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Some progress and challenges

Training data (Re-analysis)
10m Wind Speed, ERA5 (Ground-Truth)

Al weather forecast g .1 2023) Nature
10m Wind Speed, Pangu-Weather, Forecast Time: 72 hours90
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Spectral bias is bad for multiscale problems

Al weather forecast g .1 2023) Nature Training data (Re-analysis)
10m Wind Speed, Pangu-Weather, Forecast Time: 72 hours 10m Wind Speed, ERA5 (Ground-Truth) ‘?
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Spectral bias: A Fourier analysis of NN e oo

For a single-hidden-layer NN with input = € R and output v € R

m

u(x) = Z wt! o (w; Oy 4 b i),  where 6; = {u( ) fu*( ) . bi}

J
j=1

The mean square loss measures the distance between the NN output u(x) and ground truth ug (x)
J= [ S(u(x) —ug(x))?de = [77_5|a(k) — d4(k)|[*dk , where (k) denotes the Fourier transform of u(x)
The loss at frequency kis J(k) = %@ — ,)|?

For tanh activation function, the gradient of loss at J(&) with respect to NN parameters 6; is

- where A(k) € [0,400) is the amplitude of @ — 4,

0J (k) 3 b (0)|
‘ 0, 'NAU%)E |

This gradient decay rapidly with frequency kil This is a simple explanation of the spectral bias.



Yongji Wang

Capturing high-frequency functions Foes

£

\

* For multiscale problems, it 1s important to rescale the NN weights so that it actives the learning of high-
frequency (large k) functions

wk
0.J (k) Ol
09} ~ ‘4(142)(0 7 We make W](O) X k
Fourier Feature nets Tancik et. al. (2020) :  Our implementation: Wang & Lai, . Comput. Phys. (2024)
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Yongji Wang

Errors of neural networks Postoc

* NN’s function approximation errors

NN as universal function approximators: Hornik et al (1990)
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Main idea

Wang & Lai, ]. Comput. Phys. (2024)

* When NN training error 1s small, the learning becomes really slow.

Inspired by the principals of perturbation theory, MSNN includes a superposition of

multi-stage NN, with each stage using a new NN to fit the residue rescaled to O(1)
from the previous NN.

W™ (2) = up(z) + erur (z) + eaun(x) + ... + entn(z) = Z €;u;(x)
7=0

where 13> €1 > €2 > ... > €
up(x), ur(x) and u,(x) are all of order O(1) NNs of different stages

Related work with similar flavors: Sequential residual learning: Krishnanunni & Bui-Thanh
arXiv:2211.06860, Multi-level neural networks: Aldirany et al. (2024), Stacked networks: Howard et
al. arXiv:2311.06483, Precision Machine Learning: Michaud et al. arXiv:2210.13447.. .etc




(a)?

Multista ge—N N ( MSNN ) Wang & Lai, . Comput. Phys. (2024)

—u,(z) = £3/(0.01 + t4)
- -1st-stage NN: uy(z)
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Can multistage-NN be used to tackle the
spectral bias in multiscale problems?

Example:
How precisely can a NN
approximate a 2D fluid flow?

2D incompressible Navier-Stokes eqn:

W: vorticity
Y: stream function

_I_E??,b@w oY Ow __ 1V2OJ

Oy Ox Or Oy  Re
V1) = —w

Training data:
Numerical solution at Re = 2000

Jakin Ng

Student

Energy spectrum: E(k,t) =

k—Ak<|k|<k+Ak

SRk, 1)









E.g. 2D incompressible Navier-Stokes Loss convergence
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E.g. 2D incompressible Navier-Stokes
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E.g. 2D incompressible Navier-Stokes
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Multistage NN can tackle the spectral bias &
accelerate loss convergence Wwssla) Compu Phys 2024

Ng, Wang & Lai, ICML workshop (2024), arXiv:2407.17213

Energy spectrum LLoss convergence
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Example: Learning viscosity model for glacial ice

Field, airborne, and satellite measurements

Surface measurements Airborne radar Remote sensing
gather data on grain size, ice provides dense points of measures ice sheet surface
temperature, and crystal alignment

1
Ice sheet | Ice shelf :
i Grounding Ocean water
+line
1

Physics informed data-driven modeling

I/
k\ Physics of ice/J//—é
def i
- eformation \k:——'

Observational data Train Control Modeled outputs
are integrated into the model guide future observations

to refine the projections
of future sea level rise

GRAPHIC: N. BURGESS/SCIENCE

Method:

We inject only the physics that we
believe are correct, e.g.
conservation of momentum, into
the loss function, and leaving the
uncertain physics, e.g. the
viscosity model u =?, to be
determined through data
assimilation using observations.

Wang, Lai, Prior, Cowen-Breen, Science (2025)
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Example: Learning viscosity model for glacial ice

Ice effective viscosity u

NN representation: 40k parameters
Uniform discretized grid: 2300k parameters
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Method:

We inject only the physics that we
believe are correct, e.g.
conservation of momentum, into
the loss function, and leaving the
uncertain physics, e.g. the
viscosity model u =?, to be
determined through data
assimilation using observations.

Wang, Lai, Prior, Cowen-Breen, Science (2025)
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Example: Learning viscosity model for glacial ice

Ice effective viscosity u

NN representation: 40k parameters
Uniform discretized grid: 2300k parameters
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Method:

We inject only the physics that we
believe are correct, e.g.
conservation of momentum, into
the loss function, and leaving the
uncertain physics, e.g. the
viscosity model u =?, to be
determined through data
assimilation using observations.

Wang, Lai, Prior, Cowen-Breen, Science (2025)



Strain rate o stress™ with stress exponent 1<n<4

1
4 ©
o »

4
o
~

logé. (€. in /s)

-10.8

Strain rate

-11.6

-11.2¢

* In conventional ice sheet
models, n=3 1s assumed.

e But here we observe:

n increases with stress,

important for predicting
the fate of ice-sheet and
sea-level rise.
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summary

* Neural networks can struggle to represent physics with scales
spanning several orders of magnitudes due to a combination of
its optimization dynamics and the data spectrum.

 We had tackled this issue with residual-correction idea and
applied it to multiscale geophysical inverse problems.

Future work

* Generalize to operators: How can multistage neural operators
potentially help mitigate the error propagation of autoregressive
predictions?
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Discussion questions

* In the context of weather forecast or climate predictions, when
does “missing the small scales” matter?

* Lots of Al emulators seem to be blurry but stable and capable
of predicting the trajectories/statistics. Why is that the case?
Does it truly find the coarse-grained reduced-order model for
the system?
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* Imagine an extreme scenario: Al emulators/agents can make faster,
more accurate predictions (more consistent observations) of various
physical processes than traditional physics-based simulations.

Hu‘man %$g$ Better Predictions > \/
299
N\

dh
A\

Deeper Understandings ?
This is awesome! Yes, we figured it all o
How did you out. But it’s too hard
figure it all out? to explain to you.

* Predictions # Understandings
Isaac M. Held (2005), “The Gap between Simulation and Understanding in Climate Modeling”
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Scaling laws: Smaller errors, higher frequencies

2 T T
(a) —u,(z) = £3/(0.01 + t4)
- -1st-stage NN: uy(z)

1010F 0-uy(z) = V2 + z + e
—0-uy(z) = 3/(0.01 + *)
7 ug(z) = log(x + 2) sin(2z + z*)

10-10F =0-3 layers & 30 units
o | -0-5 layers & 30 units
] -7-3 layers & 50 units

i 05 0 05 1 10 10° 10 102 10° 10" 10° 10’ 10°
dominant frequency f; dominant frequency f;

Observed universal power-law: Error of ug(z) — ¢

fd X 6—1/04 where ( = 6 Error of %ug(x) —>€(27rfd)

Error of %ug(az) —> (2T fq)" ~ el—n/o
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Multistage NN vs Fourier Series

- - Fourier Series

-O- MSNN
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Multistage NN vs Fourier Series

- - Fourier Series

-O- MSNN

Red: Periodic function U = 1/(2 + cos(mz)))

Blue: Non—periodic function uy=1— z?2
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Optimal range of k

Our implementation:
First layer: og(x) = sin (ﬁsz( )2 + b(o))
k: scaling factor

1 1
-— Exact func. uy(z) Scale factor £ = 35 y
— -NN approx. uy(x)
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We note that achieving a low prediction error of O(IO_”) for solving 2D partial
differential equations via classical numerical method, such as finite difference, would
require an extensive number of grid points. For instance, considering the central
difference method along the x-direction, to reach 10 ', we would need a grid size in
the x-direction of h(,) ~ O(v/ 10 1) ~ O(107%), namely 106 grid points for each time

step. Even with a 4th-order Runge-Kutta method along the ¢ direction, the step size in t-
1/4
direction would need to be A,y ~ O(4/(107"")  ~ O(107*), requiring 10° time

steps. Consequently, the total number of grid points needed to achieve this accuracy
across the entire domain would be on the order of O(10%).

In contrast, our approach utilizes fully connected neural network with 4-hidden layers
consisting of 30 units for each stage of the training. Thus, the total number of weights
and biases used to express the solution is only around 3 x 4 x 30% ~ 10*, which is five
order of magnitude less than the number of grid points used in a discretized solution.
This demonstrates the efficiency and effectiveness of the multi-stage PINN in achieving
accurate solution with significantly fewer parameters compared to classical numerical
methods.
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