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Overview

» Part I: Conformal dimension. Important quasisymmetric invariant for metric spaces
introduced by Pansu in 1989 in the context of Gromov-hyperbolic groups.

» Part Il: Quasisymmetric rigidity. Size of the quasisymmetric automorphism group.

There has been a lot of theory developed in the last decades in this area focused on
deterministic objects which are “regular”. One motivation for our results is to explore
what happens for random objects where these assumptions are broken.
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Classes of maps

» A homeomorphism f: U — V (U, V C C) is conformal if it is holomorphic and
f'(z) # 0 for all z € U. Infinitesimally circles — circles.
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Classes of maps

» A homeomorphism f: U — V (U, V C C) is conformal if it is holomorphic and
f'(z) # 0 for all z € U. Infinitesimally circles — circles.

» A homeomorphism f: U — V is K-quasiconformal if it maps infinitesimal circles
to ellipses of eccentricity at most K:

iy Pt [F0) = £(2)
roo infl,_g = |[f(w) — f(2)]

<K Vzel.
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Classes of maps

» A homeomorphism f: U — V (U, V C C) is conformal if it is holomorphic and
f'(z) # 0 for all z € U. Infinitesimally circles — circles.

» A homeomorphism f: U — V is K-quasiconformal if it maps infinitesimal circles
to ellipses of eccentricity at most K:

iy Pt [F0) = £(2)
roo infl,_g = |[f(w) — f(2)]

<K Vzel.

» A homeomorphism f: X — Y between metric spaces is 7-quasisymmetric (for a
homeomorphism 7: [0,00) — [0, 00)) if for all distinct x,y,z € X:

I (FO A0, ()
f( )S"( )

dy(f(X)7 Z) dX(X7Z)
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Classes of maps

» A homeomorphism f: U — V (U, V C C) is conformal if it is holomorphic and
f'(z) # 0 for all z € U. Infinitesimally circles — circles.

» A homeomorphism f: U — V is K-quasiconformal if it maps infinitesimal circles
to ellipses of eccentricity at most K:

fim sup Plw=i= Af(w) —f(2)]
r—0 |nf|w z|—r|f(W)7f(z)|

<K Vzel.

» A homeomorphism f: X = Y between metric spaces is n-quasisymmetric (for a
homeomorphism 7: [0, 00) — [0, 00)) if for all distinct x, y,z € X:

A1) (o)) /\ 8,10
dy(f(x),f(z)) — dx(x, z) (2) — o

R1/R> n(n/r)
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Classes of maps

» A homeomorphism f: U — V (U, V C C) is conformal if it is holomorphic and
f'(z) # 0 for all z € U. Infinitesimally circles — circles.

» A homeomorphism f: U — V is K-quasiconformal if it maps infinitesimal circles
to ellipses of eccentricity at most K:

lim sup Sup\w—z\:r ‘f(W) - f(Z)|

r—0 inf|W,Z|:, |f(W) - f(Z)|

<K Vzel.

» A homeomorphism f: X — Y between metric spaces is 7-quasisymmetric (for a
homeomorphism 7: [0, c0) — [0, 00)) if for all distinct x, y, z € X:

Ay (F(. () _ <dx(x,}/)).

dv(f(x),f(2)) = " \dx(x,2)

Ri/Ra n(r/r)

On RY, quasiconformal <= quasisymmetric (Gehring, Vaisala, Tukia).
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e
Conformal dimension

Introduced by Pansu (1989) to study boundaries of Gromov hyperbolic groups.

> Let (X, d) be a metric space. lts conformal gauge G(X) is the set of all metric
spaces (Y, dy) quasisymmetrically equivalent to (X, d).
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Conformal dimension

Introduced by Pansu (1989) to study boundaries of Gromov hyperbolic groups.
> Let (X, d) be a metric space. lts conformal gauge G(X) is the set of all metric
spaces (Y, dy) quasisymmetrically equivalent to (X, d).

» The conformal dimension of (X, d) is the infimum of the Hausdorff dimensions of
all spaces in its gauge:

dimeont(X, d) := inf {dimu(Y,dy) : (Y,dy) € G(X,d)}.
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Conformal dimension

Introduced by Pansu (1989) to study boundaries of Gromov hyperbolic groups.
> Let (X, d) be a metric space. lts conformal gauge G(X) is the set of all metric
spaces (Y, dy) quasisymmetrically equivalent to (X, d).

» The conformal dimension of (X, d) is the infimum of the Hausdorff dimensions of
all spaces in its gauge:

dimeont(X, d) := inf {dimu(Y,dy) : (Y,dy) € G(X,d)}.

» Important facts:

> It is a quasisymmetric invariant: if X 2qs Y, then dimconf(X) = dimeont(Y).
» Bounded below by topological dimension and above by Hausdorff dimension:

dim7(X) < dimeons(X) < dimp(X).

» The infimum is not always attained. When it is, the minimal metric represents
the “most symmetric” or “best” representation.
» Important variant: Ahlfors regular conformal dimension.

July 8, 2026
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Example |: the Koch snowflake

Consider the Koch snowflake K equipped with the Euclidean metric.

» Hausdorff dimension:
dimp(K) = %82 ~ 1.2618.

log 3
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Example |: the Koch snowflake

Consider the Koch snowflake K equipped with the Euclidean metric.

» Hausdorff dimension:
dimp(K) = %82 ~ 1.2618.

log 3

» Conformal dimension: dimene(K) = 1.
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Example |: the Koch snowflake

Consider the Koch snowflake K equipped with the Euclidean metric.

» Hausdorff dimension:
dimp(K) = %82 ~ 1.2618.

log 3

» Conformal dimension: dimene(K) = 1.

> Why?

> K is a quasicircle (quasisymmetrically
equivalent to the standard circle S*).

» The infimum is attained by the round
metric since S € G(K) and
dimy(S') = 1.

» Thus,
dimeonf(K) = dim7(K) = 1 < dimu(K).
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BN
Example II: Sierpinski gasket and carpet

dimeon(G) = 1 < dimu(G) = %83 ~ 1,585
T log 2
Tyson-Wu
(2006)

NOT ATTAINED
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BN
Example II: Sierpinski gasket and carpet

. . log 3
dimeont(G) = 1 < dimu(G) = Io§2 ~ 1585  1.765225 < dimcon(C) < 1.806703
Tyson-Wu log 8
(2006) dimy(C) = —— =~ 1.893
NOT ATTAINED log 3

Kwapisz (2020; computer assisted), following Tyson, Kigami.
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BN
Example II: Sierpinski gasket and carpet

. . log 3
dimeont(G) = 1 < dimu(G) = Io§2 ~ 1585  1.765225 < dimcon(C) < 1.806703
Tyson-Wu log 8
(2006) dimy(C) = —— =~ 1.893
NOT ATTAINED log 3

Kwapisz (2020; computer assisted), following Tyson, Kigami.
Kwapisz numerical prediction: ~ 1.7965.
Exact value is a famous open problem as is the question of attainment.
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Example lll: Graph of Brownian motion

Let B: [0,1] — R be standard 1D Brownian motion. Consider its graph
X ={(t, B(t)) € R?: t € [0,1]} with the Euclidean metric.

> Hausdorff dimension: dimy(X) = 3.
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X ={(t, B(t)) € R?: t € [0,1]} with the Euclidean metric.

> Hausdorff dimension: dimy(X) = 3.

> Conformal dimension: dimeons(X) = 3.
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Example lll: Graph of Brownian motion

Let B: [0,1] — R be standard 1D Brownian motion. Consider its graph
X ={(t, B(t)) € R?: t € [0,1]} with the Euclidean metric.

> Hausdorff dimension: dimy(X) = 3.

> Conformal dimension: dimeons(X) = 3.

» Binder-Hakobyan-Li (2025):
» X is minimal for conformal
dimension.
» Any quasisymmetric image of X

must have Hausdorff dimension
>3/2.

Jason Miller (Cambridge)
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Pansu’s motivation

Pansu’s original motivation was to study boundaries of Gromov-hyperbolic groups:

» For a finitely generated group G with
symmetric generating set S, the Cayley graph
Cay(G, S) has vertices G and edges {g, gs}
forg e G,s€S.

(2, 3,7) hyperbolic-triangle group;
tiling of the Poincaré disk with hyperbolic
As (the vertices of G) with angles %, %, T

oG =S

July 8, 2026
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Pansu’s motivation

Pansu’s original motivation was to study boundaries of Gromov-hyperbolic groups:

» For a finitely generated group G with
symmetric generating set S, the Cayley graph
Cay(G, S) has vertices G and edges {g, gs}
forg e G,s€S.

» The word metric ds(g, h) is the graph metric
on Cay(G,S).

> G is Gromov-hyperbolic if Cay(G, S) is
d-hyperbolic: geodesic triangles are §-thin
(each side is in the d-neighborhood of the
other two).

(2, 3,7) hyperbolic-triangle group;
tiling of the Poincaré disk with hyperbolic
As (the vertices of G) with angles %, T, T

oG =S
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Pansu’s motivation

Pansu’s original motivation was to study boundaries of Gromov-hyperbolic groups:

» For a finitely generated group G with
symmetric generating set S, the Cayley graph Yy
Cay(G, S) has vertices G and edges {g, gs}
forge G,seS.
» The word metric ds(g, h) is the graph metric
on Cay(G,S).
> G is Gromov-hyperbolic if Cay(G, S) is
d-hyperbolic: geodesic triangles are §-thin

(each side is in the d-neighborhood of the
other two).
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» For a finitely generated group G with
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Pansu’s motivation

Pansu’s original motivation was to study boundaries of Gromov-hyperbolic groups:

» For a finitely generated group G with
symmetric generating set S, the Cayley graph
Cay(G, S) has vertices G and edges {g, gs}
forg e G,s€S.

» The word metric ds(g, h) is the graph metric
on Cay(G,S).

> G is Gromov-hyperbolic if Cay(G, S) is
d-hyperbolic: geodesic triangles are §-thin
(each side is in the d-neighborhood of the

other two).

» The Gromov boundary (9G) is the boundary
at infinity of G, consisting of equivalence (2,3, 7) hyperbolic-triangle group;
classes of geodesic rays. It is naturally tiling of the Poincaré disk with hyperbolic

™

As (the vertices of G) with angles %, T, T

endowed with a class of visual metrics. 9G = s 7
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Pansu’s motivation

Pansu’s original motivation was to study boundaries of Gromov-hyperbolic groups:

» For a finitely generated group G with
symmetric generating set S, the Cayley graph

&
Cay(G, S) has vertices G and edges {g, gs} ‘%
forg e G,seS.

on Cay(G,S).

4'*
> G is Gromov-hyperbolic if Cay(G, S) is ‘*QJ;,,
d-hyperbolic: geodesic triangles are §-thin

e
» The word metric ds(g, h) is the graph metric ”f—t_

(each side is in the §-neighborhood of the % 2
other two).
> The Gromov boundary (9G) is the boundary .;%
at infinity of G, consisting of equivalence o
classes of geodesic rays. It is naturally (Credit: Wikipedia)

L . . Fi F; 0G i Cant t.
endowed with a class of visual metrics. ree group Fa; is a Cantor se
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Quasi-isometries and the boundary

How does the large-scale geometry of a group relate to its boundary at infinity?

» A map f: X = Y between metric spaces is a quasi-isometry if there exist
K > 1, C > 0 such that

K™ tdx(x,x") — C < dy(f(x), f(x")) < Kdx(x,x") + C
for all x,x" € X, and f(X) is C-dense in Y.
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Quasi-isometries and the boundary

How does the large-scale geometry of a group relate to its boundary at infinity?

» A map f: X = Y between metric spaces is a quasi-isometry if there exist
K > 1, C > 0 such that

K™ tdx(x,x") — C < dy(f(x), f(x")) < Kdx(x,x") + C

for all x,x" € X, and f(X) is C-dense in Y.

» Why consider quasi-isometries? Two Cayley graphs from the same group but with
different generators may have different metrics but are quasi-isometric.
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Quasi-isometries and the boundary
How does the large-scale geometry of a group relate to its boundary at infinity?

» A map f: X = Y between metric spaces is a quasi-isometry if there exist
K > 1, C > 0 such that

K™ tdx(x,x") — C < dy(f(x), f(x")) < Kdx(x,x") + C

for all x,x" € X, and f(X) is C-dense in Y.

» Why consider quasi-isometries? Two Cayley graphs from the same group but with
different generators may have different metrics but are quasi-isometric.

» Boundary Connection:

> A quasi-isometry f: Gi — G, between hyperbolic groups induces a boundary
homeomorphism 0f: 0G1 — 0Ga.

» This boundary map Of is quasisymmetric (Pansu 1989) with respect to the
visual metrics.
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Quasi-isometries and the boundary

How does the large-scale geometry of a group relate to its boundary at infinity?

» A map f: X = Y between metric spaces is a quasi-isometry if there exist
K > 1, C > 0 such that

K™ tdx(x,x") — C < dy(f(x), f(x")) < Kdx(x,x") + C
for all x,x" € X, and f(X) is C-dense in Y.

» Why consider quasi-isometries? Two Cayley graphs from the same group but with
different generators may have different metrics but are quasi-isometric.

» Boundary Connection:

> A quasi-isometry f: Gi — G, between hyperbolic groups induces a boundary
homeomorphism 9f: 0G; — 0Ga.

» This boundary map Of is quasisymmetric (Pansu 1989) with respect to the
visual metrics.

» Gi, G; quasi-isometric = 090Gy, G, quasisymmetrically equivalent

= dimconf(0G1) = dimeonf(0G2). That is, the conformal dimension is a
quasi-isometry invariant of the group G.
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Quasi-isometries and the boundary
How does the large-scale geometry of a group relate to its boundary at infinity?

» A map f: X = Y between metric spaces is a quasi-isometry if there exist
K > 1, C > 0 such that

K™ tdx(x,x") — C < dy(f(x), f(x")) < Kdx(x,x") + C
for all x,x" € X, and f(X) is C-dense in Y.

» Why consider quasi-isometries? Two Cayley graphs from the same group but with
different generators may have different metrics but are quasi-isometric.

» Boundary Connection:

> A quasi-isometry f: Gi — G, between hyperbolic groups induces a boundary
homeomorphism 9f: 0G; — 0Ga.

» This boundary map Of is quasisymmetric (Pansu 1989) with respect to the
visual metrics.

» Gi, G; quasi-isometric = 090Gy, G, quasisymmetrically equivalent
= dimconf(0G1) = dimeonf(0G2). That is, the conformal dimension is a
quasi-isometry invariant of the group G.

> Famous conjectures related to diment(0G): Cannon (1994, dG = S?),
Kapovich-Kleiner (2000, G 2 Sierpinski carpet), etc...
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The Brownian sphere

The Brownian sphere is the canonical model of
a random fractal 2D surface.

» It is the Gromov-Hausdorff scaling limit of
random planar maps chosen uniformly at
random (Le Gall, Miermont).

(Credit: Stufler)
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The Brownian sphere

The Brownian sphere is the canonical model of
a random fractal 2D surface.

» It is the Gromov-Hausdorff scaling limit of
random planar maps chosen uniformly at
random (Le Gall, Miermont).

« » Homeomorphic to the standard 2-sphere
" §? (Le Gall-Paulin, Miermont). Thus,
its topological dimension is

dimT(SBr) =2.

(Credit: Stufler)
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The Brownian sphere

The Brownian sphere is the canonical model of
a random fractal 2D surface.

» It is the Gromov-Hausdorff scaling limit of
random planar maps chosen uniformly at
random (Le Gall, Miermont).

« » Homeomorphic to the standard 2-sphere
" §? (Le Gall-Paulin, Miermont). Thus,
its topological dimension is

dimT(SBr) =2.

» Hausdorff dimension dimy(Ser) = 4.

(Credit: Stufler)
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The Brownian sphere

The Brownian sphere is the canonical model of
a random fractal 2D surface.

» It is the Gromov-Hausdorff scaling limit of
random planar maps chosen uniformly at
random (Le Gall, Miermont).

& » Homeomorphic to the standard 2-sphere
" §? (Le Gall-Paulin, Miermont). Thus,
its topological dimension is

dimT(SBr) =2.

» Hausdorff dimension dimy(Ser) = 4.

» Equivalent to /8/3-Liouville quantum
(Credit: Stufler) gravity sphere (M.-Sheffield).
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Conformal dimension of the Brownian sphere

The conformal dimension of the Brownian sphere (Sg:, dg/) satisfies:

2 = dimT(SB,) S dimconf(SB,) S dimH(SB,) =4,
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Conformal dimension of the Brownian sphere

The conformal dimension of the Brownian sphere (Sg:, dg/) satisfies:

2 = dimT(SB,) S dimconf(SB,) S dimH(SB,) =4,

Theorem (M.-Tian)

The conformal dimension of the Brownian sphere (Sg, dg:) is exactly 2.
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Conformal dimension of the Brownian sphere

The conformal dimension of the Brownian sphere (Sg:, dg/) satisfies:

2 = dimT(SB,) S dimconf(SB,) S dimH(SB,) =4,

Theorem (M.-Tian)

The conformal dimension of the Brownian sphere (Sg, dg:) is exactly 2.

» Contrast with the Brownian graph X, which satisfies dimy(X) = 3/2 = dimcont(X).

Jason Miller (Cambridge)
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Conformal dimension lower bounds

We spent a lot of time trying to show dimconf(Ser) = 4. How?
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Conformal dimension lower bounds

We spent a lot of time trying to show dimconf(Ser) = 4. How?
Theorem (Tyson)

Let (X, d, 1) be a compact, doubling metric measure space satisfying u(B(x,r)) < Cr?
for some constant C = C(X) > 0 and all balls B(x, r) in X. If X contains a curve family
I such that Mod, (') > 0 for some 1 < p < q, then dimeond(X) > gq.

» p-modulus: Mod,(I') = inf [, p”dpu, over
Borel p > 0 with prds >1forallyer.
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Conformal dimension lower bounds

We spent a lot of time trying to show dimconf(Ser) = 4. How?
Theorem (Tyson)

Let (X, d, 1) be a compact, doubling metric measure space satisfying u(B(x,r)) < Cr?
for some constant C = C(X) > 0 and all balls B(x, r) in X. If X contains a curve family
I such that Mod, (') > 0 for some 1 < p < q, then dimeond(X) > gq.

» p-modulus: Mod,(I') = inf [, p”dpu, over

Borel p > 0 with prds >1forallyer.
» Brownian sphere: g =4 — ¢, Ve > 0.
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Conformal dimension lower bounds

We spent a lot of time trying to show dimconf(Ser) = 4. How?

Theorem (Tyson)

Let (X, d, 1) be a compact, doubling metric measure space satisfying u(B(x,r)) < Cr?
for some constant C = C(X) > 0 and all balls B(x, r) in X. If X contains a curve family
I such that Mod, (') > 0 for some 1 < p < q, then dimeond(X) > gq.

» p-modulus: Mod,(I') = inf [, p”dpu, over
Borel p > 0 with prds >1forallyer.

» Brownian sphere: g =4 — ¢, Ve > 0.

» Theorem requires a sufficiently “rich”
family of rectifiable curves.
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Conformal dimension lower bounds

We spent a lot of time trying to show dimconf(Ser) = 4. How?

Theorem (Tyson)

Let (X, d, 1) be a compact, doubling metric measure space satisfying u(B(x,r)) < Cr?
for some constant C = C(X) > 0 and all balls B(x, r) in X. If X contains a curve family
I" such that Mod,(I') > 0 for some 1 < p < q, then dimco,A{ X) > q.

» p-modulus: Mod,(I') = inf [, p”dpu, over
Borel p > 0 with prds >1forallyer.

» Brownian sphere: g =4 — ¢, Ve > 0.

» Theorem requires a sufficiently “rich”
family of rectifiable curves.

» Such curve families do not exist in the
Brownian sphere due to the confluence of
geodesics phenomenon.
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BN
Proof sketch: dimgo,f(Sg,) = 2

> Lower bound (> 2): Immediate since the topological dimension of Sg, is 2
(homeomorphic to S?).
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Proof sketch: dimgo,f(Sg,) = 2

> Lower bound (> 2): Immediate since the topological dimension of Sg, is 2
(homeomorphic to S?).

> Upper bound (< 2): Three main ingredients.
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BN
Proof sketch: dimgo,f(Sg,) = 2

> Lower bound (> 2): Immediate since the topological dimension of Sg, is 2
(homeomorphic to S?).

> Upper bound (< 2): Three main ingredients.

1. Construct a hyperbolic filling of Sg,: a Gromov-hyperbolic graph G with
0o G =~ Sg;.
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BN
Proof sketch: dimgo,f(Sg,) = 2

> Lower bound (> 2): Immediate since the topological dimension of Sg, is 2
(homeomorphic to S?).

> Upper bound (< 2): Three main ingredients.

1. Construct a hyperbolic filling of Sg,: a Gromov-hyperbolic graph G with
0o G =~ Sg;.

2. Use a variant of a framework (Carrasco Piaggio; Bourdon—Kleiner)
connecting dimaRr-conf to the critical exponent of combinatorial modulus:

> Combinatorial modulus Mod,(I", G): minimizes the LP-energy over admissible vertex
weights for a curve family I in G.

P Critical exponent p.: the threshold where Mod, — 0; the framework gives
dimAR-conf = Pe-
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BN
Proof sketch: dimgo,f(Sg,) = 2

> Lower bound (> 2): Immediate since the topological dimension of Sg, is 2
(homeomorphic to S?).

> Upper bound (< 2): Three main ingredients.

1. Construct a hyperbolic filling of Sg,: a Gromov-hyperbolic graph G with
0o G =~ Sg;.

2. Use a variant of a framework (Carrasco Piaggio; Bourdon—Kleiner)
connecting dimaRr-conf to the critical exponent of combinatorial modulus:
> Combinatorial modulus Mod,(I", G): minimizes the LP-energy over admissible vertex
weights for a curve family I in G.
P Critical exponent p.: the threshold where Mod, — 0; the framework gives
dimAR-conf = Pe-

3. Design an admissible weight achieving p. = 2, using the equivalence between

1/8/3-LQG and Sg;.
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What about other random fractals?

(Credit: Kortchemski)

Brownian tree (T)

dimeon(T) = 1 < dimp(T) = 2
M.-Tian
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What about other random fractals?

(Credit: Kortchemski) (Credit: Kennedy)

e
e
Brownian tree (T) SLE,. trace (n)
dimeont(T) = 1 < dimu(T) =2 Forthcoming work of Li-Liu:
T dimeont(n) =1 for k < 4

M.-Tian
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Quasisymmetric rigidity

Let QS(X) be the group of all quasisymmetric self-homeomorphisms (automorphisms) of
a metric space (X, d).

(X, d) is said to be quasisymmetrically rigid if its quasisymmetric automorphism group
QS(X) is “small.”

> Typically, this means QS(X) equals the isometry group Isom(X, d) (modulo
scaling).

> For random fractals, it means QS(X) is trivial (i.e., only contains the identity map).

Rigidity results are rooted in classical literature (Mostow rigidity for hyperbolic
manifolds, Sullivan rigidity for limit sets of Kleinian groups, etc...)
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BN
Example |: S2

> The round sphere S> 2 C is highly
quasisymmetrically flexible.

» The group of quasisymmetric automorphisms
QS(S?) is infinite-dimensional.

» It coincides with the group of all
quasiconformal homeomorphisms of the
sphere:

QS(S*) = QC(S?)

» Contrast with the group of conformal
automorphisms, which is only 6-dimensional.
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BN
Example II: Sierpinski gasket and carpet

Exercise: every quasisymmetric automorphism of
the standard Sierpinski gasket is a Euclidean isome-
try.

Sierpiriski gasket
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BN
Example II: Sierpinski gasket and carpet

Exercise: every quasisymmetric automorphism of L A i i

B .y n . . . o i
the standard Sierpiriski gasket is a Euclidean isome-  [# < : i
try. H

Bonk-Merenkov (2013):

» Every quasisymmetric automorphism of the " w
standard square Sierpinski carpet S3 is a 5
Euclidean isometry.

» S, is QS equivalent to S iff p = gq.

Sierpinski carpet
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Example II: Sierpinski gasket and carpet

Exercise: every quasisymmetric automorphism of
the standard Sierpiriski gasket is a Euclidean isome-
try.

Bonk-Merenkov (2013):
» Every quasisymmetric automorphism of the

standard square Sierpiriski carpet Sz is a
Euclidean isometry.

'E'n 'En HF.I )

» S, is QS equivalent to S iff p = q.

Open question: is the Menger sponge QS rigid?

Menger sponge
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BN
Rigidity of the Brownian Sphere

Theorem (M.-Tian)
Let (Sgy, dgr) be the Brownian sphere.

1. Almost surely, (Sar, ds:) admits no non-trivial quasisymmetric automorphisms:

QS(Ss) = {Id} almost surely.

2. If(S(B}r), di) and (Sgr), d») are two independent Brownian spheres, they are almost
surely not quasisymmetrically equivalent.
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Rigidity of the Brownian Sphere

Theorem (M.-Tian)
Let (Sgy, dgr) be the Brownian sphere.

1. Almost surely, (Sar, ds:) admits no non-trivial quasisymmetric automorphisms:
QS(Ss) = {Id} almost surely.

2. If(S(B}r), di) and (Sgr), d») are two independent Brownian spheres, they are almost
surely not quasisymmetrically equivalent.

Some consequences:

» The Brownian sphere cannot arise as the boundary of a random group type

construction (e.g., Gromov hyperbolic groups) since conjugation by a generator
induces a non-trivial quasisymmetry of the boundary.

Jason Miller (Cambridge)
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Rigidity of the Brownian Sphere

Theorem (M.-Tian)
Let (Sgy, dgr) be the Brownian sphere.

1. Almost surely, (Sar, ds:) admits no non-trivial quasisymmetric automorphisms:

QS(Ss) = {Id} almost surely.

2. If(S(B}r), di) and (Sg), d») are two independent Brownian spheres, they are almost
surely not quasisymmetrically equivalent.

Some consequences:

» The Brownian sphere cannot arise as the boundary of a random group type
construction (e.g., Gromov hyperbolic groups) since conjugation by a generator
induces a non-trivial quasisymmetry of the boundary.

» Another proof that the conformal structure on the Brownian sphere is uniquely

determined by its metric structure (no Efron-Stein, removability, or random walk in
random environment).
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Relation to uniformization

The rigidity and dimension results reveal a fundamental difference between
classical /metric uniformization and random surfaces:

» Classical conformal uniformization: Every simply connected Riemann surface is
conformally equivalent to C, H, or C. All topological spheres with conformal
structures map to the round sphere S2.
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Relation to uniformization

The rigidity and dimension results reveal a fundamental difference between
classical /metric uniformization and random surfaces:

» Classical conformal uniformization: Every simply connected Riemann surface is
conformally equivalent to C, H, or C. All topological spheres with conformal
structures map to the round sphere S2.

» Quasisymmetric uniformization (Bonk-Kleiner 2002): An Ahlfors 2-regular metric
space (X, d) homeomorphic to 52 is quasisymmetrically equivalent to the round
sphere S? if and only if it is linearly locally contractible (LLC).
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Relation to uniformization

The rigidity and dimension results reveal a fundamental difference between
classical /metric uniformization and random surfaces:

» Classical conformal uniformization: Every simply connected Riemann surface is
conformally equivalent to C, H, or C. All topological spheres with conformal
structures map to the round sphere S2.

» Quasisymmetric uniformization (Bonk-Kleiner 2002): An Ahlfors 2-regular metric
space (X, d) homeomorphic to 52 is quasisymmetrically equivalent to the round
sphere S? if and only if it is linearly locally contractible (LLC).

» The random setting: no model space.

» Two independent Brownian spheres are almost surely not quasisymmetrically
equivalent.

> There is no single canonical “model space” (such as S?) that can
quasisymmetrically uniformize all Brownian spheres.
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Proof sketch

VB/3LQG JB/3LQG
embedding embedding

> QS map between independent Brownian sphere instances.
» Each has an embedding into C from ,/8/3-LQG equivalence.

» We show the induced map is Euclidean QC, hence has an a.e. non-singular derivative, so
locally linear. Contradiction.
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Rigidity of other random fractals?

(Credit: Kortchemski)

PR

Brownian tree

Bonk-Meyer: Are two independent CRTs QS
equivalent? Is the Brownian tree QS rigid?
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Rigidity of other random fractals?

(Credit: Kortchemski) (Credit: Kennedy)

ri B o
‘ ¥ ; N
Brownian tree SLE, trace
Bonk-Meyer: Are two independent CRTs QS McMullen: Are two
equivalent? Is the Brownian tree QS rigid? independent SLEs QS

equivalent? Is SLE QS rigid?
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