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Two lofty goals
▶ (1) Understand scaling limits of 4D lattice Yang–Mills. Worth $1,000,000?

▶ (2) Understand scaling limits of 2D spin-O(n) models. Worth $500,000?
▶ Lattice Yang-Mills leads to surface models.
▶ Spin O(n) (like other non-linear σ-models) leads to loop models.
▶ Similar puzzles in both settings. Are objects macroscopic? How do they look?
▶ Both include “simple case” where target is circle: spin-O(2) or U(1)-YM.
▶ Both simple cases approximate Gaussian (polynomial correlation decay) at

high β. Loop/surface models approximate Gaussian closed 1-forms/2-forms.
▶ Possible strategy: Try to (a) thoroughly understand loop/surface models in

the circle-target case and (b) perturb just beyond it.
▶ In spin O(n) model, we can take n from 2 to 3 or (on loop side) from 2 to

2 + ϵ. In YM we can take U(1) to U(2) or SU(2) or think about smaller
perturbation (“1 to 1 + ϵ”) on surface side . Extra ϵ tilts us towards having
more loops or more (and lower genus) surfaces.

▶ Big problem: prove that this nudge is enough to kill the macroscopic objects.
▶ Specific to 4D (YM) and 2D (NLSM): for fixed large β, little nudge

(switching N from 1 to 2, or n from 2 to 3) believed to change phase.
▶ Today’s talk: think about 2D non-linear σ model and corresponding loops.
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For comparison: 4D Euclidean Yang-Mills
▶ Want to assign a matrix to every directed of a grid: Z4 of particular interest.
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▶ If you reverse direction of edge, you replace the matrix by its inverse.
▶ Use i.i.d. Haar measure with weighting that makes product of directed

edges around any unit square “want to be” close to identity.
▶ Can weight by exponential of β(sum of real parts of plaquette traces).
▶ Wilson loop: multiply matrices around directed cycle, find expected trace.
▶ Problem: construct/understand basics of continuum version.
▶ Exponential correlation decay (mass gap)? Area law (quark confinement)?
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▶ If you reverse direction of edge, you replace the matrix by its inverse.
▶ Use i.i.d. Haar measure with weighting that makes product of directed

edges around any unit square “want to be” close to identity.
▶ Can weight by exponential of β(sum of real parts of plaquette traces).
▶ Wilson loop: multiply matrices around directed cycle, find expected trace.
▶ Problem: construct/understand basics of continuum version.
▶ Exponential correlation decay (mass gap)? Area law (quark confinement)?



2D Euclidean σ-model
▶ Assign each vertex of d-dimensional lattice a random object from a target

space T . For example, T can be {−1, 1} (Ising model) or S1 (XY-model)
or R (Gaussian free field) or S2 (Heisenberg model) or any matrix group.
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▶ We use i.i.d. uniform measure on T at each vertex with weighting so that
neighboring objects are inclined to be close to each other.

▶ Exp. correlation decay at any β derived by Polyakov-Wiegmann for
spin-O(N) model, where T = SN−1. Not mathematically proved.
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Connections to surfaces and loops have a long history

▶ Many names: Balaban, Brézin, Brydges, Chatterjee, Di Franceso, Eynard,
Feynman, Fŕ’olich, Guionnet, Harer, Itzykson, Kazakov, Kostov, Mehta,
Parisi, Seiler, ‘t Hooft, Wilson, Witten, Zagier, Zeitouni, Zinn-Justin, Zuber...
(This list is far from exhaustive.)

▶ The loop models are be interpreted as degenerate versions of the surface
models.

▶ GUE example: Sample A from GUE in N-dim. How do you compute
E [trA4trA6trA8]?

▶ Each term of trA4 has form ai,jaj,kak,lal,i . Represent this by a directed
square with vertices labeled i , j , k , l . One directed edge for each factor.

▶ Do same thing for trA6 and trA8. Get hexagon and octagon.
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▶ Many names: Balaban, Brézin, Brydges, Chatterjee, Di Franceso, Eynard,
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Graphical representation of a term of tr(A4)tr(A6)tr(A8)
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Classical matrix-map story in GUE case

▶ Suppose A is sampled from GUE. How do you compute E [trA4trA6trA8]?

▶ Each term of trA4 has form ai,jaj,kak,lal,i . Represent this by a directed
square with vertices labeled i , j , k , l . One directed edge for each factor.

▶ Do same thing for trA6 and trA8. Get a hexagon and octagon.

▶ Wick’s theorem: if X1,X2, . . . ,X2n are jointly Gaussian, each with mean
zero, then what is E [X1X2 . . .X2n]?

▶ Answer: Consider product like E [X1X2]E [X3X4] . . .E [X2n−1X2n]. Sum over
all (2n − 1) · (2n − 3) · . . . · 1 such products.

▶ Note E [Ai,jAk,l ] = δ(i,j),(l,k).

▶ A non-zero term in the Wick expansion is an orientation-preserving,
label-compatible matching of the edges of the three labeled faces. Each such
term contributes 1.

▶ So E [trA4trA6trA8] =
∑

j ajN
j where aj is number of surfaces with j

vertices. Number of faces/edges fixed. Euler’s formula: exponent depends
only on genus.

▶ Similar story for GOE but maps not orientable, weights are signed.
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Graphical representation of a term of
tr(ROGB)tr(BGBROB)tr(GRBRBGOB)
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Classical matrix-map story in GUE case

▶ Imagine assigning a matrix Av ,w with i.i.d. complex Gaussian entries to each
directed edge (v ,w) of a lattice. Actually, let’s impose constraint that Av ,w

is conjugate tranpose of Aw ,v . So we have one matrix of information for each
edge.

▶ For any oriented plaquette P can write trP for trace of corresponding
product of matrices. Now we can formally compute E [e

∑
tr(p)] where sum

ranges over all oriented plaquettes. Using Wick’s theorem, we get a sum of
surfaces built out of oriented plaquettes.
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Loop ensembles appear in Ising model, percolation, O(n)
model, double dimer, loop soup, etc.

▶ CONSIDER: some statistical physics model for a collection of loops. (Maybe loops
simple/disjoint, maybe not, maybe oriented, maybe not...) Partition function Z is
sum—over all loop configurations—of “weight” associated that loop configuration.

ALSO CONSIDER: modified model with closed loops plus open path from x to y .
View x and y as “defects.” Let Z̃ be associated partition function.

x

y

LOOP MODEL LOOP PLUS PATH MODEL

▶ INSERTION “COST”: In some models, ratio Z̃/Z decays to zero exponentially in
|x − y | (and path approximates straight line). For others it decays polynomially
(and path approximates random fractal curve like SLE or Brownian bridge).

▶ PHASE TRANSITION: If we tune parameters correctly, can obtain limiting hybrid
model (Sine-Gordon).
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Closed surface ensembles also appear
▶ CONSIDER: some statistical physics model for a collection of closed surfaces.

(Maybe simple/disjoint, maybe not, maybe oriented, maybe not...) Partition
function Z is sum—over surface configurations—of associated weight.

ALSO CONSIDER: modified model with closed surface plus open surface with
fixed special loop L as its boundary. Let Z̃ be associated partition function.

CLOSED SURFACE
MODEL

CLOSED SURFACES
PLUS ONE WITH SPECIAL
LOOP AS BOUNDARY

▶ INSERTION “COST”: In some models, surface approximates minimal surface and
ratio Z̃/Z decays to zero exponentially in area. For others it decays in different way
(maybe like perimeter) and the spanning surface behavior depends on model. High
genus and space-filling? Disk-homeomorphic? Tree-like? Infinite diameter?

▶ PHASE TRANSITION: What scaling limits and hybrid limits are possible?
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Spin-O(n) model: start with moments on the sphere
▶ Use Gaussian to construct uniform measure on sphere:

1. Take Y1,Y2, . . . ,Yn i.i.d. N(0, 1).
2. Write R2 =

∑
Y 2

i .
3. Then (X1,X2, . . . ,XN) =

1
R
(Y1,Y2, . . .YN) is uniform on unit sphere SN−1.

▶ Look up moments: R2 is a χ-squared random variable. So
E[R2M ] = N(N + 2) · · · (N + 2M − 2).

▶ Recall Wick’s formula: For nonnegative integers m1, . . . ,mN with
M =

∑
i mi ,

E

[
N∏
i=1

Y 2mi

i

]
=

N∏
i=1

(2mi − 1)!!.

▶ Since X and R are independent, can divide by R2M to find

E

[
N∏
i=1

X 2mi

i

]
=

∏N
i=1(2mi − 1)!!

N(N + 2) · · · (N + 2M − 2)
.

▶ If M is fixed, the denominator is a constant. Numerator is interesting part.
▶ Any odd moment would be zero by symmetry.
▶ This very simple calculation already leads to interesting loop model.
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Note: Yang-Mills has similar simple story in case of SU(2)

Write a Haar-random A ∈ SU(2) as

A =

(
α −β
β α

)
, |α|2 + |β|2 = 1.

▶ The vector (|α|2, |β|2) is Dirichlet(1, 1), so |α|2 ∼ Unif[0, 1].

▶ For integers a, b, c , d ≥ 0,

E
[
Aa
11A

b
12A

c
21A

d
22

]
= 0 unless a = d and b = c .

▶ When a = d and b = c ,

E
[
Aa
11A

b
12A

b
21A

a
22

]
= E

[
|α|2a|β|2b

]
=

∫ 1

0

ua(1− u)b du =
a! b!

(a+ b + 1)!
.

▶ This is the entry-wise moment rule we will use for SU(2) surface expansions.
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Edge (clockwise-oriented) edge e has (α(e), β(e)) pair
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1

11

α

α

1

21
β

1

12

α

−β̄

1

22 ᾱ
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The 2D spin O(n) model

Let Λ ⊂ Z2 be a finite graph. Put a spin σx ∈ Sn−1 on each vertex and define

µ(dσ) ∝
∏

{x,y}∈E(Λ)

P(σx · σy )
∏

x∈V (Λ)

dω(σx), P(t) = tk(t + 1).

▶ If k is large the polynomial tk(t + 1) is small on [0, 1] except near 1.

▶ Expanding each edge factor gives either k or k + 1 copies of the same edge
contribution.

▶ On the hexagonal lattice, a degree-3 vertex makes the bookkeeping especially
clean.
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Loop expansion: edges become strands

For the scalar spin product,

σx · σy =
n∑

i=1

σ(i)
x σ(i)

y .

▶ After expanding P(σx · σy ), each edge carries either me = k or me = k + 1
strands.

▶ Each strand is colored by an index i ∈ {1, . . . , n}.
▶ At each vertex, strands of the same color are paired; after pairing, the strands

concatenate into loops.

▶ The two-point function becomes a ratio:

⟨σx · σy ⟩ =
Zx,y

Z∅
,

where Zx,y has one open path from x to y and Z∅ has only closed loops.
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A useful simplification on the hexagonal lattice

On the hexagonal lattice each vertex has degree 3.

▶ If every edge has exactly k strands, the background is fully packed.

▶ With P(t) = tk(t + 1), one can view the model as the fully packed
background plus a parity defect layer.

▶ Parity contours are not the same thing as the macroscopic joined loops.
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The special case n = 2: the XY model and a height field

For n = 2, write σx = e iθx .

▶ Then σx · σy = cos(θx − θy ).

▶ Low temperature means θx − θy is typically small on short scales.

▶ The field locally looks like a tiny multiple of a Gaussian free field.

▶ Defects/vortices make the field multivalued on small scales, but are expected
to bind in pairs at low temperature.

▶ The loop-side height has a different meaning: height differences count signed
loops separating points.
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Electric versus magnetic insertions

XY side

E
[
e i(θ(x)−θ(y))

]
Defect in the spin phase.

▶ correlation functions are
computable in the Gaussian
approximation;

▶ large-scale behavior is governed by
a rough field.

Loop side

h(x)− h(y) =
∑
γ

sgn(γ) Ix,y (γ)

Vortex/branch defect.

▶ height differences count signed
nesting;

▶ the variance is an expected sum of
squared winding numbers.



How the nudge n = 2 → 2 + ε is supposed to work

▶ Loops are weighted by a fugacity n.

▶ Increasing n favors having more loops, penalizes long connections.

▶ In a critical/rough regime, the number of loops separating two points grows
like log of distance.

▶ Intuitively, tiny increase in n makes it much more expensive to waste a lot of
space on big loops.
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What is proved and what is conjectural in 2D

▶ Rigorous for XY: BKT transition, exponential decay on one side, power-law
lower bounds on the other.

▶ Rigorous for the loop/height dictionary: the loop expansion gives exact
correlations as ratios of partition functions.

▶ Question: whare are macroscopic joined loops for n = 2? Any vague relation
to CLE4?
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4D Euclidean Yang–Mills: the basic setup

Put a matrix on each oriented edge of Z4.

▶ If an edge orientation is reversed, the matrix is inverted.

▶ The plaquette holonomy is the product of the four edge matrices around a
unit square.

▶ Weight the Haar measure by a plaquette potential P(trnorm(Qp)).

▶ Here
P(x) = xk(x + 1)

plays the same role as in the 2D spin model.

▶ The analog of a loop configuration is now a surface configuration: plaquettes
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U(1): exact random surfaces

For U(1), write Ue = e iθe and Qp = e iΘp .

▶ The clean choice is often

P(Qp) = (Qp + Q−1
p )k = (2 cosΘp)

k .

▶ Expanding gives integer plaquette occupations with positive binomial weights.

▶ Integrating over edge angles imposes a discrete closed-2-form constraint.

▶ So the surviving objects are closed oriented surfaces.

▶ If we insert a Wilson loop W (C ), then the surface must span C .

▶ Thus

⟨W (C )⟩ = ZC

Z∅
,

where ZC sums over surfaces with boundary C .
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U(1): what the surface picture should mean

▶ In the weak-coupling (large-β) Coulomb phase, the 2-form field is expected
to look approximately Gaussian.

▶ But the surface geometry is a separate question: how many connected
components? How much branching? How much percolation?

▶ A Wilson loop probes the free-energy cost of forcing a spanning surface.
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SU(2): the same expansion, but signed

Write a Haar-random matrix as

A =

(
α −β
β α

)
, |α|2 + |β|2 = 1.

▶ The entry moments are elementary:

E
[
Aa
11A

b
12A

c
21A

d
22

]
= 0 unless a = d , b = c ,

and then

E
[
Aa
11A

b
12A

b
21A

a
22

]
=

a! b!

(a+ b + 1)!
.

▶ Expand each plaquette trace as a cyclic sum over labels 1, 2.

▶ Edge integration forces matched counts of α, α, β, β.

▶ The result is a surface model.

▶ The only intrinsic sign comes from the −β entry.
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Surface expansion lemma for SU(2)

After expanding all plaquettes and integrating all edges:

▶ admissible configurations are labeled plaquette sheets glued along edges;

▶ the weight is constant up to the local sign (−1)N12 from the A12 term;

▶ the factorial factor a!b!/(a+ b + 1)! counts the compatible pairings at an
edge;

▶ in the fully packed case P(x) = xk , the denominator depends only on the
local occupancy, so after normalization all admissible surfaces have the same
magnitude.

So the SU(2) model is a signed random-surface ensemble.
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Wilson loops in 4D: spanning surfaces

Insert a large Wilson loop

W (C ) = trnorm

(∏
e∈C

Ue

)
.

Then the modified expansion forces a surface with boundary C .

▶ U(1): spanning surfaces are honest positive weights; this is a genuine
random-surface model.

▶ SU(2): the same geometry, but with signs and nonabelian contractions.

▶ The Wilson loop expectation is a free-energy ratio,

⟨W (C )⟩ = ZC

Z∅
.

▶ Area law means − log⟨W (C )⟩ grows like minimal spanning area.
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Perspective

▶ Why is 2 a special dimension for σ-model?

▶ Because 2 = 1 + 1. This leads to many special properties, more to come.

▶ Why is 4 a special dimension for Yang-Mills?

▶ Because 4 = 2 + 2. This leads to a related set of special properties.
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codimension 1 + codimension 1 = codimension 2
Non-parallel lines in plane meet at single point.



non-linear continuous functions (intermediate value thm)
If red function higher on left, green higher on right, must be point of
intersection. Car on narrow one-lane road cannot “pass” another without collision.



Jordan curve theorem
Non-self-intersecting closed loop (red) divides plane into inside and outside. Green
path from inside to outside must intersect the red curve.



If inner hexagons randomly colored blue/yellow, then either



path through yellow connects dots on yellow sides or...



path through blue connects dots on blue sides



If we toss a coin at each blue/yellow crossing to decide
which edge to keep...



result either has yellow top-bottom or blue left-right path



Double crossings

▶ If hexagons colored randomly using independent fair coin tosses, then both of
these outcomes have probability 1/2.

▶ Suggests that “crossing events” should have non-trivial fine-mesh scaling
limit. Now understood precisely: see Smirnov’s proof of Cardy’s formula.

▶ Similar story for bond percolation, or if colors chosen from e.g. 2D Ising
model (toy magnetism model).
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Critical 2D Ising on fine grid
Scaling limit of 2D Ising Model is well understood (see Schramm, Smirnov,
Chelkak, Hongler, Werner, Duminil-Copin, many others in physics and math).



Fix boundary to obtain distinguished blue-yellow interface
Limiting curves exist in many settings. Schramm-Loewner evolution with κ = 2
(LERW), κ = 3 (Ising interface), κ = 4 (GFF level line), κ = 6 (percolation
interface), κ = 8 (UST boundary).



“Dirichlet energy” is “conformally invariant”
▶ Define “Dirichlet energy” of f : D → R, where D is planar domain, as follows.

▶ It is the L2 norm of the gradient, i.e.
∫
D
|∇f (z)|2dz .

▶ Measures how “variable” f is: 0 if f constant, large if f “very wavy.”

▶ Let us now consider a “domain-rescaled” version of f .

▶ Write g(x) = f (x/c). What is the Dirichlet energy of g : cD → R?
▶

∇g(x) =
1

c
∇f (x/c) so |∇g(x)|2 = 1

c2
|∇f (x/c)|2

▶ Switching from D to cD stretches area by c = c1 in one coordinate direction
and c = c1 in the other, hence c1c1 = c1+1 = c2 overall.

▶ Conclude that Dirichlet energy of f equals Dirichlet energy of g , i.e., Dirichlet
energy is invariant under domain rescaling (as well as rotation/translation).

▶ A function ϕ that “looks locally” like a rotation/translation/rescaling is
called conformal.

▶ If we write h = f (ϕ(x)) where ϕ is conformal map from a domain D̃ to D,
then similar argument shows that Dirichlet energy of h is same as Dirichlet
energy of f .
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▶ Write g(x) = f (x/c). What is the Dirichlet energy of g : cD → R?
▶

∇g(x) =
1

c
∇f (x/c) so |∇g(x)|2 = 1

c2
|∇f (x/c)|2

▶ Switching from D to cD stretches area by c = c1 in one coordinate direction
and c = c1 in the other, hence c1c1 = c1+1 = c2 overall.

▶ Conclude that Dirichlet energy of f equals Dirichlet energy of g , i.e., Dirichlet
energy is invariant under domain rescaling (as well as rotation/translation).

▶ A function ϕ that “looks locally” like a rotation/translation/rescaling is
called conformal.

▶ If we write h = f (ϕ(x)) where ϕ is conformal map from a domain D̃ to D,
then similar argument shows that Dirichlet energy of h is same as Dirichlet
energy of f .
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“Brownian motion” is “conformally invariant”

▶ A function that minimizes the Dirichlet energy (given boundary conditions) is
called harmonic.

▶ The fact that Dirichlet energy is conformally invariant implies that
harmonicity is conformally invariant.

▶ Exit probabilities for random path called “2D Brownian motion” are governed
by harmonic functions. Implies Brownian motion is conformally invariant up
to time change.
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Brownian motion in square and conformal image

Brownian motion in square (start center, stop at boundary)

start
exit

Image under harmonic map to unit disk (center -> center)

Ultra high-resolution: Left: Brownian path in square. Right: mapped image in disk (harmonic extension approx).



“Gaussian free field” is “conformally invariant”

▶ Want to define Gaussian free field as “random function” f whose density is
proportional e to minus Dirichlet energy.

▶ Makes rigorous sense if restrict f to finite dimensional space of functions.
Take limit as space gets larger, define f as random generalized function.

▶ Conformal invariance of Dirichlet energy implies conformal invariance of
Gaussian free field.
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Uniform spanning tree

▶ Can define “height function” that encodes number of times a branch of tree
intersects a fixed dual branch (“winding number”).

▶ Correlations in uniform spanning tree related to those of Gaussian free field.



Uniform spanning tree

▶ Can define “height function” that encodes number of times a branch of tree
intersects a fixed dual branch (“winding number”).

▶ Correlations in uniform spanning tree related to those of Gaussian free field.



Uniform spanning tree on grid with corner-corner path



Duality of forms

▶ The fact that 1 + 1 = 2 implies that so-called 1-forms are self-dual in
2-dimensions. (Generally k forms are self-dual in 2k dimensions.)

▶ “Gradient vector fields” (a.k.a. “curl–free vector fields”) can be transformed
into “divergence free vector fields” by rotating all vectors 90 degrees.

▶ One-form white noise can be orthogonally projected onto curl-free and
divergence-free components. The former is the gradient of a Gaussian free
field instance.
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Perspective on 1 + 1 = 2

▶ Math physics results in 2 (and higher) dimensions have generated excitement
in math community (see e.g. 5 recent Fields medals: Okounkov, Werner,
Smirnov, Duminil-Copin, Hairer).

▶ Polyakov conjecture out of reach but warm-up models are tractable.

▶ Percolation, Ising model, uniform spanning tree, Brownian loops, etc. are
intimately related. All closely related to the Gaussian free field.

▶ Scaling limits of paths (level lines of Gaussian free field, branches of uniform
spanning tree, black-white interfaces of percolation or Ising model,
boundaries of 2D Brownian curves, etc.) are random fractal curves called
Schramm-Loewner evolutions (first introduced by Schramm in 1999).

▶ Sizable branch of mathematical physics called conformal field theory has
explored this area for several decades. A related theory of random surfaces
has emerged. Many experts in our collaboration.

▶ In some cases we can rigorously construct “off-critical scaling limits” that
look like the models above at small scales but differ at large scales:
off-critical percolation, off-critical Ising model, off-critical uniform spanning
tree (Sine-Gordon model), etc.
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DLA, Brownian sphere, imaginary geometry, mating trees...

Simulations by Jason Miller. Nice pictures in 2D. Exciting work by many people.



2+1=3 and spanning trees/dual plaquette trees

▶ In 3D box, 2-plaquette spanning trees are dual to regular spanning trees.

▶ If consider UST on box rooted at top and bottom faces, there should be a
dual “surface” separating bottom-rooted tree T from top-rooted tree.

▶ Rooted critical bond percolation cluster also has dual boundary surface.
Compare large tree surface and (rougher looking) percolation surface.



2+1=3 and spanning trees/dual plaquette trees

▶ In 3D box, 2-plaquette spanning trees are dual to regular spanning trees.

▶ If consider UST on box rooted at top and bottom faces, there should be a
dual “surface” separating bottom-rooted tree T from top-rooted tree.

▶ Rooted critical bond percolation cluster also has dual boundary surface.
Compare large tree surface and (rougher looking) percolation surface.



2+1=3 and spanning trees/dual plaquette trees

▶ In 3D box, 2-plaquette spanning trees are dual to regular spanning trees.

▶ If consider UST on box rooted at top and bottom faces, there should be a
dual “surface” separating bottom-rooted tree T from top-rooted tree.

▶ Rooted critical bond percolation cluster also has dual boundary surface.
Compare large tree surface and (rougher looking) percolation surface.







What about 2 + 2 = 4?
▶ Two generic planes in 4D meet at a single point. (Visualize: two generic

“moving lines” in 3D cross at some time. Imagine colliding light sabers)

▶ Analogs of mean-value theorem and Jordan curve theorem. Cannot
disentangle some loops in 3D without loops crossing each other. Knot theory.

▶ Laplacian inner product
∫
∆f ·∆g is scale invariant.

▶ Bi-Laplacian Gaussian field is scale invariant (log correlated). Its restriction
to 2D slices is Gaussian free field. Its gradient is closely related to 1-form
GFF, with similar scaling symmetry.

▶ There are analogs of the hex crossing theorem, where lines are replaced by
surfaces and 2D replaced by 4D. (Homological percolation: Duncan,
Schweinhart, Kahle, Obrowski, Skraba, many others)

▶ Let S = [0, 1]2 be a two-dimensional square. Then D = S2 = [0, 1]4 is 4D
hypercube. Decompose boundary ∂D into two pieces: S × ∂S and ∂S × S
(see “Heergaard splitting”) each of which looks like a filled donut.

▶ In some settings, have either a surface “spanning” one donut or dual surface
spanning other (see “Poincaré Lefschetz duality”). Donuts “linked” in ∂D.

▶ 2-forms are self dual in 4D for same reason 1-forms are self dual in 2D.
▶ 4D spanning plaquette trees are self dual. Just like 2D spanning (edge)

trees. (Duval, Klivans, Martin, many others) Similar relationships to
Gaussian fields and discrete Laplacian determinants.
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(see “Heergaard splitting”) each of which looks like a filled donut.

▶ In some settings, have either a surface “spanning” one donut or dual surface
spanning other (see “Poincaré Lefschetz duality”). Donuts “linked” in ∂D.

▶ 2-forms are self dual in 4D for same reason 1-forms are self dual in 2D.
▶ 4D spanning plaquette trees are self dual. Just like 2D spanning (edge)

trees. (Duval, Klivans, Martin, many others) Similar relationships to
Gaussian fields and discrete Laplacian determinants.



Recent papers on Yang-Mills theory and random surfaces
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6. Expanded regimes of area law for lattice Yang-Mills theories, 2025, Cao, Nissim, SS.

7. Dynamical approach to area law for lattice Yang-Mills, 2025, Cao, Nissim, SS.

▶ UPSHOT: In the lattice version of the famous Yang-Mill problem, the so-called
Wilson loop expectation of a loop L is equivalent to the insertion cost of L in a
related random surface model. Some parts of this theory are classical but there
have been many recent developments.
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Refine big goal: related goals, starting with U(N) say
▶ BIG DISCRETE TASK ONE: Expand set of (β,N, d) for which we prove area law

and exponential correlation decay in lattice models. Use surface sums to give
intuition in cases where formal proofs remain out of reach. Fix d , and consider
(N, β) ∈ Z+ × R+. Area law easy to prove near β-axis (big N, small β). Depending
on d , area law may be false or true but hard to prove near N-axis (big β, small N).

▶ BIG DISCRETE TASK TWO: Understand (at least qualitatively) the 2-form
analog of “surface tension.” Show that cusp corresponds to
area-law/exp-correlation-decay. Take “off-critical scaling limit” to get limiting
surface tension with cone-like cusp at small scales, quadratic behavior at large
scales. Consider setting where d and N are fixed but β scales with mesh size at rate
needed to yield this kind of hybrid limit.

▶ BIG CONTINUUM TASK ONE: Construct (in terms of the surface tension) a
generalized random connection that looks Gaussian at small scales (“asymptotic
freedom”) but has area law and exponential decay at large scales (“quark
confinement” and “mass gap”). As warm up, understand all of these steps in detail
for the Sine-Gordon.

▶ BIG CONTINUUM TASK TWO: Understand scaling limit of model obtained
when β,N → ∞ together and lattice size tends to zero. Make/strengthen
connection to supercritical Liouville quantum gravity. Start with d = 2 and express
some of the known Wilson loop expectation formulas in terms of LQG limits.
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Forms
▶ A “connection” can be understood as a Lie-algebra-valued 1-form. In discrete

case, this is matrix-valued function on edges.

▶ A “Wilson loop expectation” in U(N) lattice Yang-Mills is equivalent to the
“partition function” of a “discrete closed 2-form model” in the presence of a
“loop-shaped defect.”

▶ Define d and d∗ operators on space of forms. If f is a form, can define
(f , f )d to be L2 norm of df . If f is a 0-form (an ordinary function) then
(f , f )∇ = (f , f )d . Note that (d + d∗)2 = −∆ and (f , f )d+d∗ = (f ,−∆f ).
Can define GFF, white noise, fractional Gaussian field, etc. on space of
k-forms in straightforward way.

▶ At “very low temperature” lattice Yang-Mills looks like a 1-form
Lie-algebra-valued GFF and the “low-temperature” fine-mesh limit is a
continuum Lie-algebra-valued GFF. Can define Wilson-loop holonomy for
“averages of loops” or certain (infinitely long) “big loops.” If temperature
scales to zero more slowly as mesh size tends to zero... is there a
non-Gaussian “off critical” limit?

▶ For analogy, consider dimer model: 2-forms replaced by div-free 1-forms, loop
shaped defects become pair-of-point defects and spanning surfaces become
spanning paths. (If U(N) is replaced by O(N) or SU(N), may replace dimer
with e.g. Ising or Potts when making analogy.)
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Discrete and continuous Gaussian forms: (d + d∗)2 = −∆
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Lattice Gaussian fields
1. If we start with discrete i.i.d. 1-form in two-dimensional n × n torus grid (i.i.d.

standard normal on each edge) we can project onto “constant flows” and curl-free
flows and non-curl-free flows.

2. This is a way to understand what the discrete Gaussian free field is.

3. The “average flow” is of expected magnitude of 1/n. Equivalent to height change
of 1 as one winds upward (or rightward) around torus. Like adding one
magnitude-one loop.

4. If we start with discrete i.i.d. 2-form in four-dimensional width-n torus grid (i.i.d.
standard normal on each plaquette) we can project onto “constant forms” and
forms obtained as boundary or dual boundary.

5. The “average flow” is of expected magnitude 1/n2 for each of six coordinate plane
directions. Like adding single extra magnitude-one sheet in that direction.

6. This is a way to understand what a Gaussian free field connection is.

7. Recall how we think of (d + d∗) as a square root of the Laplacian −∆. GFF form is

standard Gaussian defined by
(
d + d∗)f , (d + d∗)f

)
= (f −∆f ).

8. In both cases, can ask what happens when we “discretize” by conditioning on value
at each edge (resp. plaquette) being fixed multiple of ϵ. Interesting phase
transition?
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8. In both cases, can ask what happens when we “discretize” by conditioning on value
at each edge (resp. plaquette) being fixed multiple of ϵ. Interesting phase
transition?



Lattice Gaussian fields
1. If we start with discrete i.i.d. 1-form in two-dimensional n × n torus grid (i.i.d.

standard normal on each edge) we can project onto “constant flows” and curl-free
flows and non-curl-free flows.

2. This is a way to understand what the discrete Gaussian free field is.

3. The “average flow” is of expected magnitude of 1/n. Equivalent to height change
of 1 as one winds upward (or rightward) around torus. Like adding one
magnitude-one loop.

4. If we start with discrete i.i.d. 2-form in four-dimensional width-n torus grid (i.i.d.
standard normal on each plaquette) we can project onto “constant forms” and
forms obtained as boundary or dual boundary.

5. The “average flow” is of expected magnitude 1/n2 for each of six coordinate plane
directions. Like adding single extra magnitude-one sheet in that direction.

6. This is a way to understand what a Gaussian free field connection is.

7. Recall how we think of (d + d∗) as a square root of the Laplacian −∆. GFF form is

standard Gaussian defined by
(
d + d∗)f , (d + d∗)f

)
= (f −∆f ).

8. In both cases, can ask what happens when we “discretize” by conditioning on value
at each edge (resp. plaquette) being fixed multiple of ϵ. Interesting phase
transition?



Lattice Gaussian fields
1. If we start with discrete i.i.d. 1-form in two-dimensional n × n torus grid (i.i.d.

standard normal on each edge) we can project onto “constant flows” and curl-free
flows and non-curl-free flows.

2. This is a way to understand what the discrete Gaussian free field is.

3. The “average flow” is of expected magnitude of 1/n. Equivalent to height change
of 1 as one winds upward (or rightward) around torus. Like adding one
magnitude-one loop.

4. If we start with discrete i.i.d. 2-form in four-dimensional width-n torus grid (i.i.d.
standard normal on each plaquette) we can project onto “constant forms” and
forms obtained as boundary or dual boundary.

5. The “average flow” is of expected magnitude 1/n2 for each of six coordinate plane
directions. Like adding single extra magnitude-one sheet in that direction.

6. This is a way to understand what a Gaussian free field connection is.

7. Recall how we think of (d + d∗) as a square root of the Laplacian −∆. GFF form is

standard Gaussian defined by
(
d + d∗)f , (d + d∗)f

)
= (f −∆f ).

8. In both cases, can ask what happens when we “discretize” by conditioning on value
at each edge (resp. plaquette) being fixed multiple of ϵ. Interesting phase
transition?



Lattice Gaussian fields
1. If we start with discrete i.i.d. 1-form in two-dimensional n × n torus grid (i.i.d.

standard normal on each edge) we can project onto “constant flows” and curl-free
flows and non-curl-free flows.

2. This is a way to understand what the discrete Gaussian free field is.

3. The “average flow” is of expected magnitude of 1/n. Equivalent to height change
of 1 as one winds upward (or rightward) around torus. Like adding one
magnitude-one loop.

4. If we start with discrete i.i.d. 2-form in four-dimensional width-n torus grid (i.i.d.
standard normal on each plaquette) we can project onto “constant forms” and
forms obtained as boundary or dual boundary.

5. The “average flow” is of expected magnitude 1/n2 for each of six coordinate plane
directions. Like adding single extra magnitude-one sheet in that direction.

6. This is a way to understand what a Gaussian free field connection is.

7. Recall how we think of (d + d∗) as a square root of the Laplacian −∆. GFF form is

standard Gaussian defined by
(
d + d∗)f , (d + d∗)f

)
= (f −∆f ).

8. In both cases, can ask what happens when we “discretize” by conditioning on value
at each edge (resp. plaquette) being fixed multiple of ϵ. Interesting phase
transition?



Background: determinant of discrete Laplacian
▶ Easy Gaussian integral:

∫
(2π)−1/2e−7x2/2 = 7−1/2

▶ In dimension d ,
∫
(2π)−d/2e−(x,Ax)/2 = | detA|−1/2, which we refer to as

partition function. Note that | detA|1/2 is height of normal density function
at origin. Probability Gaussian is in ϵd box is (up to 2π factors) about
ϵd | detA|1/2.

▶ Laplacian of finite connected graph (V ,E ) is linear operator ∆ from RV to
itself. Its matrix is given by

Mi,j =


1 i ̸= j , (vi , vj) ∈ E

0 i ̸= j , (vi , vj) ̸∈ E

−deg(vi ) i = j .

.

▶ Let R ⊂ RV be the set of functions with mean zero. Then −∆ : R → R is
invertible, and Kirchhoff’s matrix tree theorem states that if α is the
determinant of this invertible operator on R then α is the number of
spanning trees of V .

▶ α is also product of all non-zero eigenvalues of matrix M.
▶ The DGFF partition function can be be written∫

R
(2π)−|V−1|/2e−(f ,−∆f )/2df = α−1/2.
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