as in (5.2) and

w(z) = za Su(z
2) ,  (⌧) = ⌧aC(⌧2) .

Assume now that C has a singularity at tcr of the form

C(t) = C(tcr)�KC(tcr � t)� + o((tcr � t)�), (5.12)

with 0 < � < 1. We now deduce from (4.14), (4.13) and (4.12) in Section 4.2 the large
n asymptotics

s(u)n /
gcr(u)�n

n1+�
for u < ucr ,

s(u)n /
gc(u)�n

n1+�/↵
for u = ucr , (5.13)

s(u)n /
gc(u)�n

n3/2
for u > ucr .

5.2. Duality: comparing u = 1 and u = ucr

5.2.1. Generating functions

Let us now assume that we know (or at least have some knowledge of) the combinatorics
of the problem at u = 1, corresponding to the statistics of decorated maps where we do
not pay attention to their block structure. The corresponding generating function M1(g)
is related to B via (5.1) with u = 1, namely

M1(g) = B
�
gM1(g)

2
�
. (5.14)

In this paper, we will always consider the case where

m(1)
n /

(g1)�n

n2��S
(5.15)

for some g1 and with a string susceptibility exponent �S satisfying 2 < 2 � �S < 3. In
particular, the problem at u = 1 can be neither in the supercritical regime (5.9), nor in
the critical regime (5.8) since 1+1/↵ < 2, which means that ucr > 1 with the asymptotics
of m(1)

n being of the form (5.7). As a consequence, we deduce that the singularity of B
and that of M1 are characterized by the same exponent, namely that (5.5) holds with the
exponent

↵ = 1� �S

and, moreover, that g1 = gcr(u = 1) is such that g1M1(g1)2 = tcr. From (5.14), we deduce
that M1(g1) = B(tcr) while, upon differentiating (5.14) with respect to g, then setting
g = g1, we obtain that

B(tcr) = M1(g1) , B0(tcr) =
M 0

1(g1)

M1(g1)2 + 2g1M1(g1)M 0
1(g1)

.
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Other examples: maps equipped with
a Hamiltonian cycle 
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As we will see in the next sections, all the cases of block-weighted decorated maps that
we will study in this article correspond to a substitution of the form

Mu(g) = 1 + u
⇥
B
�
gMu(g)

2
�
� 1

⇤
(5.1)

with B(t) = 1 +
P

j�1 bjt
j , where bj enumerates rooted decorated maps of size j formed

of a single block. Expanding Mu(g) as Mu(g) =
P

n�0m
(u)
n gn, the quantity m(u)

n then
enumerates rooted decorated maps of size n, now formed of possibly several blocks, with

a weight u per block, with a conventional initial term m(u)
0 = 1. The reader is asked to

accept at this stage the precise form of the relation (5.1) or to refer to [56, 95] for explicit
examples2. We will study in detail in the next sections several instances of block-weighted

2
Note that, in these references, a more general setting where the argument of B is gMu(g)

d
is considered.

Here we will restrict to the case d = 2 but our results are easily extended to other integer values of d.
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Other examples: maps equipped with
a Hamiltonian cycle 

Cubic maps:  system of arches



Bicubic maps :  system of arches decomposed into irreducible blocks
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value of a. Writing C(t) =
P

j�0 cjt
j , the coefficient cj (which does not depend on u)

now enumerates rooted decorated maps of size j formed of a single block, and with an
additional marking. The above substitution may be rewritten in the canonical form
(4.11) upon setting z and y(z) as in (5.2) and

w(z) = za Su(z
2) ,  (⌧) = ⌧aC(⌧2) .

Assume now that C has a singularity at tcr of the form

C(t) = C(tcr)�KC(tcr � t)� + o((tcr � t)�), (5.12)

with 0 < � < 1. We now deduce from (4.14), (4.13) and (4.12) in Section 4.2 the large
n asymptotics

s(u)n /
gcr(u)�n

n1+�
for u < ucr ,

s(u)n /
gc(u)�n

n1+�/↵
for u = ucr , (5.13)

s(u)n /
gc(u)�n

n3/2
for u > ucr .

5.2. Duality: comparing u = 1 and u = ucr

5.2.1. Generating functions

Let us now assume that we know (or at least have some knowledge of) the combinatorics
of the problem at u = 1, corresponding to the statistics of decorated maps where we do
not pay attention to their block structure. The corresponding generating function M1(g)
is related to B via (5.1) with u = 1, namely

M1(g) = B
�
gM1(g)

2
�
. (5.14)

In this paper, we will always consider the case where

m(1)
n /

(g1)�n

n2��S
(5.15)

for some g1 and with a string susceptibility exponent �S satisfying 2 < 2 � �S < 3. In
particular, the problem at u = 1 can be neither in the supercritical regime (5.9), nor in
the critical regime (5.8) since 1+1/↵ < 2, which means that ucr > 1 with the asymptotics
of m(1)

n being of the form (5.7). As a consequence, we deduce that the singularity of B
and that of M1 are characterized by the same exponent, namely that (5.5) holds with the
exponent

↵ = 1� �S

and, moreover, that g1 = gcr(u = 1) is such that g1M1(g1)2 = tcr. From (5.14), we deduce
that M1(g1) = B(tcr) while, upon differentiating (5.14) with respect to g, then setting
g = g1, we obtain that

B(tcr) = M1(g1) , B0(tcr) =
M 0

1(g1)

M1(g1)2 + 2g1M1(g1)M 0
1(g1)

.
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Quadrangulations with weight per simple block
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i.e.,
�0 =

�� �S

1� �S
.

Again we obtain via analytic combinatorics the duality relation (3.13) expected from
Liouville quantum duality (with the identification � = �� and �0 = ��0). Note that
both the extended block prescription (with a weight u assigned only to those block not
containing the additional marking) and the strict block prescription (with the constraint
that the additional marking is in the same block as the root) are, at u = ucr, realizations
of the dual �0-LQG.

6. Block-weighted quadrangulations

In the coming three sections, we will describe in details three families of maps, with pos-
sible decorations, for which there are natural notions of blocks: planar quadrangulations,
cubic or bicubic planar maps decorated by Hamiltonian paths and meandric systems.

6.1. Rooted planar quadragulations and simple blocks

Our first family of maps is that considered in [56, 95], namely rooted planar quadrangu-
lations with a weight g per face. As it is well known, their generating function is given
by

M1(g) =
X

n�0

2
3n

n+ 2
Cat(n)

| {z }
m(1)

n

gn =
18g � 1 + (1� 12g)3/2

54g2
(6.1)

with
Cat(n) =

1

n+ 1

✓
2n

n

◆
(6.2)

the n-th Catalan number, with large n asymptotics

Cat(n) ⇠
4n

p
⇡ n3/2

. (6.3)

We therefore have the asymptotics

m(1)
n /

(g1)�n

n2��S
with g1 =

1

12
and �S = �

1

2
.

The generating function M1(g) is related via (5.14) to the generating function B(t)
of rooted planar simple quadrangulations, i.e., quadrangulations without multiple edges
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The generating function M1(g) is related via (5.14) to the generating function B(t)
of rooted planar simple quadrangulations, i.e., quadrangulations without multiple edges
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and with a weight t per face, namely [17, 56, 95]

B(t) = 1 +
X

j�1

2
(3j � 3)!

(2j � 1)!j!| {z }
bj

tj = 1 +
9t� 2

p
3t sin

⇣
1
3 arcsin

⇣
3
p
3t

2

⌘⌘

1 + 2 cos
⇣
2
3 arcsin

⇣
3
p
3t

2

⌘⌘ . (6.4)

More precisely, as explained in [17], we may transform a general rooted planar quad-
rangulations (enumerated by M1) into a simple one (enumerated by B) by cutting it
along its maximal (for the inclusion) cycles of length two (the so-called minimal necks in
[17]) and sewing these cycles into edges. Upon sewing its boundary of length two into a
root edge, each removed part is itself a rooted planar quadrangulations enumerated by
M1. Such a removed part can be attached to each edge of the simple quadrangulation
enumerated by B and since a planar quadrangulation has twice as many edges as faces,
this immediately leads to the substitution relation (5.14), see Figure 4.

From the above explicit formula for bj , we immediately read its large j asymptotics,
bj / t�j

cr /j1+↵, with tcr = 4/27 = g1M1(g1)2 and ↵ = 3/2 = 1 � �S as expected. The
value of ↵ can also been obtained via the expansion (5.5) of the right hand side of (6.4)
with B(tcr) = 4/3 and B0(tcr) = KB = 3.

Consider now the the quantity Mu(g) given by the substitution (5.1). As explained
in [56, 95], its coefficient m(u)

n enumerates rooted planar quadrangulations with n faces,
with a weight u per block in a decomposition of the quadrangulations into simple blocks.
More precisely, as we just saw, a general rooted quadrangulation can be transformed
by a cutting/sewing procedure into a simple one plus a number of attached parts which
may themselves be viewed as rooted quadrangulations. Repeating the cutting/sewing
operation recursively within the removed parts results into a canonical decomposition of
initial quadrangulation into simple blocks; see Figure 4 for an illustration. Each such
block receives the weight u in Mu.

From the explicit expression (6.1), we have M1(g1) = 4/3 and M 0
1(g1) = 16, and it is

found via (5.16) that

ucr =
9

5

while, from (5.17), (5.18) and (5.19), we get

m(ucr)
n /

gc(ucr)�n

n2��0
S

with gc(ucr) =
52

2433
=

25

432
and �0S = 1�

1

↵
=

1

3
, (6.5)

as found in [56, 95, 13]. The values of �S and �0S that we have found here correspond
precisely to the expected values (3.9) and (3.11) for �-LQG and �0�LQG with � =p
8/3 = 4/�0, as expected for a model in the universality class of pure quantum gravity,

characterized by a central charge c = 0. We also verify, here in the particular case
of planar quadrangulations, the validity of the Liouville quantum duality relation (1 �

�S)(1� �0S) = 1.
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Rooted quadrangulations with a second marked edge
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It has been realized in [58] that the problem of Hamiltonian cycles on bicubic maps lies
in a different universality class from that of Hamiltonian cycles on cubic maps; see also
[31, 48] for a recent discussion on this subject. We may now introduce the generating
function M1(g) of Hamiltonian cycles on bicubic maps, which is also that of bicolored arch
configurations, then B(t) via (5.14) and Mu(g) via (5.1), as well as eS1(g) via (7.3), then
eC(t) via (7.4) and finally C(t) via (7.5). All these generating functions have exactly the
same interpretation as before in terms of (general, irreducible, block-weighted, . . .) arch
configurations except that we now impose that all the configurations that we encounter
are bicolored.

With this latter constraint, the generating function M1(g) is not known, but we know
its expansion in g up to order g34; see [48, Table 3] for a complete list8 of the values of
m(1)

n for n = 1, 2, . . . , 34. As explained in [58] (see also [31, 48, 29]), it is now expected
that

m(1)
n /

(g1)�n

n2��S
with �S = �

p
13 + 1

6
,

and with some unknown g1 = gcr(1). The above value of �S = is that obtained via (3.9)
for �-LQG with � = (

p
13 � 1)/

p
3, as expected for a model characterized by a central

charge c = �1 [58, 31, 48]. The value of g1 can be obtained numerically by considering
the sequence (m(1)

n+1/m
(1)
n ) which tends to (g1)�1 at large n. From the first values of m(1)

n

for n up to 34, we estimate via some convergence algorithm

g1 = 0.098878 · · · .

As for the value of ucr, in view of the exact expression (5.16), we can estimate it by
considering the sequence

M [n]
1 (g1) + 2g1M

[n]
1

0(g1)

M [n]
1 (g1)(1�M [n]

1 (g1)) + 2g1M
[n]
1

0(g1)
with M [n]

1 (g) =
nX

j=0

m(1)
j gj (7.8)

for n up to 34 and evaluating its large n limit. We get

ucr = 2.053 · · · . (7.9)

We predict by duality that

m(ucr)
n /

gc(ucr)�n

n2��0
S

with �0S =

p
13� 1

6
.

More generally, we predict

m(u)
n /

g�n
⇤

n2��str
(7.10)

with some u-dependent g⇤ and with �str = �S for u < ucr, �str = �0S for u = ucr and
�str = 1/2 for u > ucr. This prediction is numerically checked by computing the (34, 7)-
estimate of �str: the results are presented in Figure 18.

8
We also set m(1)

0 = 1.
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2. Block-weighted maps at their dual critical point

2.1. Substitution relation and dual critical point

Following [9], we denote by m
(u)
n the generating function of rooted decorated maps of size

n, enumerated with a weight u per block, and with a conventional first term m
(u)
0 = 1

which we interpret as accounting for an “empty” map: these quantities are gathered in
the generating function Mu(g) =

P
n�0m

(u)
n g

n. We will call the root-block size of a
map the size of its root-block, that is the block containing its root-edge. In this paper,
we will consider the archetypical situation of block-weighted decorated maps where the
number of blocks which can be attached to a root-block of root-block size k is equal
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Figure 11: Objects contributing to logZ(t, g, u,N) are (non necessarily planar) quartic
maps endowed with pairs of bivalent vertices (small circles) connected via
extra special edges (dark green). A map with genus h receives a weight N2�2h

while each special edge receives a weight u/N2. The object on the left receives
a global weight u5/N6 and that on the right a global weight u4N2, hence only
the second one contributes to F0(t, g, u).

follows: we start from a general rooted quartic planar map Q. This map serves as the
root block of the tree structure and we denote by k its number of vertices (the map Q

has then 2k edges and k+2 faces - we say that the tree structure has root block size k).
By face/vertex standard duality, the number bk of planar quartic maps is equal to the
number of planar quadrangulations of size k, namely

bk = 2
3k

(k + 1)(k + 2)

✓
2k

k

◆
, B(t) :=

X

k�0

bk t
k =

18t� 1 + (1� 12t)3/2

54t2
. (6.4)

For k = 0, we have b0 = 1 which we interpret here as counting the unique “rooted map
with no vertex” formed of a single oriented ring separating two faces on the sphere. The
function B(t) has a singular behavior of the form (2.2) with ↵ = 3/2 and

tcr =
1

12
, B(tcr) =

4

3
, B0(tcr) = 16 , KB = 26

p
3 . (6.5)

Since Q is a planar map with all its vertices of even degree (here 4), we may color its
faces in black and white so that any two adjacent faces have different colors. We fix
the colors by demanding that the face to the left of the root edge be white. Consider
now an arbitrary edge e of Q. We then attach to e a (possibly empty) sequence made
of an arbitrary number p � 0 of rooted quartic maps Qj , j = 1, . . . , p (some of them
possibly having size 0, i.e., being reduced to an oriented ring). This is done by adding

25

�

E[e��n|k]

�

E[e�� n

k3/2 |k]

Figure 7: Left: plot of E[e��n
|k] versus � (dashed lines) and the corresponding limiting

estimates (4.8) for k = 5, 10, 25, 40 (orange, green, blue and red solid line)
in the case of quadrangulations (↵ = 3/2 and D = 3/22/3). Right: plot of
E[e

�� n

k3/2 |k] versus � (dotted lines with vertical bars for a better visualization)
for k = 5, 10, 25, 40 (orange, green, blue and red) and the corresponding limiting
law (4.9).

Block-weighted quadrangulations. In the case of block-weighted quadrangulations, the
fonction B(t) is algebraic, solution of the equation

B
3(t)�B

2(t)� 18tB(t) + 27t2 + 16t = 0 . (4.11)

We then deduce from (2.1) that Mcr(g) is algebraic, solution of

27g2u3crM
4
cr(g) + (1� 18gu2cr)M

3
cr(g) +

�
g(18u2cr � 2u3cr) + 2ucr � 3

�
M

2
cr(g)

+ (ucr � 1)(ucr � 3)Mcr(g)� (ucr � 1)2 = 0
(4.12)

where ucr = 9/5, with Mcr(g) = 1 + O(g). This allows us to obtain a closed form for
Mcr(g), hence for E[e��n

|k] via (4.7). Figure 7-right displays a plot of E[e�� n
k↵ |k] versus

� and the corresponding limiting law (4.9) for values of k from k = 5 to k = 40.

5. Tree structures made of attached quartic maps

In 1990, Das et al. introduced in [5] a matrix model for the enumeration of tree struc-
tures made of attached quartic maps, as a particular example of a two-dimensional gravity
model with a positive string susceptibility exponent �

0
S = 1/3 (in our notations, corre-

sponding to ↵ = 3/2) at some well-chosen value of the attachment weight (corresponding
precisely to the dual critical point, see below). More precisely, the authors considered
the matrix integral ˆ

d� exp(�V (�)) ⇠
N!1

e
N2 Z(g,u)

, (5.1)

V (�) :=
1

2t
Tr�2

�
g

4N
Tr�4

�
u

4N2
(Tr�2)2 , (5.2)
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Z(g, u) (1.1)

2. Block-weighted maps at their dual critical point

2.1. Substitution relation and dual critical point

Following [9], we denote by m
(u)
n the generating function of rooted decorated maps of size

n, enumerated with a weight u per block, and with a conventional first term m
(u)
0 = 1

which we interpret as accounting for an “empty” map: these quantities are gathered in
the generating function Mu(g) =

P
n�0m

(u)
n g

n. We will call the root-block size of a
map the size of its root-block, that is the block containing its root-edge. In this paper,
we will consider the archetypical situation of block-weighted decorated maps where the
number of blocks which can be attached to a root-block of root-block size k is equal
to 2k. Ref. [9] gives a number of explicit sample realizations of such block-weighted
map families, lying in various universality classes. Consider now the generating function
B(t) = 1 +

P
k�1 bkt

k, where bk enumerates rooted decorated maps formed of a single
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Block-weighted quadrangulations. In the case of block-weighted quadrangulations, the
fonction B(t) is algebraic, solution of the equation

B
3(t)�B

2(t)� 18tB(t) + 27t2 + 16t = 0 . (4.11)

We then deduce from (2.1) that Mcr(g) is algebraic, solution of

27g2u3crM
4
cr(g) + (1� 18gu2cr)M

3
cr(g) +

�
g(18u2cr � 2u3cr) + 2ucr � 3

�
M

2
cr(g)

+ (ucr � 1)(ucr � 3)Mcr(g)� (ucr � 1)2 = 0
(4.12)

where ucr = 9/5, with Mcr(g) = 1 + O(g). This allows us to obtain a closed form for
Mcr(g), hence for E[e��n

|k] via (4.7). Figure 7-right displays a plot of E[e�� n
k↵ |k] versus

� and the corresponding limiting law (4.9) for values of k from k = 5 to k = 40.

5. Tree structures made of attached quartic maps

In 1990, Das et al. introduced in [5] a matrix model for the enumeration of tree struc-
tures made of attached quartic maps, as a particular example of a two-dimensional gravity
model with a positive string susceptibility exponent �

0
S = 1/3 (in our notations, corre-

sponding to ↵ = 3/2) at some well-chosen value of the attachment weight (corresponding
precisely to the dual critical point, see below). More precisely, the authors considered
the matrix integral ˆ

d� exp(�V (�)) ⇠
N!1

e
N2 Z(g,u)

, (5.1)

V (�) :=
1

2t
Tr�2

�
g

4N
Tr�4

�
u

4N2
(Tr�2)2 , (5.2)
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as obtained by differentiating (6.6) with respect to Mu(g). We eventually find that ucr

is now given (instead of (2.5)) by

ucr =
B(tcr) + 2tcr B0(tcr)

4(B(tcr) + tcr B0(tcr))2
=

9

64
, (6.11)

which is precisely the critical attachment weight3 obtained in [18].
Focusing our study on the dual critical point upon setting u = ucr, and using again

the shorthand notation gcr := gcr(ucr), we obtain from (6.9) and (6.11) the value

gcr =
3

64
, (6.12)

satisfying the relation (instead of (2.11))

ucr =
2gcr �

p
gcr tcr

2t2cr B
0(tcr)

. (6.13)

Writing
g =

t

2

⇣
1� 2ucrB(t) +

p
1� 4ucrB(t)

⌘
, (6.14)

as obtained by eliminating Mcr(g) in the system

g = t (1� ucr Mcr(g))
2 , Mcr(g) =

1

1� ucr Mcr(g)
B(t) , (6.15)

and expanding (6.14) around tcr via (2.2), it is easily checked that, remarkably, the
relation (2.14) remains unchanged, with in particular the same literal expression for C,
with the value here

C =

✓
tcrB0(tcr)

gcrKB

◆ 1
↵

=
24/3

35/3
. (6.16)

The scaling estimates (3.15), (3.22) and (4.6) remain valid, with the same literal expres-
sion (3.11) for the scaling parameter D, with the value here

D =
1

tcr

✓
tcrB0(tcr)

KB

◆ 1
↵

=
1

22/3
, (6.17)

to be compared again with the value D = 3/22/3 in (3.32) for block-weighted quadran-
gulations.

6.2. The distance profiles of stuffed quadrangulations

Stuffed maps were introduced in [16] as a generalization of maps with faces not only
made of polygons (with the topology of the disk, or equivalently of the sphere with a
single boundary), but also of more general 2-cells of type (m, g) with the topology of

3
The quantity ucr is called �↵0 in [18], while the quantity gcr is called ��0.
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and therefore

[gn]C(2)
�
gM2

cr(g)
�
⇠

g�n
cr

n2� 1
↵

⇥
2tcrKBC↵�1(↵� 1)g

1� 1
↵

cr

�
�
1
↵

� . (3.20)

Combining (3.13) with (3.20) and (2.3) with k ⇠ xn
1
↵ , we eventually get for (3.17), at

large n,

Pr(X(2)
n = bxn

1
↵ c) ⇠

1

n
1
↵

⇥
↵(↵� 1)KBt↵cr

�(2� ↵)
⇥

�
�
1
↵

�

2tcrKBC↵�1(↵� 1)g
1� 1

↵
cr

⇥
2

x↵
S 1

↵
(Dx),

(3.21)
hence

n
1
↵Pr(X(2)

n = bxn
1
↵ c) !

n!1
�(x) , �(x) =

↵�
�
1
↵

�

�(2� ↵)

D

(Dx)↵
S 1

↵
(Dx) (3.22)

with D as in (3.11) and S 1
↵

as in (3.14). We therefore find that, for large n, the probability

that X(2)
n lies in the range [n

1
↵x, n

1
↵ (x+dx)] is given by �(x)dx. It is easily checked that´

1

0 �(x)dx = 1 (see (A.8)) so that � is a probability density. This in turn tells us that,
for doubly-rooted maps of large size n, the two marked edges lie in a large block of size
/ n1/↵ with probability 1. This is consistent with the following heuristic argument: for
a given map of size n, the probability that we chose the two marked edges in a given
large block is proportional to (n1/↵/n)2 = n2/↵�2 while the probability that we chose
the two marked edges in any small block is proportional to n ⇥ (1/n)2 = n�1. Since
�1 < 2/↵�2 < 0 for ↵ < 2, the former situation is selected at large n. Figure 3 presents
plots of the probability densities � for D = 1 and ↵ = 1.1, 1.2, . . . , 1.9.

3.3. Fixed-size partition functions

We introduced in (3.18) the generating function C(2)(t) for doubly-rooted maps formed
of a single block. This is the first term of a general family of generating functions C(p)(t),
p � 2, for p-rooted maps formed of a single block, i.e., maps with p distinct marked edges
(the first one being oriented). We have

C(p)(t) =
X

k>b
p�1
2 c

(2k � 1)(2k � 2) · · · (2k � p+ 1)bkt
k (3.23)

and, from (2.2), the singular part of C(p)(t) for t ! tcr reads

C(p)(t)
���
sing.

= (�2)p�1tp�1
cr KB ↵(↵� 1) · · · (↵� p+ 2)(tcr � t)↵�p+1 . (3.24)

Let us introduce the fixed size partition function Z(p)
k of p-rooted maps formed of a single

block of size k, defined as the quantity Z(p)
k := [tk]C(p)(t). We deduce from the above

singularity the asymptotic behavior

Z(p)
k ⇠

t!1

t�k
cr

k↵�p+2
(�2)p�1tp�1

cr KB ↵(↵� 1) · · · (↵� p+2)⇥
1

�(p� 1� ↵)
t↵�p+1
cr . (3.25)
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Setting � = µei⇡ along C+ and � = µe�i⇡ along C�, with µ real positive, we obtain finally

t�k
cr [gn]

�
gM2

cr(g)
�k

⇠
g�n

cr

n

1

⇡

ˆ
1

0
dµ e�µ 1

2i

✓
e�Dµ

1
↵ x e�i ⇡↵

� e�Dµ
1
↵ x ei

⇡
↵

◆

⇠
g�n

cr

n
⇥ S 1

↵
(Dx)

(3.13)

with

S 1
↵
(x) :=

1

⇡

ˆ
1

0
dµe�µ�µ

1
↵ x cos( ⇡

↵) sin
⇣
µ

1
↵x sin

⇣⇡
↵

⌘⌘

=
1

⇡

X

m�1

(�1)m�1xm
�
�
1 + m

↵

�

m!
sin

⇣⇡m
↵

⌘
.

(3.14)

We recover here the result of [35, Eq. (102) p. 709 with � ! 1/↵], where the scaling
function S 1

↵
is related to the Wright function W�,µ by

S 1
↵
(x) = W

�
1
↵ ,0(�x), W�,µ(z) :=

X

m�0

zm

m!�(�m+ µ)
.

Known properties of the function S 1
↵

are discussed in Appendix A. Note that this function
satisfies S 1

↵
(x) = O(x) at small x. Its large x behavior is given in (A.6).

Combining (3.13) with (3.3) and (2.3) in (3.1), with k ⇠ xn
1
↵ , we get

Pr(Xn = bxn
1
↵ c) ⇠

1

n
⇥

↵(↵� 1)KBt↵cr
�(2� ↵)

⇥
↵�

�
1� 1

↵

�

B0(tcr)Cg
1
↵
cr

⇥
1

x1+↵
S 1

↵
(Dx)

⇠
1

n
⌧(x) , ⌧(x) =

↵3�
�
2� 1

↵

�

�(2� ↵)

1

(Dx)1+↵
S 1

↵
(Dx) .

(3.15)

If we now wish to estimate the probability that Xn > ✏n
1
↵ , we find

Pr(Xn > ✏n
1
↵ ) =

X

k>✏n
1
↵

Pr(Xn = bxn
1
↵ c)

⇠
n!1

1

n1� 1
↵

ˆ
1

✏
⌧(x)dx .

(3.16)

which is of order n1/↵�1, hence is wiped out at large n. This is consistent with our
heuristic remark in Section 3.1 that the root block size Xn remains finite with probability
1 at large n. Note also that, since S 1

↵
(Dx) = O(x) for small x, the above integral diverges

as ✏1�↵ for ✏ ! 0, in agreement with the fact that Pr(Xn > ✏n1/↵) should remain of
O(1) at large n if we let ✏ tend to 0 as n�1/↵.

A simple way to enhance the contribution of maps with a large root block size so as
to obtain a proper probability density is to consider the statistics of doubly-rooted maps,
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Figure 4: Decomposition of a rooted planar quadrangulation (left) into 5 blocks which
are rooted planar simple quadrangulations. The blocks are obtained by cutting
out recursively the maximal cycles of length 2 and transforming the extracted
rooted maps with a boundary of length 2 into rooted quadrangulations by
identifying their two sides (red arrows); see [30] for details.

tcr =
4

27
, B(tcr) =

4

3
, B0(tcr) = KB = 3 . (3.31)

We deduce in particular from these values that

ucr =
9

5
, gcr =

25

432
, C =

24

54/3
, D =

3

22/3
. (3.32)

Figure 5 displays the properly rescaled probability Pr(Xn = k) for various values of n
ranging from n = 30 to n = 200 and compares the result with the predicted scaling
function ⌧(x) in (3.15) (with ↵ = 3/2 and D = 3/22/3). Similarly, Figure 6 displays the
properly rescaled probability Pr(X(2)

n = k) for the same values of n and compares the
result with the probability density �(x = k n�1/↵) in (3.22).

Note that, for ↵ = 3/2, we have (see for instance [54, Eq. (16)])

S 1
↵
(x) = 2

x

32/3
e�

2
27x
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✓
x
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34/3

◆◆
=

x

32/3
A

⇣ x

32/3

⌘
, (3.33)

where A(x) is the probability density of the so-called standard Airy probability distri-
bution introduced in [5].

4. Distribution for the total size at fixed root block size

Let us now consider (simply-)rooted maps with a fixed root block size k and compute the
law for the random total size Yk of the map at the dual critical point. As, for fixed k,
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1
↵ , we find

Pr(Xn > ✏n
1
↵ ) =

X

k>✏n
1
↵

Pr(Xn = bxn
1
↵ c)

⇠
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✏
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which is of order n1/↵�1, hence is wiped out at large n. This is consistent with our
heuristic remark in Section 3.1 that the root block size Xn remains finite with probability
1 at large n. Note also that, since S 1

↵
(Dx) = O(x) for small x, the above integral diverges

as ✏1�↵ for ✏ ! 0, in agreement with the fact that Pr(Xn > ✏n1/↵) should remain of
O(1) at large n if we let ✏ tend to 0 as n�1/↵.

A simple way to enhance the contribution of maps with a large root block size so as
to obtain a proper probability density is to consider the statistics of doubly-rooted maps,
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Block-weighted quadrangulations
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Figure 5: Left: the properly rescaled probability Pr(Xn = k) for n = 30, 50, 100, 200
(orange, green, blue, red) in the case of block-weighted quadrangulations. The
points all fall on a well defined curve. Right: the comparaison with the scaling
function ⌧(x) of (3.15) with ↵ = 3/2 and D = 3/22/3. Vertical bars under the
discrete points have been added for better visualization.
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n = k) for n = 30, 50, 100, 200 (or-

ange, green, blue, red) in the case of block-weighted quadrangulations. Right:
the comparaison with the probability density �(x) of (3.22) with ↵ = 3/2 and
D = 3/22/3.

the value n of the total size can now take arbitrarily large values, and since the number
of maps of size n typically grows like g�n

cr , we now draw a map M in the set of all rooted
maps of fixed root block size k with a probability proportional to ub(M)

cr gn(M)
cr where

b(M) is its number of blocks and n(M) its total size. In this ensemble, we then get

Pr(Yk = n) =
(gcr)n [gn]

�
gM2

cr(g)
�k

(gcr M2
cr(gcr))

k
= (gcr)

nt�k
cr [gn]

�
gM2

cr(g)
�k

. (4.1)

For large k, we are now interested in the scaling regime where n scales as k↵. We thus
set

n = y k↵ (4.2)
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Doubly rooted maps: Scaling regime
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Figure 3: Plot of �(x) versus x for D = 1 and ↵ = 1 + i
10 , i = 1, 2, . . . , 9 (from upper

left to bottom right, line by line). The central plot corresponds to the ↵ = 3/2
case.

that is rooted maps with an extra marked edge (different from the root edge, say) lying

in the same block as the root edge. Again we fix the total size n and each doubly-rooted
map M is drawn with a probability proportional to ub(M)

cr , where b(M) is its number
of blocks. The law for the root block size X(2)

n in doubly-rooted block-weighted maps of
fixed size n at the dual critical point is now obtained from the following expression, valid
for n � 1 and k � 1:

Pr(X(2)
n = k) =

(2k � 1)bk[gn]
�
gM2

cr(g)
�k

[gn]C(2) (gM2
cr(g))

(3.17)

where [30, Eq. (6.10)]
C(2)(t) = 1 + 2tB0(t)�B(t) (3.18)

is the generating function for doubly-rooted maps
2

formed of a single block (with by
convention no weight ucr for this single block). Using now the expansion C(2)(t) =
C(2)(tcr)� 2tcrKB↵(tcr � t)↵�1 + o((tcr � t)↵�1), we obtain that

C(2)
�
gM2

cr(g)
�
= C(2)(tcr)� 2tcrKB↵C

↵�1(gcr � g)1�
1
↵ + o

⇣
(gcr � g)1�

1
↵

⌘
(3.19)

2
Here we assume that, in such a the rooted map of size k (made of a single block), there are exactly

2k � 1 possible choices for the second marked edge. This is indeed the case for all the examples

discussed in [30] and here.
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Figure 5: Left: the properly rescaled probability Pr(Xn = k) for n = 30, 50, 100, 200
(orange, green, blue, red) in the case of block-weighted quadrangulations. The
points all fall on a well defined curve. Right: the comparaison with the scaling
function ⌧(x) of (3.15) with ↵ = 3/2 and D = 3/22/3. Vertical bars under the
discrete points have been added for better visualization.
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the comparaison with the probability density �(x) of (3.22) with ↵ = 3/2 and
D = 3/22/3.

the value n of the total size can now take arbitrarily large values, and since the number
of maps of size n typically grows like g�n

cr , we now draw a map M in the set of all rooted
maps of fixed root block size k with a probability proportional to ub(M)

cr gn(M)
cr where

b(M) is its number of blocks and n(M) its total size. In this ensemble, we then get

Pr(Yk = n) =
(gcr)n [gn]

�
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cr(g)
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cr(gcr))
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= (gcr)
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. (4.1)

For large k, we are now interested in the scaling regime where n scales as k↵. We thus
set

n = y k↵ (4.2)
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Distribution of total size at fixed root block size

with y fixed. Starting again from the contour integral representation (3.8) with g inte-
grated over the contour of Figure 2-left, we now set

g = gcr

⇣
1�

�

k↵

⌘
, (4.3)

with � running over the contour C+ [ C� of Figure 2-right at large k. With this change
of variable, we have

t�k
cr

�
gM2

cr(g)
�k

=

✓
1�

tcr � t

tcr

◆k

=

✓
1�

C

tcr
(gcr � g)

1
↵ + o

⇣
(gcr � g)

1
↵

⌘◆k

⇠

0

@1�
Cg

1
↵
cr

tcr
⇥

�
1
↵

k

1

A
k

⇠
k!1

e�D �
1
↵

(4.4)

with D as is (3.11). We now get the large k equivalent

(gcr)
nt�k

cr [gn]
�
gM2

cr(g)
�k

⇠
k!1

1

k↵
(�1)

2i⇡

ˆ
C+[ C�

d� e�y�D �
1
↵ =

1

k↵
⇥

1

y
S 1

↵

 
D

y
1
↵

!
(4.5)

with S 1
↵

as in (3.14). We end up wit the desired scaling distribution:

k↵Pr(Yk = by k↵c) !
k!1

}(y) , }(y) =
1

y
S 1

↵

 
D

y
1
↵

!
. (4.6)

The function } above is equivalently characterized by its Laplace transform (see (A.5)):

L{}}(�) :=

ˆ
1

0
dy }(y)e�� y = e�D �

1
↵ . (4.7)

In particular, we have
´
1

0 dy}(y) = 1 so that } is a probability density. Fig. 7 displays
the properly rescaled probability Pr(Yk = n) and its limiting law (4.6) in the case of
block-weighted quadrangulations.

A related interesting quantity is the expectation value E[e��n
|k] := E[e��Yk ]. It is

given by

E[e��n
|k] =

X

n�k

Pr(Yk = n)e��n = t�k
cr

⇣
gcre

��M2
cr(gcre

��)
⌘k

. (4.8)

The property (4.7) allows us to estimate its large k limit via

E[e��n
|k] =

X

n�k

Pr(Yk = n)e��n
'

k!1

ˆ
1

0
dy }(y)e�� y k↵ = e�D�

1
↵ k . (4.9)

Here we used on purpose the ill-defined symbol “'” since the passage from the sum to
the integral is not justified for a fixed �. Still, as displayed in Figure 8-left in the case
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Figure 7: Left: the properly rescaled probability Pr(Yk = n) for k = 5, 10, 25, 40 (orange,
green, blue, red) and n limited to 200 in the case of block-weighted quadrangu-
lations. These points form a well defined scaling curve. Right: the comparison
with the probability density }(y) of (4.6) for ↵ = 3/2 and D = 3/22/3.

of block-weighted quadrangulations, the right hand side gives a good estimate of the left
hand side if � is small enough. A more precise statement can be made via the following,
well-defined, limit:

E[e�� n
k↵ |k] := E[e��

Yk
k↵ ] = t�k

cr

⇣
gcre

�
�
k↵ M2

cr(gcre
�

�
k↵ )

⌘k
!

k!1

e�D�
1
↵ , (4.10)

as obtained by repeating the argument that lead to (4.4) by replacing � by �.
Remark 1. Suppose that, instead of fixing only the root block size k, we decide to impose
a fixed root block B. As before, we draw a map M, now in the set of all rooted maps
of fixed root block B, with a probability proportional to ub(M)

cr gn(M)
cr where b(M) is its

number of blocks and n(M) its total size. It is easily seen that

E[e�� n
(n(B))↵ |B] = f(n(B),�)

with f(k,�) := t�k
cr

⇣
gcre

�
�
k↵ M2

cr(gcre
�

�
k↵ )

⌘k
!

k!1

e�D�
1
↵ ,

(4.11)

since only the size k := n(B) of the root block matters in the statistics for n.

Block-weighted quadrangulations

In the case of block-weighted quadrangulations, the fonction B(t) is algebraic, solution
of the equation

B3(t)�B2(t)� 18tB(t) + 27t2 + 16t = 0 . (4.12)

We then deduce from (2.1) that Mcr(g) is algebraic, solution of

27g2u3crM
4
cr(g) + (1� 18gu2cr)M

3
cr(g) +

�
g(18u2cr � 2u3cr) + 2ucr � 3

�
M2

cr(g)

+ (ucr � 1)(ucr � 3)Mcr(g)� (ucr � 1)2 = 0
(4.13)
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with � running over the contour C+ [ C� of Figure 2-right at large k. With this change
of variable, we have

t�k
cr

�
gM2

cr(g)
�k
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1�

tcr � t

tcr

◆k
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�
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↵
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k!1

e�D�
1
↵

(4.4)

with D as is (3.11). We now get the large k equivalent

(gcr)
nt�k

cr [gn]
�
gM2

cr(g)
�k

⇠
k!1

1

k↵
(�1)

2i⇡

ˆ
C+[C�

d� e�y�D�
1
↵ =

1

k↵
⇥

1

y
S 1

↵

 
D

y
1
↵

!
(4.5)

with S 1
↵

as in (3.14). We end up wit the desired scaling distribution:

k↵Pr(Yk = by k↵c) !
k!1

}(y) , }(y) =
1

y
S 1

↵

 
D

y
1
↵

!
. (4.6)

The function } above is equivalently characterized by its Laplace transform (see (A.5)):

L{}}(�) :=

ˆ
1

0
dy }(y)e�� y = e�D�

1
↵ . (4.7)

In particular, we have
´
1

0 dy}(y) = 1 so that } is a probability density. Fig. 7 displays
the properly rescaled probability Pr(Yk = n) and its limiting law (4.6) in the case of
block-weighted quadrangulations.

A related interesting quantity is the expectation value E[e��n
|k] := E[e��Yk ]. It is

given by

E[e��n
|k] =

X

n�k

Pr(Yk = n)e��n = t�k
cr

⇣
gcre

��M2
cr(gcre

��)
⌘k

. (4.8)

The property (4.7) allows us to estimate its large k limit via

E[e��n
|k] =

X

n�k

Pr(Yk = n)e��n
'

k!1

ˆ
1

0
dy }(y)e�� y k↵ = e�D�

1
↵ k . (4.9)

Here we used on purpose the ill-defined symbol “'” since the passage from the sum to
the integral is not justified for a fixed �. Still, as displayed in Figure 8-left in the case
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Laplace transform

n
k3/2

}(y)

y

k3/2 ⇥ Pr(Yk = n)

Figure 7: Left: the properly rescaled probability Pr(Yk = n) for k = 5, 10, 25, 40 (orange,
green, blue, red) and n limited to 200 in the case of block-weighted quadrangu-
lations. These points form a well defined scaling curve. Right: the comparison
with the probability density }(y) of (4.6) for ↵ = 3/2 and D = 3/22/3.

of block-weighted quadrangulations, the right hand side gives a good estimate of the left
hand side if � is small enough. A more precise statement can be made via the following,
well-defined, limit:

E[e�� n
k↵ |k] := E[e��

Yk
k↵ ] = t�k

cr

⇣
gcre

�
�
k↵ M2

cr(gcre
�

�
k↵ )

⌘k
!

k!1

e�D�
1
↵ , (4.10)

as obtained by repeating the argument that lead to (4.4) by replacing � by �.
Remark 1. Suppose that, instead of fixing only the root block size k, we decide to impose
a fixed root block B. As before, we draw a map M, now in the set of all rooted maps
of fixed root block B, with a probability proportional to ub(M)

cr gn(M)
cr where b(M) is its

number of blocks and n(M) its total size. It is easily seen that

E[e�� n
(n(B))↵ |B] = f(n(B), �)

with f(k, �) := t�k
cr

⇣
gcre

�
�
k↵ M2

cr(gcre
�

�
k↵ )

⌘k
!

k!1

e�D�
1
↵ ,

(4.11)

since only the size k := n(B) of the root block matters in the statistics for n.

Block-weighted quadrangulations

In the case of block-weighted quadrangulations, the fonction B(t) is algebraic, solution
of the equation

B3(t)�B2(t)� 18tB(t) + 27t2 + 16t = 0 . (4.12)

We then deduce from (2.1) that Mcr(g) is algebraic, solution of

27g2u3crM
4
cr(g) + (1� 18gu2cr)M

3
cr(g) +

�
g(18u2cr � 2u3cr) + 2ucr � 3

�
M2

cr(g)

+ (ucr � 1)(ucr � 3)Mcr(g)� (ucr � 1)2 = 0
(4.13)
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of the equation

B3(t)�B2(t)� 18tB(t) + 27t2 + 16t = 0 . (4.12)

We then deduce from (2.1) that Mcr(g) is algebraic, solution of
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�

E[e��n|k]

�

E[e�� n

k3/2 |k]

Figure 8: Left: plot of E[e��n
|k] versus � (dashed lines) and the corresponding limiting

estimates (4.9) for k = 5, 10, 25, 40 (orange, green, blue and red solid line)
in the case of quadrangulations (↵ = 3/2 and D = 3/22/3). Right: plot of
E[e

�� n

k3/2 |k] versus � (dotted lines with vertical bars for a better visualization)
for k = 5, 10, 25, 40 (orange, green, blue and red) and the corresponding limiting
law (4.10).

where ucr = 9/5, with Mcr(g) = 1 + O(g). This allows us to obtain a closed form for
Mcr(g), hence for Pr(Yk = n) via (4.1) and for E[e��n

|k] via (4.8). Figure 8-right displays
a plot of E[e�� n

k↵ |k] versus � and the corresponding limiting law (4.10) for values of k
from k = 5 to k = 40.

5. Distance profile

5.1. Distance profile and duality

A quantity of interest, which characterizes the metric properties of maps, is their asymp-
totic distance profile defined as follows. Considering doubly rooted maps as before, we
may look at the graph distance ` between (the origin vertices of) their two marked edges.
In the case of maps formed of a simple block (as enumerated by C(2)(t)), it is expected
that, for a large size k of the map, the typical distance scales as ` / k1/d for a Hausdorff
dimension d depending on the universality class at hand. Setting r = `/k1/d, we define
the distance profile as

⇢0(r) := lim
k!1

k1/d
[tk]C(2)

bk1/d rc
(t)

[tk]C(2)(t)
, (5.1)

where C(2)
` (t) enumerates those doubly rooted maps formed of a simple block for which

the distance between the marked edges is `. Note that the quantity C(2)
` (t), as well as

the Hausdorff dimension d, are not known in general.
Consider now maps formed of possibly several blocks at the critical point u = ucr and,

more precisely, doubly rooted such maps conditioned to have their two marked edges in

the same (root) block. We may then define their block distance profile as the asymptotic
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Dual Liouville quantum measures

then identity (7.10) simply becomes

E
⇥
exp

�
�uµ�0(A)

� ��µ�
⇤
= exp

⇣
�Du1/↵µ�(A)

⌘
, (7.15)

while identity (7.13) becomes

E

exp

✓
�u

µ�0(A)

µ↵
� (A)

◆ ��µ�

�
= exp

⇣
�Du1/↵

⌘
. (7.16)

Upon identification of k with µ� and n with µ�0 , Eq.(7.16) is the exact continuous ana-
logue of Eq.(4.10), obtained in the scaling limit k ! 1, n ! 1 with n/k↵ fixed. So we
posit that the general definition (7.14) of the dual Liouville measure allows for a universal

description of the statistics of block-weighted random planar maps in the scaling limit,
where a single non-universal parameter D depends on the particular discrete model at
hand.

7.4. Liouville partition functions

LQG partition function on the sphere

The partition function ⇧(zi↵i)i
�,ĝ (�) of the Liouville conformal field theory (LCFT) on the

Riemann sphere S, for a random field X with parameter � < 2 and spherical metric
ĝ, has been explicitly constructed in Ref. [20], for a so-called ‘cosmological constant’
(or ‘chemical potential’ in statistical mechanics) � > 0, the conjugate parameter to the
sphere random Liouville measure µ�(S). Its finiteness requires the insertion of vertex
functions e↵iX(zi) at p arbitrary points zi, i 2 {1, · · · , p}, whose parameters ↵i must obey
the so-called Seiberg bounds

pX

i=1

↵i � 2Q > 0; ↵i < Q = 2/� + �/2, 8i 2 {1, · · · , p}. (7.17)

As is well-known, these bounds imply the insertion of at least three points, i.e., p � 3.
Another perspective, focusing on fixed-area Liouville quantum spheres, has been pro-

posed in Ref. [31], and its equivalence to the standard Liouville CFT of [20] has been es-
tablished in Ref. [4]. Notice that while the definition of finite ‘grand-canonical’ partition
functions ⇧(zi↵i)i

�,ĝ (�) requires a number of insertions p � 3, the definition of ‘canonical’
fixed-area ones only requires p � 2, with slightly modified Seiberg bounds, as detailed in
[4, Lemma 2.5] and [20, Lemma 3.10].

The partition function obeys the simple but fundamental scaling law [20, Th. 3.4] (see
also [38]),

⇧(zi↵i)i
�,ĝ (�) = �

2Q�
P

i ↵i
� ⇧(zi↵i)i

�,ĝ (1), (7.18)

where the � = 1 partition function ⇧(zi↵i)i
�,ĝ (1) is given by a finite explicit, albeit non

exactly computable, expression. Notice that due to the leftmost Seiberg bound in Eq.
(7.17), ⇧(zi↵i)i

�,ĝ (�) always diverges as � ! 0.
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On the right-hand side of (7.9), expectation is taken with respect to the standard Liouville
random measure µ�<2. It is clear that one can instead condition the left-hand side
expectation of (7.9) on the value of the latter measure µ� , to get

E
⇥
exp(�uµ�0(A))|µ�

⇤
= E


exp

✓ˆ
A

µ�(dz)

ˆ
1

0

d⌘

⌘1+↵0

�
e�u⌘

� 1
�◆ ��µ�

�

= exp
h
�(�↵0)u↵

0
µ�(A)

i
, (7.10)

Let us now consider the moments of the mutually-dual measures. For 0 < q < ↵0 < 1,
we have

E
⇥�
µ�0(A)

�q⇤
=

q

�(1� q)

ˆ
1

0
(1� E

⇥
e�uµ�0 (A)⇤) du

u1+q
(7.11)

=
q

�(1� q)

ˆ
1

0
(1� E

⇥
e�(�↵0)u↵0

µ�(A)
⇤
)

du

u1+q
.

With the change of variable x = u↵
0 , we finally get

E
⇥�
µ�0(A)

�q⇤
=

q

↵0�(1� q)

ˆ
1

0
(1� E

⇥
e�(�↵0)xµ�(A)

⇤
)

dx

x1+q/↵0

=
�(1� q/↵0)[��(�↵0)]q/↵

0

�(1� q)
E
h�
µ�(A)

�q/↵0i
. (7.12)

For q < 0, instead of (7.11), we simply use

E
⇥�
µ�0(A)

�q⇤
=

1

�(�q)

ˆ
1

0
E
⇥
e�uµ�0 (A)⇤ du

u1+q

=
�q

�(1� q)

ˆ
1

0
E
⇥
e�(�↵0)u↵0

µ�(A)
⇤ du

u1+q
.

With the same change of variable, x = u↵
0 , we finally get the same equation (7.12), this

time extended to q < 0, hence to the whole range q < ↵0. This relationship will be
exploited later when dealing with the multifractal analysis of the Liouville measure and
its dual.

For a comparison with the results obtained from the discrete models, in particular
(4.10), and recalling that ↵↵0 = 1, we can rewrite (7.10) as

E

exp

✓
�u

µ�0(A)

µ↵
� (A)

◆ ��µ�

�
= exp

⇣
�(�↵0)u↵

0
⌘
. (7.13)

Notice that the dual measure (7.8) was arbitrarily defined without an overall coefficient.
If instead we define, for D > 0,

µ�0(dz) :=

✓
D

↵�(1� 1/↵)

◆↵ ˆ 1

0
⌘N�0(dz, d⌘), �0 > 2, (7.14)
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Figure 4: Decomposition of a rooted planar quadrangulation (left) into 5 blocks which
are rooted planar simple quadrangulations. The blocks are obtained by cutting
out recursively the maximal cycles of length 2 and transforming the extracted
rooted maps with a boundary of length 2 into rooted quadrangulations by
identifying their two sides (red arrows); see [30] for details.

tcr =
4

27
, B(tcr) =

4

3
, B0(tcr) = KB = 3 . (3.31)

We deduce in particular from these values that

ucr =
9

5
, gcr =

25

432
, C =

24

54/3
, D =

3

22/3
. (3.32)

Figure 5 displays the properly rescaled probability Pr(Xn = k) for various values of n
ranging from n = 30 to n = 200 and compares the result with the predicted scaling
function ⌧(x) in (3.15) (with ↵ = 3/2 and D = 3/22/3). Similarly, Figure 6 displays the
properly rescaled probability Pr(X(2)

n = k) for the same values of n and compares the
result with the probability density �(x = k n�1/↵) in (3.22).

Note that, for ↵ = 3/2, we have (see for instance [54, Eq. (16)])

S 1
↵
(x) = 2

x

32/3
e�

2
27x

3

✓
x

32/3
Ai

✓
x2

34/3

◆
� Ai0

✓
x2

34/3

◆◆
=

x

32/3
A

⇣ x

32/3

⌘
, (3.33)

where A(x) is the probability density of the so-called standard Airy probability distri-
bution introduced in [5].

4. Distribution for the total size at fixed root block size

Let us now consider (simply-)rooted maps with a fixed root block size k and compute the
law for the random total size Yk of the map at the dual critical point. As, for fixed k,
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Universal ratio of dual p-rooted fixed-size partition functions

Combinatorics

Returning now to maps with an arbitrary number of blocks, at the dual critical point

u = ucr, we may consider similarly the generating function eZ(p)
n of maps with p distinct

marked edges (the first one being oriented) in the same (root) block and with a fixed
total size n. We have the simple substitution relation

eZ(p)
n = [gn]C(p)

�
gM2

cr(g)
�

(3.26)

where C(p)
�
gM2

cr(g)
�

is now singular at g = gcr with, from (2.14),

C(p)
�
gM2

cr(g)
� ���

sing.
= (�2)p�1tp�1

cr KB ↵(↵� 1) · · · (↵� p+ 2)C↵�p+1(gcr � g)
↵�p+1

↵ .

(3.27)
We now deduce from this singularity the asymptotic behavior

eZ(p)
n ⇠

n!1

g�n
cr

n1+↵�p+1
↵

(�2)p�1tp�1
cr KB ↵(↵� 1) · · · (↵� p+ 2)

⇥ C↵�p+1 1

�
⇣
p�1�↵

↵

⌘g
↵�p+1

↵
cr .

(3.28)

Comparing (3.25) with (3.28), we obtain the asymptotic ratios for p � 2,

gncr eZ
(p)
n

tkcr Z
(p)
k

⇠
n,k!1

R
(p)(n, k) :=

k

n

 
n1/↵

Dk

!p�1�↵
�(p� 1� ↵)

�
⇣
p�1�↵

↵

⌘ (3.29)

with D = Cg
1
↵
cr /tcr as in (3.11).

3.4. The example of block-weighted quadrangulations

Let us illustrate our results with the simple example introduced in [36], also studied in
[30], of planar quadrangulations (maps whose all faces have degree 4) weighted according
to their number of simple blocks. Recall that these blocks are obtained by cutting the
quadrangulation along its multiple edges in a canonical way: each of the cut pieces has
outer degree 2 and is transformed, by gluing its two external sides, into a rooted planar
quadrangulation which is simple, i.e., has no multiple edges (see [36], and Figure 4,
reproduced from [30] for illustration). The generating function Mu(g) for block-weighted
quadrangulations with a weight g per face and u per simple block satisfies the substitution
relation (2.1) where

B(t) = 1 +
X

k�1

2
(3k � 3)!

(2k � 1)!k!| {z }
bk

tk = 1 +
9t� 2

p
3t sin

⇣
1
3 arcsin

⇣
3
p
3t

2

⌘⌘

1 + 2 cos
⇣
2
3 arcsin

⇣
3
p
3t

2

⌘⌘ (3.30)

is the generating function for planar rooted simple quadrangulations with a weight t per
face. In particular, the function B(t) has a singular behavior of the form (2.2) with
↵ = 3/2 and
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As for the dual partition function (7.24) equipped with the same p punctures of pa-
rameters ↵i = �, one has the scaling

Pp
i=1 ↵i � 2Q

�0
=

�

�0
�
p� 1�

4

�2
�
=

1

↵
(p� 1� ↵),

eZ(zi�)i
�0,ĝ (A0) / (A0)

1
↵ (p�1�↵)�1 = (A0)p(1��0

0)+�0
S�3, (7.26)

with �0S = 1� 1/↵ = 1� 4/�0 2, thus recovering (2.9) and (2.10), together with the single
puncture dual quantum weight �0

0 = 1� 1/↵ = �0S (see, e.g., [30, Sec. 3.2]).

Dual partition function ratios

Finally, it is possible to readily extract from the two dual partition functions (7.19) and
(7.23) a quasi-universal ratio, i.e.,

eZ(zi↵i)i
�0,ĝ (A0)

Z
(zi↵i)i
�,ĝ (A)

=
� ((
P

i ↵i � 2Q)/�)

� ((
P

i ↵i � 2Q)/↵�)

A

A0

 
A0

1
↵

DA

!P
i ↵i�2Q

�

, (7.27)

where, in addition to the conformally invariant areas A and A0, only appears the pa-
rameter D that characterizes the particular (dual) random planar map model at hand.
Specifying to the case (7.25) and (7.26) above of p � 3 punctures of identical parameters
↵i = �, we obtain

eZ(zi�)i
�0,ĝ (A0)

Z
(zi�)i
�,ĝ (A)

=
�(p� 1� ↵)

� ((p� 1� ↵)/↵)

A

A0

 
A0

1
↵

DA

!p�1�↵

, (7.28)

a Liouville quantum duality prediction which entirely agrees with the purely combinato-
rial ratio R

(p)(n, k) (3.29), upon the natural identification of (A,A0) with (k, n).

8. Duality and multifractality

In this section, we focus on two different types of multifractality [41, 42, 57] associated
with the Liouville quantum measures, both in the standard � < 2 phase and dual �0 > 2
one. The first notion concerns the moments of the LQG measures of Euclidean balls,
µ�<2(B"(z)) and µ�0>2(B"(z)), the second those of the Lebesgue measures of quantum
balls, µ0(B�(z)) as defined via (7.4) and µ0(B̃�(z)) via (7.6).

8.1. Multifractality of the ��LQG measure for � < 2

For � < 2, and q 2 R, the q�moment of the random measure µ� of a (closed) ball B"(z),
of radius " and centered at z 2 D, is finite only if q < 4/�2 [46]. Its scaling behavior is
then given by

E [µ�(B"(z))
q] ⇣ " ⇠�(q) as " ! 0, q 2

�
�1, 4/�2

�
, (8.1)
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Figure 11: Plot of the distance profile ⇢(r) given by (6.21) (thick line). We also indicated
(dashed line) for comparison the distance profile of ordinary quadrangulations;
see [16].

where the cumulative distance profile �(r) is given by
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A plot of the �(r) is presented in Figure 10. At small r, we have in particular
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Note that this behavior differs from that of ordinary quadrangulations for which �(r) /
r4 (in the relevant scaling regime ` = rn1/4) [16]. Again, a heuristic explanation for the
behavior (6.20) can be given as follows: fix a distance ` of order n1/6, the ball of radius
` centered at the root edge in the quadrangulation contains a number of edges of order
`4 / n2/3. These edges may be in the same block as the root edge or not. At u = ucr,
the statistic is governed by configuration where the root edge is in a large block of size
of order n2/3 and the probability that an edge is in the same large block as the root edge
scales as (n2/3/2n) / n�1/3. We thus have a total number of n2/3

⇥ n�1/3 = n1/3
/ `2

of edges in the same block as the root edge and at distance at most `.

As for ⇢(r), we obtain from (6.18) the integral expression

⇢(r) =
3227/3

�
�
4
3

�
ˆ 1

0
e�µ3

dµµ7/2sh(µr2)
c(µr2)

�
c(µr2) + ch(µr2)

�
� 2

(c(µr2)� ch(µr2))3
, (6.21)
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Figure 9: The block distance profile ⇢block (thick blue) for block-weighted quadrangula-
tions at u = ucr (5.15) and its comparison with the distance profile ⇢0 of simple
quadrangulations (5.13). At small r, ⇢block(r) / r, in agreement with (5.9) at
d = 4 and ↵ = 3/2, while ⇢0(r) / r3.

which matches exactly the expression given in [30, Appendix B], after differentiating with
respect to r. Figure 9 displays for comparison the distance profiles ⇢block (5.15) and ⇢0
(5.13).

Let us now verify that the above explicit forms (5.11) and (5.14) are indeed linked by
the relation (5.5) with, d = 4 and ↵ = 3/2 here. In particular, we have (recall (3.12),
(3.13) and (3.22))
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The right-hand side in (5.5) therefore reads
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after changing variables from x to Dx (second line), then from ⌧ to ⌧/x (third line).
We also deformed the contour C = C⇡ for � to the contour C✓ of Figure 10-left with
⇡
2 < ✓ < 3⇡

4 so that <(�2/3) > 0 while <(�) < 0. Since <(⌧) < 0 on C, we deduce that

22

Q2

Q1

Q1

Q2

Figure 14: Upper left: an example of stuffed quadrangulation with 8 regular quadrangles
and 2 special ones (colored in gray), 20 edges, 14 vertices and 3 graph con-
nected components. Lower left: a schematic picture of the deformation of a
special quadrangle into two triangles by merging the two incident white ver-
tices into a single one and drawing an edge from this vertex to itself separating
the two original 2�gonal boundaries. Right: applying this deformation to all
special quadrangles and the passing to the dual map (upper right) creates the
desired tree structure made of attached planar quartic maps (lower right).

expressing the fact that the size of the largest simple component in a quadrangulation
is, on average for large maps, 1/3 of its total size. Altogether, we can write
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(6.21)

Remarkably, we obtain the same, unrescaled, block distance profile ⇢block(r) as in (5.14)
for block-weighted quadrangulations at their critical point.
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tices into a single one and drawing an edge from this vertex to itself separating
the two original 2�gonal boundaries. Right: applying this deformation to all
special quadrangles and the passing to the dual map (upper right) creates the
desired tree structure made of attached planar quartic maps (lower right).

expressing the fact that the size of the largest simple component in a quadrangulation
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Remarkably, we obtain the same, unrescaled, block distance profile ⇢block(r) as in (5.14)
for block-weighted quadrangulations at their critical point.
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Bicubic maps

valid for z 2 C, with C+ [ C� representing the negative real contours as in Fig. 2. The
function F 1

↵
is also characterized by the inverse Laplace transform property [53, p.249]
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(A.5)

For large real x, we have the equivalent [53, Eqs. (F.20)-(F.21) with F⌫(x) = ⌫xM⌫(x)]
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Finally, we have [53, Eq. (F.33)]
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and in particular, for s = �↵
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B. Block-weighted bicubic maps

A planar bicubic map is a planar map whose all vertices have degree 3 and such that
its vertex-set can be partitioned into two disjoint subsets so that each edge has its two
endpoints in different subsets. The enumeration of planar bicubic map is already achieved
by Tutte in [65], which gives the number m(1)

n of planar rooted bicubic maps with 2n
vertices (we then say that the map has size n)

m(1)
n =

3

2

2n

(n+ 1)(n+ 2)

✓
2n

n
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, n � 1 . (B.1)

Setting m(1)
0 = 1 by convention, one obtains

M1(g) :=
X

n�0

m(1)
n gn = 1 +

1

32g2

⇣
�1 + 12g � 24g2 + (1� 8g)3/2

⌘
, (B.2)

which is singular at g1 = 1/8. As explained in [65], planar bicubic maps may be canon-
ically decomposed into 3-connected blocks (see Figure 19 for an illustration); M1(g) is
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Figure 19: Decomposition of a rooted planar bicubic map (left) into 4 blocks (right) which
are rooted planar 3-connected bicubic maps, after reconnecting the pending
legs of inner blocks by root edges (dashed lines) oriented from white to black
vertices. The original map has size n = 10 and root block size k = 4.

then related to the generating function B(t) for 3-connected planar rooted bicubic maps,
with a weight

p
t per vertex, by the substitution relation

M1(g) = B
�
gM1(g)

3
�
, (B.3)

expressing the fact that a rooted bicubic map is formed of a 3-connected root block
(called the core in [65]) with a possibly empty rooted bicubic map attached to each of
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as easily seen by developing (B.3) via (B.2) in powers of g1 � g, with g1 = 1/8.
Denoting by m(u)
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Figure 19: Decomposition of a rooted planar bicubic map (left) into 4 blocks (right) which
are rooted planar 3-connected bicubic maps, after reconnecting the pending
legs of inner blocks by root edges (dashed lines) oriented from white to black
vertices. The original map has size n = 10 and root block size k = 4.
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and where the critical value ucr is now given (instead of (2.5)) by

ucr =
1

1�B(tcr) + 3tcr B0(tcr)
=

68

43
. (B.7)

Focusing our study on the dual critical point upon setting u = ucr, and using again the
shorthand notation gcr := gcr(ucr), we obtain from (B.6) and (B.7) the value

gcr =
433

215 33
, (B.8)

satisfying the modified relation (instead of (2.11))

ucr =
1

3(t2crgcr)1/3B0(tcr)
. (B.9)

Writing g = t/M3
cr(g) = t/(1 + ucr(B(t) � 1))3 and expanding around tcr upon using

(2.2), it is easily checked that the relation (2.14) remains unchanged, with in particular
the same literal expression for C, with the value here

C =

✓
tcrB0(tcr)

gcrKB

◆ 1
↵

=
21/3 32 52 17

432
. (B.10)

The scaling estimates (3.15), (3.22) and (4.6) remain valid, with the same literal expres-
sion (3.11) for the scaling parameter D, with the value here

D =
1

tcr

✓
tcrB0(tcr)

KB

◆ 1
↵

=
17

5 22/3
, (B.11)

to be compared with the value D = 3/22/3 in (3.32) for block-weighted quadrangulations.
Figure 20 shows a numerical check of the scaling laws (3.22) and (4.6) with the new value
of D above for block-weighted bicubic maps.
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2. Block-weighted maps at their dual critical point

2.1. Substitution relation and dual critical point

Following [9], we denote by m
(u)
n the generating function of rooted decorated maps of size

n, enumerated with a weight u per block, and with a conventional first term m
(u)
0 = 1

which we interpret as accounting for an “empty” map: these quantities are gathered in
the generating function Mu(g) =

P
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n. We will call the root-block size of a
map the size of its root-block, that is the block containing its root-edge. In this paper,
we will consider the archetypical situation of block-weighted decorated maps where the
number of blocks which can be attached to a root-block of root-block size k is equal
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Figure 11: Objects contributing to logZ(t, g, u,N) are (non necessarily planar) quartic
maps endowed with pairs of bivalent vertices (small circles) connected via
extra special edges (dark green). A map with genus h receives a weight N2�2h

while each special edge receives a weight u/N2. The object on the left receives
a global weight u5/N6 and that on the right a global weight u4N2, hence only
the second one contributes to F0(t, g, u).

follows: we start from a general rooted quartic planar map Q. This map serves as the
root block of the tree structure and we denote by k its number of vertices (the map Q

has then 2k edges and k+2 faces - we say that the tree structure has root block size k).
By face/vertex standard duality, the number bk of planar quartic maps is equal to the
number of planar quadrangulations of size k, namely

bk = 2
3k

(k + 1)(k + 2)

✓
2k

k

◆
, B(t) :=

X

k�0

bk t
k =

18t� 1 + (1� 12t)3/2

54t2
. (6.4)

For k = 0, we have b0 = 1 which we interpret here as counting the unique “rooted map
with no vertex” formed of a single oriented ring separating two faces on the sphere. The
function B(t) has a singular behavior of the form (2.2) with ↵ = 3/2 and

tcr =
1

12
, B(tcr) =

4

3
, B0(tcr) = 16 , KB = 26

p
3 . (6.5)

Since Q is a planar map with all its vertices of even degree (here 4), we may color its
faces in black and white so that any two adjacent faces have different colors. We fix
the colors by demanding that the face to the left of the root edge be white. Consider
now an arbitrary edge e of Q. We then attach to e a (possibly empty) sequence made
of an arbitrary number p � 0 of rooted quartic maps Qj , j = 1, . . . , p (some of them
possibly having size 0, i.e., being reduced to an oriented ring). This is done by adding
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Figure 7: Left: plot of E[e��n
|k] versus � (dashed lines) and the corresponding limiting

estimates (4.8) for k = 5, 10, 25, 40 (orange, green, blue and red solid line)
in the case of quadrangulations (↵ = 3/2 and D = 3/22/3). Right: plot of
E[e

�� n

k3/2 |k] versus � (dotted lines with vertical bars for a better visualization)
for k = 5, 10, 25, 40 (orange, green, blue and red) and the corresponding limiting
law (4.9).

Block-weighted quadrangulations. In the case of block-weighted quadrangulations, the
fonction B(t) is algebraic, solution of the equation

B
3(t)�B

2(t)� 18tB(t) + 27t2 + 16t = 0 . (4.11)

We then deduce from (2.1) that Mcr(g) is algebraic, solution of
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+ (ucr � 1)(ucr � 3)Mcr(g)� (ucr � 1)2 = 0
(4.12)

where ucr = 9/5, with Mcr(g) = 1 + O(g). This allows us to obtain a closed form for
Mcr(g), hence for E[e��n

|k] via (4.7). Figure 7-right displays a plot of E[e�� n
k↵ |k] versus

� and the corresponding limiting law (4.9) for values of k from k = 5 to k = 40.

5. Tree structures made of attached quartic maps

In 1990, Das et al. introduced in [5] a matrix model for the enumeration of tree struc-
tures made of attached quartic maps, as a particular example of a two-dimensional gravity
model with a positive string susceptibility exponent �

0
S = 1/3 (in our notations, corre-

sponding to ↵ = 3/2) at some well-chosen value of the attachment weight (corresponding
precisely to the dual critical point, see below). More precisely, the authors considered
the matrix integral ˆ
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Z(g, u) (1.1)

2. Block-weighted maps at their dual critical point

2.1. Substitution relation and dual critical point

Following [9], we denote by m
(u)
n the generating function of rooted decorated maps of size

n, enumerated with a weight u per block, and with a conventional first term m
(u)
0 = 1

which we interpret as accounting for an “empty” map: these quantities are gathered in
the generating function Mu(g) =

P
n�0m

(u)
n g

n. We will call the root-block size of a
map the size of its root-block, that is the block containing its root-edge. In this paper,
we will consider the archetypical situation of block-weighted decorated maps where the
number of blocks which can be attached to a root-block of root-block size k is equal
to 2k. Ref. [9] gives a number of explicit sample realizations of such block-weighted
map families, lying in various universality classes. Consider now the generating function
B(t) = 1 +

P
k�1 bkt

k, where bk enumerates rooted decorated maps formed of a single
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5. Tree structures made of attached quartic maps

In 1990, Das et al. introduced in [5] a matrix model for the enumeration of tree struc-
tures made of attached quartic maps, as a particular example of a two-dimensional gravity
model with a positive string susceptibility exponent �
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as obtained by differentiating (6.6) with respect to Mu(g). We eventually find that ucr

is now given (instead of (2.5)) by

ucr =
B(tcr) + 2tcr B0(tcr)

4(B(tcr) + tcr B0(tcr))2
=

9

64
, (6.11)

which is precisely the critical attachment weight3 obtained in [18].
Focusing our study on the dual critical point upon setting u = ucr, and using again

the shorthand notation gcr := gcr(ucr), we obtain from (6.9) and (6.11) the value

gcr =
3

64
, (6.12)

satisfying the relation (instead of (2.11))

ucr =
2gcr �

p
gcr tcr

2t2cr B
0(tcr)

. (6.13)

Writing
g =

t

2

⇣
1� 2ucrB(t) +

p
1� 4ucrB(t)

⌘
, (6.14)

as obtained by eliminating Mcr(g) in the system

g = t (1� ucr Mcr(g))
2 , Mcr(g) =

1

1� ucr Mcr(g)
B(t) , (6.15)

and expanding (6.14) around tcr via (2.2), it is easily checked that, remarkably, the
relation (2.14) remains unchanged, with in particular the same literal expression for C,
with the value here

C =

✓
tcrB0(tcr)

gcrKB

◆ 1
↵

=
24/3

35/3
. (6.16)

The scaling estimates (3.15), (3.22) and (4.6) remain valid, with the same literal expres-
sion (3.11) for the scaling parameter D, with the value here

D =
1

tcr

✓
tcrB0(tcr)

KB

◆ 1
↵

=
1

22/3
, (6.17)

to be compared again with the value D = 3/22/3 in (3.32) for block-weighted quadran-
gulations.

6.2. The distance profiles of stuffed quadrangulations

Stuffed maps were introduced in [16] as a generalization of maps with faces not only
made of polygons (with the topology of the disk, or equivalently of the sphere with a
single boundary), but also of more general 2-cells of type (m, g) with the topology of

3
The quantity ucr is called �↵0 in [18], while the quantity gcr is called ��0.
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Multifractal spectra - Liouville measure (Bertacco ‘23)

the celebrated Schramm-Loewner evolution (SLE). In the SLE bulk case, the expected
multifractal spectrum, first obtained in [28] and rigorously established in [12, 11], does
obey relationship (8.13) with the a.s. spectrum, rigorously derived in [40], with the help of
Miller and Sheffield’s SLE imaginary geometry. In the case here of the Liouville quantum
measure, the almost sure spectra (8.14) and (8.16), which had been conjectured in [60],
are rigorously established in the recent work by Bertacco [13, Theorem 3.1, Lemma 3.9]
and [14]. Both ⌧� and f� a.s. spectra are displayed in Fig. 15.
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Figure 15: Left: a.s. LQG Lq
�spectrum ⌧� . Right: a.s. LQG multifractal dimension

spectrum f� . Both curves numerically correspond to the � =
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8.2. Multifractality of the �0
�LQG measure for �0 > 2

Recall the relationship (7.12) between moments of the LQG random measures of any
Borelian subset A, in the subcritical and critical dual phases,

E
⇥�
µ�0(A)

�q⇤
=

�(1� ↵q)[��(�1/↵)]↵q

�(1� q)
E
⇥�
µ�(A)

�↵q⇤
↵q 2 (�1, 1), (8.17)

where ↵ = 4/�2 = �02/4 > 1. We thus find the expected moment scaling

E
⇥
µ�0(B"(z))

q
⇤
⇣ " ⇠�0 (q), as " ! 0,

⇠�0(q) = ⇠�(↵q) =

✓
2 +

�02

2

◆
q �

�02

2
q2, q 2

✓
�1,

4

�02

◆
, (8.18)

which has exactly the same form as ⇠� (8.2), up to substitution of �0 to �. (See also [7,
Sec. 4, Eq. (23)].)

At the critical dual point the expected Lq
�spectrum, ⌧̄�0 = ⇠�0 � 2, defined similarly

to (8.6), obeys the duality equation

⌧̄�0(q) = ⇠�0(q)� 2 = ⇠�(↵q)� 2 = ⌧̄�(↵q), ↵q < 1,

whereas the expected dimension spectrum f̄�0 ,

f̄�0(�) = inf
q2R,↵q<1

{�q � ⌧̄�0(q)} � � 0, (8.19)
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Multifractal spectra - Dual Liouville measure
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Figure 16: Left: a.s. LQG Lq
�spectrum ⌧�0 . Right: a.s. LQG multifractal dimension

spectrum f�0 . Both curves numerically correspond to the dual �0 =
p
6 case.

Its Euclidean radius yields a positive random variable, attached to point z, defined, up
to constant factor, by µ0 (B�(z))1/2, where µ�=0 is the (non random) Lebesgue measure.
The moments of this random radius have been rigorously studied in [27] and shown to
scale as

E[µ0 (B
�(z))q/2] ⇣ ���(q) as � ! 0, (8.24)

with the family of exponents,

��(q) =
1

�

⇣
(2q + a2�)

1/2
� a�

⌘
, 2q � �a2� , (8.25)

a� :=
2

�
�

�

2
> 0 for � < 2. (8.26)

This equation is the celebrated Knizhnik-Polyakov-Zamolodchikov (KPZ) equation [50],
where ��(q) (8.25) is the quantum exponent associated with an Euclidean scaling expo-
nent q/2 [26, 27], with

q =
�2

2
�2

� +

✓
2�

�2

2

◆
�� , �� = ��(q). (8.27)

It is thus natural to define a novel Lq
�spectrum associated with these moments, as

e⌧�(q) = lim inf
�!0+

log sup{
P

i2I µ0(B�(zi))q/2}

log �
, (8.28)

where
�
B�(zi)

�
i2I

is a countable family of disjoint closed quantum balls with ��LQG
measure � centered at zi 2 D, and where the supremum is taken over all such families.

For � � 0, define now the fractal subset,

eE(�) = {z 2 D : lim
�!0+

log µ0(B�(z))1/2

log �
= �}, � � 0. (8.29)
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Dual multifractal -spectra – Euclidean random ball measure
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Figure 17: Red: a.s. dimension spectrum ef� . Its maximum value is 1, the dimension of
an LQG surface in quantum ball units. Orange: dual a.s. dimension spectrum
ef�0 . Its maximal value, 4/�02 = ↵0 < 1, corresponds to the part of the dual
LQG surface without localized area, i.e., to the principal bubble [26, 25], or
root block [30]. The (� =

p
8/3, �0 =

p
6) dual cases are depicted here.

and is illustrated in Fig. 18.
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�spectrum e⌧�(q). Orange/purple curve: dual a.s.

Lq
�spectrum e⌧�0(q). The blue and purple parts are linear and all their

extensions pass through the origin. Because Q� = Q�0 , the abscissae
q± = 2(2 ± Q�) = ±(2 ± �)2/� = ±(2 ± �0)2/�0 of the linear transition
points are identical for e⌧� and e⌧�0 . The (� =
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8/3, �0 =
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6) dual cases are

depicted here.
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Dual dimension spectra – Euclidean random ball measure
gf�(�)

�
2

(2� �)2

gf�0(�)and

2

(2� �0)2
2

(2 + �0)2
2

(2 + �)2

↵0 =
4

�02

�������
2� �02

2

�������

�1

0

B@2� �2

2

1

CA

�1

Figure 17: Red: a.s. dimension spectrum ef� . Its maximum value is 1, the dimension of
an LQG surface in quantum ball units. Orange: dual a.s. dimension spectrum
ef�0 . Its maximal value, 4/�02 = ↵0 < 1, corresponds to the part of the dual
LQG surface without localized area, i.e., to the principal bubble [26, 25], or
root block [30]. The (� =

p
8/3, �0 =

p
6) dual cases are depicted here.

and is illustrated in Fig. 18.

0

B@�(2� �)2

�
,�2

�

1

CA

0

B@
(2 + �)2

�
,
2

�

1

CAf⌧�(q)

q
0

B@�(2� �0)2

�0 ,� 2

�0

1

CA 0

B@
(2 + �0)2

�0 ,
2

�0

1

CA

f⌧�0(q)and

Figure 18: Red/blue curve: a.s. Lq
�spectrum e⌧�(q). Orange/purple curve: dual a.s.

Lq
�spectrum e⌧�0(q). The blue and purple parts are linear and all their

extensions pass through the origin. Because Q� = Q�0 , the abscissae
q± = 2(2 ± Q�) = ±(2 ± �)2/� = ±(2 ± �0)2/�0 of the linear transition
points are identical for e⌧� and e⌧�0 . The (� =

p
8/3, �0 =

p
6) dual cases are

depicted here.

44

gf�(�)

�
2

(2� �)2

gf�0(�)and

2

(2� �0)2
2

(2 + �0)2
2

(2 + �)2

↵0 =
4

�02

�������
2� �02

2

�������

�1

0

B@2� �2

2

1

CA

�1

Figure 17: Red: a.s. dimension spectrum ef� . Its maximum value is 1, the dimension of
an LQG surface in quantum ball units. Orange: dual a.s. dimension spectrum
ef�0 . Its maximal value, 4/�02 = ↵0 < 1, corresponds to the part of the dual
LQG surface without localized area, i.e., to the principal bubble [26, 25], or
root block [30]. The (� =

p
8/3, �0 =

p
6) dual cases are depicted here.

and is illustrated in Fig. 18.

0

B@�(2� �)2

�
,�2

�

1

CA

0

B@
(2 + �)2

�
,
2

�

1

CAf⌧�(q)

q
0

B@�(2� �0)2

�0 ,� 2

�0

1

CA 0

B@
(2 + �0)2

�0 ,
2

�0

1

CA

f⌧�0(q)and

Figure 18: Red/blue curve: a.s. Lq
�spectrum e⌧�(q). Orange/purple curve: dual a.s.

Lq
�spectrum e⌧�0(q). The blue and purple parts are linear and all their

extensions pass through the origin. Because Q� = Q�0 , the abscissae
q± = 2(2 ± Q�) = ±(2 ± �)2/� = ±(2 ± �0)2/�0 of the linear transition
points are identical for e⌧� and e⌧�0 . The (� =

p
8/3, �0 =

p
6) dual cases are

depicted here.

44


