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Kang-Makarov CFT

‚ Based on the Gaussian Free Field (GFF)
‚ GFF is a convenient tool for representing correlation functions
‚ Primarily uses tools/ideas of

˝ complex differential geometry (coordinate free approach)
˝ potential theory on Riemann surfaces
˝ Gaussian analysis

‚ Penultimate result: In!nite family of correlation functions that are
martingale observables for SLE type processes
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GFF and Correlation Functions

‚ In this talk: D ! C a simply connected domain
‚ ! : D Ñ R a random Gaussian “function” with

p!pzq : z P Dq „ Np0, GDq

for GD : D ˆ D Ñ R the (Dirichlet) Green’s function of D
‚ Correlation function is

ErC-valued functional of !s,

primarily point evaluations of !
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GFF and Correlation Functions

‚ Examples:
Er!pzq!pwqs “ GDpz, wq

ErB!pzq!pwqs “ BzGDpz, wq
ErpB!pzq d B!pzqq pB!pwq d B!pwqqs “ 2BzBwGDpz, wq

Erp!pzq d !pzq d !pzqq p!pwq d !pwqqs “ 0
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Evaluating Correlation Functions

‚ Wick Calculus: for Z „ Normalpµ,”q in R
n

ErfpZ ` µqs “ Wick-Calculuspµ,”, fq

for f : Rn Ñ R analytic
‚ Power series expansion of f plus Hermite polynomials and

combinatorics (Feynman diagrams)
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Divisors

‚ Add a mean to ! by introducing a divisor

ω “
ÿ

k

ωk ¨ qk

‚ Terminology comes from algebraic geometry
‚ Divisor speci!es location and background of deterministic charges
‚ Called the background charge
‚ Induces a deterministic mean εω : D Ñ C for the GFF
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CFT and electrostatics

‚ Ginibre: Eigenvalues of n ˆ n matrix with iid NCp0, n´1{2q entries
‚ Take two independent copies, give one ` charge and the other ´ charge
‚ Potential converges as n Ñ 8 to Gaussian Free Field
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CFT and electrostatics

‚ GFF = potential of a background “soup” of ˘ particles
‚ Statistics of potential determined by geometry of surface
‚ Potential is shifted by the presence of !xed deterministic charges

(divisor)
‚ Observables = expectation of “functionals” of the potential, evaluated at

points on the surface

’/"#



Divisors
Each divisor ω “ !

k ωk ¨ qk determines:
‚ A number b P R through the relation

"
ω “

ÿ

k

ωk “ 2b

‚ Value ϑ " 0 through b “
a
ϑ{8 ´

a
2{ϑ

‚ Deterministic mean εω : D Ñ C

‚ Deterministic partition function Crωs (Coulomb gas correlation function)
‚ Special “growth” points qk where

ωk P ta,´a ´ bu “ t
a
2{ϑ,´

a
ϑ{8u

‚ SLE curve from any growth point with driver

dX “ ?
ϑ dB ` ϑ Bx logCrωs dt

‚ Family Fω of correlation functions derived from ! ` εω 8/"#



Martingale property

Theorem
Let ω be a divisor with ωpxq “ a at some point x P BD. Let ErF p! ` εωqs be a
correlation function in the OPE family Fω. Then

t #Ñ ErF p! ` εωqs || g´1
t

is a martingale for the SLE system (in H)

dX “ ?
ϑ dB ` ϑ Bx logCrωs dt, Btgtpzq “ 2

gtpzq ´ Xt
,

and all other points in ω follow the "ow of gt.
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Martingale example

‚ Let !ω “ ! ` εω and take the correlation function

M :“ Er!ωpz1qB̄!ωpz2qpB!ω ˚ !ωqpz3qe˚ip!ωpz4q´!ωpz5qqs

‚ Conformal transformation rule of !ω gives conformal transformation
rule of M at z1, . . . , z5

‚ t #Ñ M || g´1
t is evaluation of deterministic correlation function on

random charts
‚ M “ F pz1, . . . , z5, x, yq ùñ

M || g´1
t “ g1

tpz2qω1
g1
tpz3qω2g1

tpz4qg1
tpz5qF pgtpz1q, . . . , gtpz5q, Xt, gtpyqq

‚ Theorem guarantees it is a martingale for SLE from x to y !(/"#
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Ingredients of
Martingale Property



Ingredients of Martingale Property

‚ Ito formula
‚ Ward’s Identity

LkxEF p! ` εωq “ ErAωpxqF p! ` εωqs

for kxpzq “ pz ´ xq´1, Aω the stress tensor
‚ Cameron-Martin/Girsanov Theorem

E rF p! ` εωqs “ E

”
edi!rω´ω0sF p! ` εω0

q
ı

‚ Operator Product Expansion
‚ Level Two Degeneracy of Vertex Operators
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Ward Identity

‚ Ward identity

LkxEF p! ` εωq “ ErAωpxqF p! ` εωqs

for kxpzq “ pz ´ xq´1

‚ Integration-by-parts formula for Gaussian measure
‚ Comes from the action that de!nes the “Gibbs measure” for GFF
‚ Action takes background charge into account
‚ Aωpzq = quadratic function of B!pzq
‚ Quadratic has non-random coef!cients determined by ω
‚ Only involves a )rst order derivative in x!
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!st Order Ñ "nd Order

‚ Ward equation computes !rst order derivatives

LkxEF p! ` εωq “ ErAωpxqF p! ` εωqs

‚ kx as singularity at x. Compute Lie derivative for kx`ε and take ϖ Ñ 0:

Lkx`ω
EF p! ` εωq “ Lkx`ω

Eredia!pxqF p! ` εω´a¨xqs
“ ErAω´a¨xpx ` ϖqedia!pxqF p! ` εω´a¨xqs

‚ Laurent expansion of both sides in ϖ
˝ LHS by residue calculus
˝ RHS by Wick calculus

‚ Result: ϖ´k terms match for all k
‚ Ward forces that ϖ0 terms match
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!st Order Ñ "nd Order
‚ Ward equation computes !rst order derivatives

LkxEF p! ` εωq “ ErAωpxqF p! ` εωqs
‚ kx has singularity at x. Compute Lie derivative for kx`ε and take ϖ Ñ 0:

Lkx`ω
EF p! ` εωq “ Lkx`ω

Eredia!pxqF p! ` εω´a¨xqs
“ ErAω´a¨xpx ` ϖqedia!pxqF p! ` εω´a¨xqs

‚ ϖ0 terms:

LHS is ĽkxEF p! ` εωq, RHS is GxEF p! ` εωq,

for Gx “ generator of dX “ ?
ϑ dB ` ϑ Bx logCrωs dt

‚ Equality means that drift of M || g´1
t vanishes

!%/"#



!st Order Ñ "nd Order
‚ Ward equation computes !rst order derivatives

LkxEF p! ` εωq “ ErAωpxqF p! ` εωqs
‚ kx has singularity at x. Compute Lie derivative for kx`ε and take ϖ Ñ 0:

Lkx`ω
EF p! ` εωq “ Lkx`ω

Eredia!pxqF p! ` εω´a¨xqs
“ ErAω´a¨xpx ` ϖqedia!pxqF p! ` εω´a¨xqs

‚ ϖ0 terms:
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Martingale Observable Property

‚ Program works in more complicated geometries (Ward changes)
‚ Should work for vector !elds with higher order poles (fusion)
‚ Martingale observable property is robust with respect to screening
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Multiple Growth Points



Multiple Growth Points

‚ Same observable can be martingale for SLE from any growth point
‚ Allowed functionals are !ω , its derivatives, tensor products, and OPE

coef)cients
M :“ Er!ωpz1qB̄!ωpz2qpB!ω ˚ !ωqpz3qe˚ip!ωpz4q´!ωpz5qqs
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Multiple Growth Points

‚ Same observable can be martingale for SLE from any growth point
‚ Allowed functionals are !ω , its derivatives, tensor products, and OPE

coef)cients
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Multiple SLE

Useful in the study of multiple SLE

Scaling limit of interface curves with alternating boundary conditions
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Multiple SLE

Useful in the study of multiple SLE
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Loewner Construction of Multiple SLE
‚ Goal: In H with x1 $ x2 $ . . . $ x2n, xi P R, use Loewner "ow to

construct n SLE curves that connect xi in a non-crossing way
˝ Pure law: n curves almost surely connect according to !xed pattern
˝ Mixture: Positive linear combination of pure laws
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Loewner Construction of Multiple SLE
‚ Goal: In H with x1 $ x2 $ . . . $ x2n, xi P R, use Loewner "ow to

construct n SLE curves that connect xi in a non-crossing way
˝ Pure law: n curves almost surely connect according to !xed pattern
˝ Mixture: Positive linear combination of pure laws

‚ Ansatz: There exists a function Z “ Zpx1, . . . , x2nq such that curve from
xi is SLE with driver

dX “ ?
ϑ dB ` ϑBxi logZpx1, . . . , x2nq dt
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Multiple SLE Literature

Global constructions
Weight the product measure of individual SLE curves by an appropriate factor.
Iterated re-sampling methods.
[Lawler-Kozdron, Lawler, Peltola-Wu, Beffara-Peltola-Wu, . . . ]

Local construction via Loewner *ows
Grow multiple curves by adding singularities to the Loewner equation, vector
of singularities is a multi-dimensional diffusion.
[Dubédat, Zhan, Bernard-Bauer-Kytölä, Kytölä-Peltola, . . . ]

Conformal weldings of LQG surfaces
[Ang-Holden-Pu-Sun]
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Dubédat Screening



Dubédat Screening
‚ Dubédat proposal:

˝ Introduce a speci!c divisor ω with additional screening variables
˝ Integrate out screening variables from Crωs to produce a partition function
Z that satis!es the requirements of multiple SLE
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Screening Variables

‚ Charges in divisor ω with

ωk P t´2a, 2a ` 2bu

‚ Crωs is a r1, 0s-differential at screening variables

ωk P t´2a, 2a ` 2bu ùñ ϱbpωkq “ 1

‚ Geometric facts:
˝ r1, 0s-differentials can be integrated out along contours
˝ output is still coordinate free
˝ Lie derivative of r1, 0s-differential is a total derivative

Lvf “ vBf ` 1 ¨ v1f “ Bpvfq

˝ Implies
#
C Lvf vanishes for closed contours
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Screened Coulomb Gas Correlation Function

‚ If divisor ω has screening variables ς1, . . . , ςk plus other variables
z1, . . . , zj then

LvCrωs “
ÿ

i

LvpςiqCrωs `
ÿ

i

LvpziqCrωs

“
ÿ

i

BϑipvpςiqCrωsq `
ÿ

i

LvpziqCrωs

‚ Integrate ςj along closed contours C1, . . . , Ck

Lv

¿

C1

. . .

¿

Ck

Crωs dς1 . . . dςk “
ÿ

i

Lvpziq
¿

C1

. . .

¿

Ck

Crωs dς1 . . . dςk

‚ Contours must deal with monodromy and not make everything zero
"%/"#



Screened Coulomb Gas Correlation Functions

‚ Common choice of contour:

Pochhammer
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Dubédat Screening
‚ Dubédat proposal:

˝ Introduce a speci!c divisor ω with additional screening variables
˝ Integrate out screening variables from Crωs to produce a partition function
Z that satis!es the requirements of multiple SLE
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Dubédat Screening
‚ Dubédat proposal:

˝ Introduce a speci!c divisor ω with additional screening variables
˝ Integrate out screening variables from Crωs to produce a partition function
Z that satis!es the requirements of multiple SLE

""/"#

·

.0.a#㉚
X6

·
X5

-



Screened Coulomb Gas Correlation Function

Theorem
Let ω be the Dubédat divisor with screening variables ς1, . . . , ςn´1. Let

Z “
¿

C1

. . .

¿

Cn´1

Crωs dς1 . . . dςn´1.

Then Z “ Zpx1, . . . , x2nq will generate multiple SLE curves. For multiple SLE
grown from ωpxiq “ a the screened correlation function

¿

C1

. . .

¿

Cn´1

ErF p! ` εωqs dς1 . . . dςn´1

is a martingale observable.
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Screened Martingale Observables

‚ Takeaway: Screening preserves martingale observable property, at the a
charges

‚ What about at the special 2b ´ a charge?

‚ Answer: No! Extra drift terms appear. But they can be computed via CFT.
‚ More nuance:

˝ BPZ equation still holds at 2b ´ a charge
˝ Martingale observable property fails at the 2b ´ a charge
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Level Two Non-Degeneracy

‚ Level two degeneracy: If ωpxq “ a then

Lkx`ω
EF p! ` εωq “ ErAω´a¨xpx ` ϖqedia!pxqF p! ` εω´a¨xqs

‚ ϖ0 terms:

LHS is ĽkxErF p! ` εωqs, RHS is GxErF p! ` εωqs

‚ Wick calculus on Aω´a¨xpx ` ϖqedia!pxq as ϖ Ñ 0 has ϖ0 term

Gxe
dia!pxq
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Level Two Non-Degeneracy

‚ Level two non-degeneracy: If ωpxq “ 2b ´ a then

Aω´2b´a¨xpx ` ϖqedip2b´aq!pxq

‚ ϖ0 terms:

LHS is ĽkxErF p! ` εωqs, RHS is more complicated

‚ Via much Wick calculus the ϖ0 term of Aω´2b´a¨xpx ` ϖqedip2b´aq!pxq is

Gxe
dip2b´aq!pxq ` explicit extra terms

‚ CFT can be used to compute the explicit extra terms
‚ Dimension of ϖ0 term at x = 2` dimension of Crωs at x (level two)
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LHS is ĽkxErF p! ` εωqs, RHS is more complicated

‚ Via much Wick calculus the ϖ0 term of Aω´2b´a¨xpx ` ϖqedip2b´aq!pxq is

Gxe
dip2b´aq!pxq ` explicit extra terms

‚ CFT can be used to compute the explicit extra terms
‚ Dimension of ϖ0 term at x = 2` dimension of Crωs at x (level two)

"#/"#


